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A bst ract
Compilat ion to boolean sat is� abilit y has be-
come a powerful paradigm for solving AI prob-
lems. However, domains that require metric
reasoning cannot becompiled e� cient ly to SAT
even if they would otherwise bene� t from com-
pilat ion. We address this problem by int ro-
ducing the l cnf representat ion which combines
proposit ional logic wit h metric constraints. We
present l psat , an engine which solves l cnf
problemsby interleaving calls to an incremental
simplex algorit hm wit h systemat ic sat isfact ion
methods. We describe a compiler which con-
verts metric resource planning problems into
l cnf for processing by l psat . The experimen-
tal sect ion of the paper explores several op-
t imizat ions to l psat , including learning from
constraint failure and randomized cuto� s.

1 I nt roduct ion
Recent advances in sat is� abilit y (SAT) solving technol-
ogy have rendered large, previously int ractable prob-
lems quickly solvable [Crawford and Auton, 1993; Sel-
man et al., 1996; Cook and Mit chell, 1997; Bayardo
and Schrag, 1997; Li and Anbulagan, 1997; Gomes et
al., 1998]. SAT solving has become so successful that
many other di� cult tasksarebeing compiled into propo-
sit ional form to be solved as SAT problems. For ex-
ample, SAT-encoded solut ions to graph coloring, plan-
ning, and circuit veri� cat ion are among the fastest ap-
proaches to these problems [Kautz and Selman, 1996;
Selman et al., 1997].
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Figure 1: Data 
 ow in the demonstrat ion resource plan-
ning system; space precludes discussion of the grey com-
ponents.

But many real-world tasks have a metric aspect . For
instance, resource planning, temporal planning, schedul-
ing, and analog circuit veri� cat ion problems all require
reasoning about real-valued quant it ies. Unfortunately,
metric constraints are di� cult to express in SAT en-
codings1. Hence, a solver which could e� cient ly han-
dle both metric constraints and proposit ional formulae
would yield a powerful substrate for handling AI prob-
lems.

This paper int roduces a new problem formulat ion,
l cnf , which combines the expressive power of proposi-
t ional logic wit h that of linear equalit iesand inequalit ies.
We argue that l cnf provides an ideal target language
into which a compiler might t ranslate tasks that combine
logical and metric reasoning. We also describe the l psat
l cnf solver, a systemat ic sat is� abilit y solver integrated
wit h an incremental Simplex algorit hm. As l psat ex-
plores the proposit ional search space it updates the set
of metric requirements managed by the linear program
solver; in turn, Simplex not i� es the proposit ional solver
if these requirements become unsat is� able.

We report on three opt imizat ions to l psat : learn-
ing and backjumping, adapt ing l psat 's core heurist ic to
t rigger variables, and using random restarts. The most
e� ect iveof these is thecombinat ion of learning and back-
jumping; l psat learns new clauses by discovering expla-
nat ionsfor failurewhen a branch of it ssearch terminates.
The result ing clauses guide backjumping and constrain
future t ruth assignments. In part icular, we show that
analysis of the state of the linear program solver is cru-
cial in order to learn e� ect ively from constraint con
 icts.

To demonstrate the ut ilit y of the l cnf approach, we
also present a fully implemented compiler for resource

1Encoding each value as a separate boolean variable
is a simple but unwieldy solut ion; bitwise-encodings pro-
duce smaller formulae but ones which appear very hard to
solve [Ernst et al., 1997].



