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Abstract

Compilation to boolean satis abilit y has be-
comea powerful paradigm for solving Al prob-
lems. Howewer, domains that require metric
reasoningcannot be compiled e cien tly to SAT
even if they would otherwise bene t from com-
pilation. We addressthis problem by intro-
ducingthe lcnf represenation which combines
propositional logic with metric constraints. We
presert Ipsat, an engine which solves Icnf
problemsby interleaving callsto an incremental
simplex algorithm with systematic satisfaction
methods. We describe a compiler which con-
verts metric resource planning problems into
lcnf for processingby Ipsat . The experimen-
tal section of the paper explores seweral op-
timizations to Ipsat, including learning from
constraint failure and randomized cuto s.

1 Intro duction

Recen advancesin satis abilit y (SAT) solving technol-
ogy have rendered large, previously intractable prob-
lems quickly solvable [Crawford and Auton, 1993; Sel-
man et al., 1996; Cook and Mitchell, 1997; Bayardo
and Sdrag, 1997; Li and Anbulagan, 1997; Gomes et
al., 1994. SAT solving has becomeso successfulthat
many other di cult tasksare being compiledinto propo-
sitional form to be solved as SAT problems. For ex-
ample, SAT-encoded solutions to graph coloring, plan-
ning, and circuit veri cation are among the fastest ap-
proaches to these problems [Kautz and Selman, 1996;
Selmanet al., 1997.

But many real-world tasks have a metric aspect. For
instance, resourceplanning, temporal planning, schedul-
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Figure 1: Data o w in the demonstration resourceplan-
ning system; spaceprecludesdiscussionof the grey com-
ponerts.

ing, and analog circuit veri cation problems all require
reasoning about real-valued quartities. Unfortunately,
metric constraints are dicult to expressin SAT en-
codingst. Hence, a solver which could e cien tly han-
dle both metric constraints and propositional formulae
would yield a powerful substrate for handling Al prob-
lems.

This paper introduces a new problem formulation,
Icnf , which combines the expressive power of proposi-
tional logic with that of linear equalitiesand inequalities.
We argue that Icnf provides an ideal target language
into which a compiler might translate tasksthat combine
logical and metric reasoning. We alsodescribe the Ipsa t
Ilcnf  solver, a systematic satis abilit y solver integrated
with an incremertal Simplex algorithm. As Ipsat ex-
plores the propositional seard spaceit updates the set
of metric requiremerts managedby the linear program
solver; in turn, Simplex noti es the propositional solver
if theserequirements becomeunsatis able.

We report on three optimizations to Ipsat: learn-
ing and badkjumping, adapting Ipsat 's core heuristic to
trigger variables, and using random restarts. The most
e ectiv e of theseis the combination of learning and back-
jumping; Ipsat learnsnew clausesby discovering expla-
nations for failure whena branch of its seard terminates.
The resulting clausesguide badkjumping and constrain
future truth assignmers. In particular, we show that
analysis of the state of the linear program solver is cru-
cial in order to learn e ectiv ely from constraint con icts.

To demonstrate the utilit y of the lenf approad, we
also presert a fully implemented compiler for resource
planning problems. Figure 1 shows how the componerts
t together. Their performanceis impressive: Ipsat

1Encoding eadt value as a separate boolean variable
is a simple but unwieldy solution; bitwise-encalings pro-
duce smaller formulae but ones which appear very hard to
solve [Ernst et al., 1997.



MaxLoad) (load 30) ; Statemerts
MaxFuel) (fuel 15) ; de ning
MinFuel) (fuel 7 + load / 2) ; triggered
AllLoadad) (load = 45) ; constraints

MaxLoad ; Triggers for load and
MaxFuel ; fuel limits are unit
Deliver ; The goal is unit

: Move_ MinFuel ; Moving requires fuel
: Move__ Deliver ; Moving implies delivery
: GoodTrip _ Deliver ; A good trip requires

: GoodTrip _ AllLoaded ; a full delivery

Figure 2: Portion of a tiny lenf logistics problem
(greatly simplied from compiler output). A truck with
load and fuel limits makesa delivery but is too small to
carry all load available (the AllLoadel constraint). Ital-
icized variables are boolean-\alued; typeface are real.

solves large resource planning problems (encaoded in a
variant of the pddl language[McDermott, 199§ based
on the metric constructs used by metric ipp [Koehler,
1999), including a metric version of the ATT Logistics
domain [Kautz and Selman, 199€.

2 The LCNF Formalism

The lcnf represenation combines a propositional logic
formula with a set of metric constraints. The key to the
encaling is the simple but expressive concept of trig-
gers| ead propositional variable may \trigger" a con-
straint; this constraint is then enforced whenewer the
trigger variabl€s truth assignmet is true .

Formally, an lcnf problem is a v e-tuple
hR;V; ; ;Ti in which R is a set of real-valued
variables, V is a set of propositional variables, is a
set of linear equality and inequality constraints over
variables in R, is a propositional formula in CNF
over variables in V, and T is a function from V to

which establishesthe constraint triggered by ead
propositional variable. We require that contain a
special null constraint which is vacuouslytrue, and this
is usedasthe T -value for a variable in V to denote that
it triggers no constraint. Moreover, for ead variable v
wedene T(:v) = null .

Under this de nition, an assignmei to an lcnf prob-
lem is a mapping, ' , from the variablesin R to real val-
uesand from the variablesin V to truth values. Given
an lenf  problem and an assignmet, the set of active
constraints is fc2 j9v2V ' (v) = true ™ T(v) = cg.
We say that an assignmen satis es the Icnf problem
if and only if it makesat least one literal true in ead
clauseof and satis es the set of active constraints.

Figure 2 shows a fragmert of a samplelcnf problem:
a truck, which carries a maximum load of 30 and fuel
level of 15, can make a Delivery by executing the Move
action. We discusslater why it cannot have a GoodTrip.

3 The LPSAT Solver

Our rst stepin constructing the Ipsat enginewas to
choose solvers to use as the foundation for its metric

and propositional solving portions. The choice was mo-
tivated by the following criteria:

1. It must be easyto modify the propositional solver
in order to support triggers and handle reports of
inconsistencyfrom the constraint reasoner.

2. The metric solver must support incremertal modi-
cations to the constraint set.

3. Becausea Simplex solve is more expensive than
setting a single propositional variable's value, the
propositional solver should minimize modi cations
to the constraint set.

These principles led us to implement the Ipsat en-
gine by modifying the relsa t satis abilit y engine [Ba-
yardo and Sdcrag, 1997 and combining it with the
Cassowary constraint solver [Borning et al., 1997;
Badros and Borning, 1999 using the method described
in [Nelsonand Oppen, 1979. relsa t makesan excellert
start for processinglcnf for three reasons.First, it per-
forms a systematic, depth- rst seard through the space
of partial truth assignmetts; this minimizes changesto
the set of active metric constraints. Second, the code
is exceptionally well-structured. Third, relsa t incor-
porates powerful learning and badkjumping optimiza-
tions. Cassowary is an appropriate Simplex solver for
handling lcnf becauseit was designedto support and
quickly respond to small changesin its constraint set.

In order to build Ipsat, we modied relsa t to in-
clude trigger variables and constraints. This required
four changes. First, the solver must trigger constraints
asthe truth assignmen changes. Second the solver must
now ched for a solvable constraint setto ensurethat a
truth assignmen is satisfying. Third, the solver must
report in its solution not only a truth assignmen to the
booleanvariables, but an assignme of real valuesto the
constraint variables’. Finally, since even a purely posi-
tiv e trigger variable may (if setto true ) trigger anincon-
sistert constraint, pure literal elimination cannot act on
positive trigger variables®. Figure 3 displays pseudaode
for the resulting algorithm.