MaxLoad ) ( l oad � 30) ; Statements
MaxFuel ) ( f uel � 15) ; de� ning
MinFuel ) ( f uel � 7 + l oad / 2) ; t riggered
AllLoaded ) ( l oad = 45) ; constraints
MaxLoad ; Triggers for load and
MaxFuel ; fuel limit s are unit
Deliver ; The goal is unit
: Move _ MinFuel ; Moving requires fuel
: Move _ Deliver ; Moving implies delivery
: GoodTri p _ Deliver ; A good trip requires
: GoodTri p _ AllLoaded ; a full delivery

Figure 2: Port ion of a t iny l cnf logist ics problem
(great ly simpli� ed from compiler output). A truck wit h
load and fuel limit s makes a delivery but is too small to
carry all load available (the AllLoaded constraint ). It al-
icized variables are boolean-valued; t ypef ace are real.

planning problems. Figure 1 shows how the components
� t together. Their performance is impressive: l psat
solves large resource planning problems (encoded in a
variant of the pddl language [McDermott , 1998] based
on the metric constructs used by metric ipp [Koehler,
1998]), including a metric version of the ATT Logist ics
domain [Kautz and Selman, 1996].

2 Th e LCN F Formalism

The l cnf representat ion combines a proposit ional logic
formula wit h a set of metric constraints. The key to the
encoding is the simple but expressive concept of t rig-
gers | each proposit ional variable may \ t rigger" a con-
st raint ; this constraint is then enforced whenever the
tri gger vari able's t ruth assignment is t r ue.

Formally, an l cnf problem is a � ve-tuple
hR; V; � ; � ; T i in which R is a set of real-valued
variables, V is a set of proposit ional variables, � is a
set of linear equalit y and inequalit y constraints over
variables in R , � is a proposit ional formula in CNF
over variables in V, and T is a funct ion from V to
� which establishes the constraint t riggered by each
proposit ional variable. We require that � contain a
special nul l constraint which is vacuously t rue, and this
is used as the T -value for a variable in V to denote that
it t riggers no constraint . Moreover, for each variable v
we de� ne T (: v) = nul l .

Under this de� nit ion, an assignment to an l cnf prob-
lem is a mapping, ' , from the variables in R to real val-
ues and from the variables in V to truth values. Given
an l cnf problem and an assignment , the set of active
constraints is f c 2 � j9v 2 V ' (v) = t r ue ^ T (v) = cg.
We say that an assignment satis� es the l cnf problem
if and only if it makes at least one lit eral t rue in each
clause of � and sat is� es the set of act ive constraints.

Figure 2 shows a fragment of a sample l cnf problem:
a truck, which carries a maximum load of 30 and fuel
level of 15, can make a Delivery by execut ing the Move
act ion. We discuss later why it cannot have a GoodTri p.

3 Th e LPSAT Solver
Our � rst step in construct ing the l psat engine was to
choose solvers to use as the foundat ion for it s metric
and proposit ional solving port ions. The choice was mo-
t ivated by the following crit eria:

1. It must be easy to modify the proposit ional solver
in order to support t riggers and handle reports of
inconsistency from the constraint reasoner.

2. The metric solver must support incremental modi-
� cat ions to the constraint set .

3. Because a Simplex solve is more expensive than
set t ing a single proposit ional variable's value, the
proposit ional solver should minimize modi� cat ions
to the constraint set .

These principles led us to implement the l psat en-
gine by modifying the re l sat sat is� abilit y engine [Ba-
yardo and Schrag, 1997] and combining it wit h the
Cassowar y constraint solver [Borning et al., 1997;
Badros and Borning, 1998] using the method described
in [Nelson and Oppen, 1979]. re l sat makes an excellent
start for processing l cnf for three reasons. First , it per-
forms a systemat ic, depth-� rst search through the space
of part ial t ruth assignments; this minimizes changes to
the set of act ive metric constraints. Second, the code
is except ionally well-st ructured. Third, re l sat incor-
porates powerful learning and backjumping opt imiza-
t ions. Cassowar y is an appropriate Simplex solver for
handling l cnf because it was designed to support and
quickly respond to small changes in it s constraint set .

In order to build l psat , we modi� ed re l sat to in-
clude trigger variables and constraints. This required
four changes. First , the solver must t rigger constraints
asthetruth assignment changes. Second, thesolver must
now check for a solvable constraint set to ensure that a
t ruth assignment is sat isfying. Third, the solver must
report in it s solut ion not only a truth assignment to the
boolean variables, but an assignment of real values to the
constraint variables2. Finally, since even a purely posi-
t ive t rigger variable may (if set to t r ue) t rigger an incon-
sistent constraint , pure lit eral eliminat ion cannot act on
positive t rigger variables3. Figure 3 displays pseudocode
for the result ing algorit hm.