4 Incorp orating Learning and
Backjumping

Ipsat inherits methods for learning and badjumping
from relsa t [Bayardo and Scirag, 1997. Ipsat's
depth-rst seard of the propositional seard spacecre-
atesa partial assignmer to the booleanvariables. When
the seard fails, it is becausethe partial assignmen

2Wwhile the assignmert to the constraint variables is opti-
mal according to Cassowar y's objective function, it is not
guaranteed to be the globally optimal assignmer to the real
variables by the same measure;a di eren t assignmert to the
propositional variables might provide a better solution. So,
the specic function usedis not vital (we use Cassowary's
default which minimizes the slad in inequalities).

3This restriction falls in line with the pure literal elim-
ination rule if we consider the triggers themselves to be
clauses. The trigger MaxLoad ) (load 30) from Fig-
ure 2 would then becomethe clause: MaxLoad _ (load
30), and MaxLoad could no longer be purely positive.



Procedurelpsat (lenf problem: hR;V; ; ;Ti)

1 If 9 an empty clausein or bad?(), return f?g .
2 Elseif is empty, return sol ve().

3 Elseif 9 a pure literal uin and T (u) = null ,

4 return fug[ Ipsat (hR;V; ; (u);Ti).

5 Elseif 9 aunit clausefugin ,

6 return fug[ Ipsat (hR;V; [ T(u); (u);Ti).
7 Else choosea variable, v, mertioned in .

8 Let A = Ipsat (hR;V; [ T(v); (v);Ti):

9 If 2 2A, return fvg[ A.

10 Else,return f: vg[ Ipsat (hR;V; ; (:v);Ti).

Figure 3: Core Ipsat algorithm (without learning or
badkjumping). bad? denotesa ched for constraint in-
consistency; sol ve returns constraint variable values.
T (u) returns the constraint triggered by u (possibly
null ). ( u) denotesthe result of setting literal u true
in  and simplifying.
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Figure 4: Possible seard tree for the constraints from
Figure 2. Each node is labeled with the variable set
at that node; branchpoints have true (T) and false (F)
branches. ? indicates an inconsistert constraint set.
The bold variables are members of the conict set.

is inconsistert with the lenf problem. Ipsat iden-
ties an inconsistert subset of the truth assignmens
in the partial assignmen, a conict set, and usesthis
subset to learn in two ways. First, since making the
truth assignmeits represerted in the conict set leads
inevitably to failure, Ipsat can learn a clause disal-
lowing those particular assignmens. For example, in
the problem from Figure 2 the constraints triggered by
setting MinFuel, MaxFuel, MaxLoad, and AllLoadel to
true are inconsistert, and MinFuel, MaxFuel, and Al-
ILoaded form a conict set. So, Ipsat can learn the
clause(: MinFuel _ : MaxFuel _ : AllLoadead). Second,
becausecontin uing the seard is futile until at least one
of the variables in the conict set hasits truth assign-
ment changed,Ipsat can badkjump in its seard to the
deepest branch points at which a conict setvariable re-
ceivedits assignmen, ignoring any deeper branch points.
Figure 4 shows a seard tree in which MinF uel, MaxFuel,
MaxLoad, and AllLcadal have all beensetto true. Using
the conict set containing MinFuel, MaxFuel, and All-
Loadel, Ipsat can backjump past the branchpoint for
MaxLoad to the branchpoint for MinFuel, the deepest
member of the con ict setwhich is a branchpoint.

Howewer, while Ipsat inherits methods to use con-
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Figure 5: Graphical depiction of the constraints from
Figure 2. The shaded area represerns solutions to the
set of solid-line constraints. The dashedAllLoaded con-
straint causesan inconsistency

ict setsfromrelsa t,Ipsat must produce thosecon ict
setsfor both propositional and constraint failures while
relsa t producesthem only for propositional failures.
Thus, given a propositional failure Ipsat usesrelsa t's
conict set discovery mechanism unchanged, learning a
set based on two of the clauseswhich led to the con-
tradiction [Bayardo and Sdrag, 1997. For a constraint
conict, however, Ipsat identies an inconsistert sub-
set of the active constraints, and the propositional trig-
gers for these constraint composethe conict set. We
examine two methods for identifying theseinconsistert
subsets.

In our rst method, called glokal con ict setdisavery,
Ipsat includesthe entire setof active constraints in the
conict set. This medanism is simple but often subop-
timal since a smaller conict set would provide greater
pruning action. Indeed, preliminary experiments shoved
that | while global conict set discovery did increase
solver speedover a solver with no learning or badkjump-
ing facility | the conict setswere on averagetwice as
large as those found for logical con icts.

In our secondmethod, called minimal conict setdis-
covery, Ipsat identies a (potentially) much smaller
set of constraints which are responsible for the con ict.
Speci cally, our technique identi es an inconsistert con-
ict setof which every proper subsetis consistert.

Figure 5illustrates the constraints from the examplein
Figure 2. The constraints MaxLoad, MaxFuel, and Min-
Fuel and the implicit constraints that fuel and load be
non-negative are all consistert; however, with the intro-
duction of the dashed constraint marked AllLoadel the
constraint set becomesinconsistert. Informally, Ipsat
nds aminimal conict setby identifying only thosecon-
straints which are, together, in greatestcon ict with the
new constraint. We now discusshow Ipsat discovers
the conicting constraints in this gure and which set it
discovers.

When Ipsat adds the AllLoaded constraint to
Cassowar y's constraint set, Cassowar y initially adds
a\slack" versionof the constraint which allows error and
is thus trivially consistert with the current constraint
set. This error is then minimized by the sameroutine
usedto minimize the overall objective function [Badros
and Borning, 1994. In Figure 5, we show the minimiza-
tion as a move from the initial solution at the upper
left corner point to the solution at the upper right cor-
ner point of the shadedregion. The error in the solu-



tion is the horizontal distance from the solution point to
the new constraint AllLoadel. Sinceno further progress
within the shadedregion can be madetoward AllLoaded,
the error has been minimized; however, since the error
iS non-zero, the strict constraint is inconsistert.

At this point, Ipsat uses\mark er variables" (which
Cassowar y addsto ead original constraint) to estab-
lish the conict set. A marker variable is a variable that
was addedby exactly one of the original constraints and
thus identi es the constraint in any derived equations.
Ipsat examinesthe derived equation that givesthe er-
ror for the new constraint, and notesthat ead constraint
with a marker variable in this equation contributes to
keeping the error non-zero. Thus, all the constraints
identi ed by this equation, plus the new constraint it-
self, composea conict set.

In Figure 5 the MinFuel and MaxFuel constraints re-
strain the solution point from coming closerto the All-
Loadd line. If the entire active constraint set were any
two of those three constraints, the intersection of the
two constraints' lineswould be a valid solution; however,
there is no valid solution with all three constraints.

Note that another conict set (AllLoaded plus
MaxLoad) exists with even smaller cardinality than the
one we nd. In general, there may be many minimal
conict sets, and our conict discovery technique will
discover only one of these,with no guarantee of discov-
ering the global minimum. Someof thesesetsmay prove
to have better pruning action, but we know of no way
to nd the best minimal conict set e ciently. How-
ever, the minimal conict setis at leastasgood as (and
usually better than) any of its supersets.

A brief proof that our technique will return a minimal
conict setappearsin the appendix to this paper.

5 The Resource Planning Application

In order to demonstratelpsat 's utilit y, we implemented
a compiler for metric planning domains (starting from
a base of ipp's [Koehler et al., 1997 and Bla ck-

box's [Kautz and Selman, 199§ parsers) which trans-
lates resource planning problems into Icnf form. Af-

ter Ipsat solvesthe Icnf problem, a small decading
unit maps the resulting boolean and real-valued assign-
ments into a solution plan (Figure 1). We believe that

this translate/solv e/decode architecture is e ectiv e for a
wide variety of problems.

5.1 Action Language

Our planning problems are specied in an extension
of the pddl language [McDermott, 199§; we support
pddl typing, equality, quantied goalsand e ects, dis-
junctiv e preconditions, and conditional e ects. In ad-
dition, we handle metric values with two new built-
in types: oat and uent. A oat's value may not
changeover the courseof a plan, whereasa uent's value
may change from time step to time step. Moreover,
we support uent- and oat-v alued functions, such as
?distance[Nagoya ,St ockholm] .