4 I ncorporat ing Learning and
Backjumping

l psat inherit s methods for learning and backjumping
from re l sat [Bayardo and Schrag, 1997]. l psat 's

2While the assignment to the const raint variables is opt i-
mal according to Cassowar y 's object ive funct ion, it is not
guaranteed to be the globally opt imal assignment to the real
variables by the same measure; a di� erent assignment to the
proposit ional variables might provide a bet ter solut ion. So,
the speci� c funct ion used is not vital (we use Cassowar y 's
default which minimizes the slack in inequalit ies).

3This rest rict ion falls in line with the pure literal elim-
inat ion rule if we consider the t riggers themselves to be
clauses. The t rigger MaxLoad ) ( l oad � 30) from Fig-
ure 2 would then become the clause : MaxLoad _ ( l oad �
30) , and MaxLoad could no longer be purely posit ive.



Procedure l psat (l cnf problem: hR; V; � ; � ; T i )
1 If 9 an empty clause in � or bad?(� ), return f ? g.
2 Else if � is empty, return sol ve(� ).
3 Else if 9 a pure lit eral u in �a nd T (u) = nul l ,
4 return f ug [ l psat (hR ; V; � ; � (u); T i ).
5 Else if 9 a unit clause f ug in �,
6 return f ug [ l psat (hR ; V; � [ T (u); �( u); T i ).
7 Else choose a variable, v, ment ioned in �.
8 Let A = l psat (hR ; V; � [ T (v); � (v); T i ):
9 If ? =2 A, return f vg [ A .
10 Else, return f : vg [ l psat (hR ; V; � ; � (: v); T i ).

Figure 3: Core l psat algorit hm (wit hout learning or
backjumping). bad? denotes a check for constraint in-
consistency; sol ve returns constraint variable values.
T (u) returns the constraint t riggered by u (possibly
nul l ). �( u) denotes the result of set t ing lit eral u t rue
in � and simplif ying.
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Figure 4: Possible search tree for the constraints from
Figure 2. Each node is labeled wit h the variable set
at that node; branchpoints have true (T) and false (F)
branches. ? indicates an inconsistent constraint set .
The bold variables are members of the con
 ict set .

depth-� rst search of the proposit ional search space cre-
atesa part ial assignment to the boolean variables. When
the search fails, it is because the part ial assignment
is inconsistent wit h the l cnf problem. l psat iden-
t i� es an inconsistent subset of the truth assignments
in the part ial assignment , a con
 ict set, and uses this
subset to learn in two ways. First , since making the
truth assignments represented in the con
 ict set leads
inevit ably to failure, l psat can learn a clause disal-
lowing those part icular assignments. For example, in
the problem from Figure 2 the constraints t riggered by
set t ing MinFuel, MaxFuel, MaxLoad, and AllLoaded to
true are inconsistent , and MinFuel, MaxFuel, and Al-
lLoaded form a con
 ict set . So, l psat can learn the
clause (: MinFuel _ : MaxFuel _ : AllLoaded). Second,
because cont inuing the search is fut ile unt il at least one
of the variables in the con
 ict set has it s t ruth assign-
ment changed, l psat can backjump in it s search to the
deepest branch points at which a con
 ict set variable re-
ceived it sassignment , ignoring any deeper branch points.
Figure 4 shows a search tree in which MinFuel, MaxFuel,
MaxLoad, and AllLoaded have all been set to t rue. Using
the con
 ict set containing MinFuel, MaxFuel, and All-
Loaded, l psat can backjump past the branchpoint for
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Figure 5: Graphical depict ion of the constraints from
Figure 2. The shaded area represents solut ions to the
set of solid-line constraints. The dashed AllLoaded con-
st raint causes an inconsistency.

MaxLoad to the branchpoint for MinFuel, the deepest
member of the con
 ict set which is a branchpoint .

However, while l psat inherit s methods to use con-

 ict sets from re l sat , l psat must produce thosecon
 ict
sets for both proposit ional and constraint failures while
re l sat produces them only for proposit ional failures.
Thus, given a proposit ional failure l psat uses re l sat 's
con
 ict set discovery mechanism unchanged, learning a
set based on two of the clauses which led to the con-
t radict ion [Bayardo and Schrag, 1997]. For a constraint
con
 ict , however, l psat ident i� es an inconsistent sub-
set of the act ive constraints, and the proposit ional t rig-
gers for these constraint compose the con
 ict set . We
examine two methods for ident ifying these inconsistent
subsets.

In our � rst method, called global con
 ict set discovery,
l psat includes the ent ire set of act ive constraints in the
con
 ict set . This mechanism is simple but often subop-
t imal since a smaller con
 ict set would provide greater
pruning act ion. Indeed, preliminary experimentsshowed
that | while global con
 ict set discovery did increase
solver speed over a solver wit h no learning or backjump-
ing facilit y | the con
 ict sets were on average twice as
large as those found for logical con
 icts.

In our second method, called minimal con
 ict set dis-
covery, l psat ident i� es a (potent ially ) much smaller
set of constraints which are responsible for the con
 ict .
Speci� cally, our technique ident i� es an inconsistent con-

 ict set of which every proper subset is consistent .

Figure5 illu st rates theconstraintsfrom theexample in
Figure 2. The constraints MaxLoad, MaxFuel, and Min-
Fuel and the implicit constraints that f uel and l oad be
non-negat ive are all consistent ; however, wit h the int ro-
duct ion of the dashed constraint marked AllLoaded the
constraint set becomes inconsistent . Informally, l psat
� ndsa minimal con
 ict set by ident ifying only thosecon-
st raints which are, together, in greatest con
 ict wit h the
new constraint . We now discuss how l psat discovers
the con
 ict ing constraints in this � gure and which set it
discovers.

When l psat adds the AllLoaded constraint to
Cassowar y 's constraint set , Cassowar y init ially adds
a \ slack" version of the constraint which allowserror and
is thus trivially consistent wit h the current constraint
set . This error is then minimized by the same rout ine
used to minimize the overall object ive funct ion [Badros
and Borning, 1998]. In Figure 5, we show the minimiza-



t ion as a move from the init ial solut ion at the upper
left corner point to the solut ion at the upper right cor-
ner point of the shaded region. The error in the solu-
t ion is the horizontal distance from the solut ion point to
the new constraint AllLoaded. Since no further progress
wit hin the shaded region can be made toward AllLoaded,
the error has been minimized; however, since the error
is non-zero, the strict constraint is inconsistent .

At this point , l psat uses \ marker variables" (which
Cassowar y adds to each original constraint ) to estab-
lish the con
 ict set . A marker variable is a variable that
was added by exact ly one of the original constraints and
thus ident i� es the constraint in any derived equat ions.
l psat examines the derived equat ion that gives the er-
ror for thenew constraint , and notes that each constraint
wit h a marker variable in this equat ion contributes to
keeping the error non-zero. Thus, all the constraints
ident i� ed by this equat ion, plus the new constraint it -
self, compose a con
 ict set .

In Figure 5 the MinFuel and MaxFuel constraints re-
st rain the solut ion point from coming closer to the All-
Loaded line. If the ent ire act ive constraint set were any
two of those three constraints, the intersect ion of the
two constraints' lines would be a valid solut ion; however,
there is no valid solut ion wit h all three constraints.

Note that another con
 ict set (AllLoaded plus
MaxLoad) exists wit h even smaller cardinalit y than the
one we � nd. In general, there may be many minimal
con
 ict sets, and our con
 ict discovery technique will
discover only one of these, wit h no guarantee of discov-
ering the global minimum. Some of these sets may prove
to have bet ter pruning act ion, but we know of no way
to � nd the best minimal con
 ict set e� cient ly. How-
ever, the minimal con
 ict set is at least as good as (and
usually bet ter than) any of it s supersets.