Floats and uents are manipulated with three special
built-in predicates: test , set, and influence . Test

Action loop _a Action loop b
pre: test fluentl =0 pre: test fluent2 =0
eff: set fluent2 =1 eff. set fluent1 =1

Figure 6: Two actions which can executein parallel, but
which cannot be serialized.

statemerts are used as predicates in action precondi-
tions; set andinfluence areusedin e ects. Asits argu-
mert, test takesa constraint (an equality or inequality
betweentwo expressionscomposedof oats, uents, and
basic arithmetic operations); it evaluatesto true if and
only if the constraint holds. Set and influence eadth
take two argumerts: the object (a oat or uent) and an
expression.If an action causesa set to be asserted,the
object's value after the action is de ned to bethe expres-
sion's value before the action. An assertedinfluence
changesan object's value by the value of the expression,
as in the equation object := object + expression mul-
tiple simultaneous influences are cumulative in their
e ect [Falkenhainer and Forbus, 1989.

5.2 Plan Encoding

The compiler usesa regular action represenation with
explanatory frame axioms and con ict exclusion [Ernst
etal., 1997. We adopt a standard uent modelin which
time takesnonnegative integer values. State- uents oc-
cur at even-numbered times and actions at odd times.
The initial state is completely speci ed at time zero, in-
cluding all properties presumedfalseby the closed-vorld
assumption.

Each test , set, and influence statemert compiles
to a propositional variable that triggers the assciated
constraint. Just as logical preconditions and e ects are
implied by their assaiated actions, the triggers for met-
ric preconditions and e ects areimplied by their actions.

The compiler must generate frame axioms for con-
straint variables as well as for propositional variables,
but the axiomatizations are very di erent. Explanatory
framesare usedfor booleanvariables, while for real vari-
ables,compilation proceedsn two steps. First, we create
a constraint which, if activated, will set the value of the
variable at the next step equal to its current value plus
all the in uences that might act on it (untriggered in u-
encesare setto zero). Next, we construct a clausewhich
activatesthis constraint unlesssomeaction actually sets
the variable's value.

For a parallel encaling, the compiler must consider
certain set and influence statemerts to be mutually
exclusive. For simplicity, we adopt the following con-
vertion: two actions are mutually exclusive if and only
if at least one sets a variable which the other either
influences or sets .

This exclusivity policy results in a plan which is cor-
rect if actions at ead step are executedstrictly in par-
allel; however, the actions may not be serializable, as
demonstrated in Figure 6. In order to make parallel
actions arbitrarily serializable, we would have to adopt
more restrictiv e exclusivity conditions and a lessexpres-
sive format for our test statemens.



10000
1000 | .

1004 \

10 E

Time (s)
L3

—.a--No Learning
---m-- Global Conflict Sets
——Minimal Conflict Sets

0.1
0.01

easy-1 easy-2 easy-3 easy-4 log-a log-b log-c log-d
Metric Logistics Problems

Figure 7: Solution times for three versionsof Ipsat in
the metric logistics domain. No learning or backjumping
is performed in the line marked \No learning.”" Global
conict setsand minimal conict setsuse progressiwely
better learning algorithms. Note that the nal point on
ead curve readhesthe resourcecuto (one hour).

6 Experimental Results

There are currently few available metric planners with
which to comparelpsat. The Zeno system [Penberthy
and Weld, 1994 is more expressive than our system, but
Zeno is unable even to complete easy-1 our simplest
metric logistics problem. There are only a few results
available for Koehler'smetric ipp system[Koehler, 199§,
and code is not yet available for direct comparisons.

In light of this, this sectionconcerirates on displaying
results for Ipsat in an interesting domain and on de-
scribing the heuristics and optimization we usedto en-
hancelpsat 's performance. Wereport Ipsat solvetime,
running onaPentium 11 450MHz processomwith 128MB
of RAM, averagedover 20 runs per problem, and show-
ing 95 percert con dence intervals. We do not include
compile time for the (unoptimized) compiler since the
paper's focus is the designand optimization of Ipsat;
however, compile time can be substartial (e.g., twenty
minutes on log-c).

We report on a sequenceof problems in the metric
logistics domain, which includes all the features of the
ATT logistics domain [Kautz and Selman, 199€¢: air-
planes and trucks moving padkagesamong cities and
sites within cities. However, our metric version adds
fuel and distances between cities; airplanes and trucks
both have individual maximum fuel capacities,consume
fuel to move (the amourt is per trip for trucks and based
on distance between cities for airplanes), and can refuel
at depots. log-a through log-d are the sameasthe ATT
problems exceptfor the addition of fuel. easy-1 through
easy-4 are simpli cations of log-a with more elemerts re-
tained in the higher numbered problems. We report on
highly successfulexperiments with learning and back-
jumping as well astwo other interesting optimizations.

6.1 Learning and Backjumping

The results in Figure 7 demonstrate the improvemert
in solving times resulting from activating the learning
and badjumping facilities which were described in Sec-
tion 4. Runswerecut o after onehour of solvetime (the
minimal conict settechnique ran over an hour only on
log-d). Without learning or backjumping Ipsat quickly
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Figure 8: Solution times for two types of random
restarts. Tuned cuto usesraw experimental data to
selecta constart cuto. Cuto doubling starts with a
cuto of one secondand doublesit on ead run.

exceedghe maximum time allotted to it. With learning
and backjumping activated using global con ict sets,the
solver handleslarger problemsand runs faster. Our best
method, minimal conict sets, quickly solveseven some
of the harder problemsin the metric logistics domain.

6.2 Splitting Heuristic

Line 7 of the Ipsat pseudaode (Figure 3) makesa non-
deterministic choice of variable v before the recursive
call, and the splitting heuristic usedto guide this choice
canbias performance. We expectedthe standard relsa t
heuristic to perform poorly (due to a overly strong pref-
erencefor trigger variables) for two reasons:1) the trig-
ger itself is an implicit clausewhich is resolved when a
trigger variable is set, and 2) eat time the solver modi-
es atrigger variable, it may call Cassowar y, and these
calls often dominate runtime. We tried seeral methods
of including information about the trigger variables in
the splitting heuristic, including adding and multiplying
the score of trigger variables by a user-settable prefer-
encevalue. To our surprise, however, we were unable
to achieve signi cant improvemen (although increasing
the preferencefor trigger variables did slow execution).
These results lead us to suspect that either that Icnf
problems are generally insensitive to our heuristics or
that our compilation of metric planning domainsalready
encadesinformation about trigger variablesin the struc-
ture of the problem. Further experiments will decidethe
issue.

6.3 Random Restarts

Becauselpsat usesa randomized badktracking algo-
rithm and becauseearly experimental results shoved a
small percertage of runs far exceededthe median run-
time, we experimented with random restarts using a pro-
cesssimilar to the onedescribed in [Gomeset al., 1999.
We cut o solving at a deadline| which can be ei-
ther xed beforehandor geometrically increasing| and
restart the solver with a new random seed.

Figure 8 shows the results of these experiments. We
rst ran the algorithm twenty times on ead problem
to producethe \Raw" ertries®. Then, we calculated the

4All three sets of runs use minimal conict sets, learning,
and backjumping.



cuto time which minimized the expectedruntime of the
system based on these twenty runs. Finally, we reran
the problemswith this tuned cuto time to produce the
\T uned Cuto " data.

While this technique provides somespeedupon log-b
and impressive speedupon log-c, it requires substartial,
preliminary researd into the di cult y of the problem (in
order to determine the appropriate cuto time). Unless
Ipsat is being usedrepeatedly to solve a single problem
or sewral very similar problems, the processof nding
good restart times will dominate overall runtime.