A brief proof that our technique will return a minimal
con
 ict set appears in the l psat technical report [Wolf-
man and Weld, 1999].

5 Th e Resource Planning A pplicat ion
In order to demonstrate l psat 's ut ilit y, we implemented
a compiler for metric planning domains (start ing from
a base of ipp's [Koehler et al., 1997] and Bl ack -
box 's [Kautz and Selman, 1998] parsers) which trans-
lates resource planning problems into l cnf form. Af-
ter l psat solves the l cnf problem, a small decoding
unit maps the result ing boolean and real-valued assign-
ments into a solut ion plan (Figure 1). We believe that
this t ranslate/ solve/ decode archit ecture is e� ect ive for a
wide variety of problems.

5.1 A ct ion Language
Our planning problems are speci� ed in an extension
of the pddl language [McDermott , 1998]; we support
pddl typing, equalit y, quant i� ed goals and e� ects, dis-
junct ive precondit ions, and condit ional e� ects. In ad-
dit ion, we handle metric values wit h two new built -
in types: 
 oat and 
 uent. A 
 oat 's value may not
change over the course of a plan, whereasa 
 uent 's value
may change from t ime step to t ime step. Moreover,

Act i on l oop a Act i on l oop b
pr e: t est f l uent 1 = 0 pr e: t est f l uent 2 = 0
ef f : set f l uent 2 = 1 ef f : set f l uent 1 = 1

Figure 6: Two act ions which can execute in parallel, but
which cannot be serialized.

we support 
 uent- and 
 oat-valued funct ions, such as
?di st ance[ Nagoya, St ockhol m] .

Floats and 
 uents are manipulated wit h three special
built -in predicates: t est , set , and i nf l uence. Test
statements are used as predicates in act ion precondi-
t ions; set and i nf l uence areused in e� ects. As it sargu-
ment , t est takes a constraint (an equalit y or inequalit y
between two expressions composed of 
 oats, 
 uents, and
basic arit hmet ic operat ions); it evaluates to t rue if and
only if the constraint holds. Set and i nf l uence each
take two arguments: the object (a 
 oat or 
 uent) and an
expression. If an act ion causes a set to be asserted, the
object 's value after the act ion is de� ned to be the expres-
sion's value before the act ion. An asserted i nf l uence
changes an object 's value by the value of the expression,
as in the equat ion object := object + expression; mul-
t iple simult aneous i nf l uences are cumulat ive in their
e� ect [Falkenhainer and Forbus, 1988].

5.2 Plan Encoding
The compiler uses a regular act ion representat ion wit h
explanatory frame axioms and con
 ict exclusion [Ernst
et al., 1997]. We adopt a standard 
 uent model in which
t ime takes nonnegat ive integer values. State-
 uents oc-
cur at even-numbered t imes and act ions at odd t imes.
The init ial state is completely speci� ed at t ime zero, in-
cluding all propert ies presumed false by the closed-world
assumpt ion.

Each t est , set , and i nf l uence statement compiles
to a proposit ional variable that t riggers the associated
constraint . Just as logical precondit ions and e� ects are
implied by their associated act ions, the triggers for met-
ric precondit ions and e� ects are implied by their act ions.

The compiler must generate frame axioms for con-
st raint variables as well as for proposit ional variables,
but the axiomat izat ions are very di� erent . Explanatory
frames are used for boolean variables, while for real vari-
ables, compilat ion proceeds in two steps. First , wecreate
a constraint which, if act ivated, will set the value of the
variable at the next step equal to it s current value plus
all the in
 uences that might act on it (untriggered in
 u-
ences are set to zero). Next , we construct a clause which
act ivates this constraint unless some act ion actually sets
the variable's value.