Therefore, we also experimented with arestart system
which requiresno prior analysis. This \Cuto doubling”
approadc setsan initial restart limit of one secondand
increasesthat limit by a factor of two on ead restart
until reaching a solution. We have not yet performedany
theoretical analysisof the e ectiv enessof this technique,
but Figure 8 demonstratesa small improvemert. More
interesting than the averageimprovemen, however, is
the fact that this method improved the consistency of
the runtimes on the harder problems; indeed, on log-c
v e of the twenty \Raw" runs lasted longer than the
longest\Cuto doubling” run.

7 Related Work

Limited spaceprecludesa survey of propositional satis-
abilit y algorithms and linear programming methods in
this paper. See[Cook and Mitc hell, 1997 for a survey
of satis abilit y and [Karlo, 1991] for a survey of linear
programming.

Our work was inspired by the idea of compiling prob-
abilistic planning problems to majsat [Majercik and
Littman, 1994. It seemedthat if one could extend the
SAT \irtual machine" to support probabilistic reason-
ing, then it would be useful to considerthe orthogonal
extensionto handle metric constraints.

Other researtiers have combined logical and con-
straint reasoning,usually in the context of programming
languages. clpr may be thought of as an integration
of Prolog and linear programming, and this work intro-
duced the notion of incremental Simplex [Ja ar et al.,
1997, Sarasvat's thesis [Sarasvat, 1989 formulates a
family of programming languageswhich operate through
the incremertal construction of a constraint framework.
chip [Van Hentenryck, 1989 augmerts logic program-
ming with the tools to e cien tly solve constraint satis-
faction problems (e.g., consistencycheding), but deals
only with variables over nite domains. Numerica ex-
tends this work by adding a variety of di erential equa-
tion solversto the mix [Van Hentenryck, 1997. Hooker
et al. describe a technique for combining linear program-
ming and constraint propagation [Hooker et al., 1999.

Bla ckbo x usesa translate/solv e/decode scheme for
planning and satis abilit y [Kautz and Selman, 199§.
zeno is a causal link temporal planner which handled
resourceshy calling an incremertal Simplex algorithm
within the plan-re nement loop [Perberthy and Weld,
1994. The Graphplan [Blum and Furst, 1995 descen-
dant ipp has also been extendedto handle metric rea-
soningin its plan graph [Koehler, 1999. sipe [Wilkins,

1990 and oplan [Currie and Tate, 1991 are indus-
trial strength planners which include resourceplanning
capabilities. Two recent systems address the metric
planning problem using compilation to integer program-
ming [Kautz and Walser, 1999; Vossenet al., 1999.

8 Conclusions and Future Work

Ipsat is a promising new technique that combines the
strengths of fast satis abilit y methods with anincremen-
tal Simplex algorithm to e cien tly handle problemsin-
volving both propositional and metric reasoning. This
paper makesthe following contributions:

We dened the lcnf formalism for combining
boolean satis abilit y with linear (in)equalities.

We implemerted the Ipsat solver for lcnf by com-
bining the relsa t satis abilit y solver [Bayardo and
Sdhrag, 1997 with the Cassowary constraint rea-
soner[Badros and Borning, 1999.

We experimented with three optimizations for
Ipsat: adapting the splitting heuristic to trigger
variables, adding random restarts, and incorporat-
ing learning and badjumping. Using minimal con-
ict setsto guide learning and badkjumping pro-
vided four orders of magnitude speedup.

We implemented a compiler for resource planning
problems. Ipsat's performancewith this compiler
was much better than that of zeno [Perberthy and
Weld, 1994.

Much remains to be done. There are many ways we
could improve the compiler: improving its runtime by
optimizing exclusion detection, exploring new exclusion
encadings, optimizing the number of constraints usedfor
in uences, and improving our handling of conditional ef-
fects. In addition, we wish to investigatethe issueof tun-
ing restarts to problems, including a thorough investiga-
tion of exponertially growing resourcelimits. It would
alsobe interesting to implement an lcnf solver basedon
a stochastic engine. We hope to add support for more
expressie constraints by adding nonlinear solvers.

A Minimal Conict Sets

Before showing our conict setsto be minimal, we dis-
cusssomeimportant aspects of Cassowar y. For more
badkground, see[Karlo, 1991 and the Cassowary
TR [Badros and Borning, 1994.

Cassowar y storesa constraint systemasa matrix of
equations, the tableau; eat equation has a single vari-
able on the left hand side, a basic variable, and an ex-
pressionon the right. All variables on the right side are
parametric. Each basicvariable appearsonly oncein the
tableau and never on the right side. In solutions, the val-
uesof all parametric variables are zero while the values
of basic variables may be non-zero. Each equation is a
row of the tableau, and one of theseis the objective row
with a special permanertly basicvariable. When added,
ead constraint includes a marker variable, a variable
which is unique to that constraint. Cassowary addsa
dummy marker if the constraint has no unique variable.



Becauseead marker is introduced by exactly one con-
straint, a row corntains a multiple of a constraint if and
only it contains a multiple of its marker variable.

Each variable in the tableau is either restricted, mean-
ing its value can never be negative, or unrestricted, able
to take on any value. Marker and error variables are
restricted; all other variables are unresticted.

To remove a constraint from the tableau, Cassowar y
makesthe constraint's marker variable basicby choosing
the most restrictive equation which cortains the vari-
able, solving for the variable, and substituting the re-
sulting right hand side for the variable in all other rows
of the tableau. Only onerow will include the newly basic
variable, so only that row includes the constraint to be
removed. Cassowar y simply dropsthat row. Note that
only rows which originally included the marker variable
are a ected by this process.

When Cassowary adds a new constraint to an exis-
ting tableau, it addsthe constraint with an error variable
(allowing the constraint to be broken) and then makes
the objective function equal to the value of that error
variable. The new constraint is consistert if and only
if the error can then be minimized to zero. For incon-
sistert constraint sets, we identify a conict set which
comprisesthe new constraint and every constraint with
a marker variable in the minimized objective function.
We show this set to be minimal by showing that it is
inconsistert and that removing any one constraint from
the set results in a consistent set.

Consider the tableau resulting from removing ead
constraint which is not in the conict set. This new
tableau is potentially quite dierent from the original,
but becausenone of the removed constraints' marker
variables appears in the objective row, the new objec-
tive row is the sameasthe original. Therefore, the active
constraint set, our conict set, is inconsistert®.

Next, we show that removing any one additional con-
straint will result in a consistert constraint set. Clearly,
removing the newly added constraint will result in a
consistent set, since it was only the addition of this
constraint which caused the inconsistency We now
show that removing any other constraint will allow
Cassowary to reduce the value of the error variable
to zero.

In the new tableau, the error variable must be basic
(if it were parametric, it would have zerovalue), but no
other restricted variable is basic. This is becausethe
marker variables and the error variable are the only re-
stricted variables, and all the remaining marker variables
(thosein the conict set) appear on the right side of the
objective row and so must be parametric. Therefore,
unrestricted variables are basic (appear on the left hand
side) in all rows of the tableau exceptthe objective row
and the error variable's row.

To remove any one constraint from the tableau, we
rst have to nd the most restrictive row in which its
marker variable occurs (excluding the objective row).
We know that all the markersoccur in the objective row,

5The constraints are inconsistent becausethe objective
function's constant is positive and its variables have positive
coe cien ts and soits value is still positive and minimal.

and that the error variable's value is equal to the value
of the objective function. So, the error variable's right
hand side is equivalent to the objective row's right and
must contain every marker variable. Moreover, it is the
most restrictiv e row for eadh marker variable sinceit is
the only one with a restricted variable on its left hand
side. Thus, when remaving one of the constraints, we
will solve for its marker variable in the row which previ-
ously had the error variable on its left side, causingthe
error variable to becomeparametric. As a parametric
variable, the error variable's value is zero, and the new
constraint setis consistert.

Each conict set we discover is inconsistert, but re-
moving any constraint from the set makesit consistert.
Therefore, our conict setsare minimal.
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