For a parallel encoding, the compiler must consider
certain set and i nf l uence statements to be mutually
exclusive. For simplicit y, we adopt the following con-
vent ion: two act ions are mutually exclusive if and only
if at least one set s a variable which the other eit her
i nf l uences or set s.

This exclusivit y policy result s in a plan which is cor-
rect if act ions at each step are executed strict ly in par-
allel; however, the act ions may not be serializable, as
demonstrated in Figure 6. In order to make parallel
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Figure 7: Solut ion t imes for three versions of l psat in
the metric logist ics domain. No learning or backjumping
is performed in the line marked \ No learning." Global
con
 ict sets and minimal con
 ict sets use progressively
bet ter learning algorit hms. Note that the � nal point on
each curve reaches the resource cuto� (one hour).

act ions arbit rarily serializable, we would have to adopt
more restrict ive exclusivit y condit ions and a less expres-
sive format for our t est statements.

6 Exper iment al Result s
There are current ly few available metric planners wit h
which to compare l psat . The Zeno system [Penberthy
and Weld, 1994] is more expressive than our system, but
Zeno is unable even to complete easy-1, our simplest
metric logist ics problem. There are only a few result s
available for Koehler's metric ipp system [Koehler, 1998],
and code is not yet available for direct comparisons.

In light of this, this sect ion concentrates on displaying
result s for l psat in an interest ing domain and on de-
scribing the heurist ics and opt imizat ion we used to en-
hance l psat 's performance. Wereport l psat solvet ime,
running on a Pent ium II 450 MHz processor wit h 128 MB
of RAM, averaged over 20 runs per problem, and show-
ing 95 percent con� dence intervals. We do not include
compile t ime for the (unopt imized) compiler since the
paper's focus is the design and opt imizat ion of l psat ;
however, compile t ime can be substant ial (e.g., twenty
minutes on log-c).

We report on a sequence of problems in the metric
logist ics domain, which includes all the features of the
ATT logist ics domain [Kautz and Selman, 1996]: air -
planes and trucks moving packages among cit ies and
sit es wit hin cit ies. However, our metric version adds
fuel and distances between cit ies; airplanes and trucks
both have individual maximum fuel capacit ies, consume
fuel to move (the amount is per t rip for t rucks and based
on distance between cit ies for airplanes), and can refuel
at depots. log-a through log-d are the same as the ATT
problems except for the addit ion of fuel. easy-1 through
easy-4 aresimpli� cat ions of log-a wit h moreelements re-
tained in the higher numbered problems. We report on
highly successful experiments wit h learning and back-
jumping as well as two other interest ing opt imizat ions.

6.1 Lear ning and B ackju mping
The result s in Figure 7 demonstrate the improvement
in solving t imes result ing from act ivat ing the learning
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Figure 8: Solut ion t imes for two types of random
restarts. Tuned cuto� uses raw experimental data to
select a constant cuto� . Cuto� doubling starts wit h a
cuto� of one second and doubles it on each run.

and backjumping facilit ies which were described in Sec-
t ion 4. Runswerecut o� after onehour of solvet ime(the
minimal con
 ict set technique ran over an hour only on
log-d). Wit hout learning or backjumping l psat quickly
exceeds the maximum time allot ted to it . Wit h learning
and backjumping act ivated using global con
 ict sets, the
solver handles larger problems and runs faster. Our best
method, minimal con
 ict sets, quickly solves even some
of the harder problems in the metric logist ics domain.

6.2 Spl i t t ing H eur ist ic
Line 7 of the l psat pseudocode (Figure 3) makes a non-
determinist ic choice of variable v before the recursive
call, and the splitting heuri stic used to guide this choice
can biasperformance. Weexpected thestandard re l sat
heurist ic to perform poorly (due to a overly st rong pref-
erence for t rigger variables) for two reasons: 1) the trig-
ger it self is an implicit clause which is resolved when a
trigger variable is set , and 2) each t ime the solver modi-
� es a trigger variable, it may call Cassowar y , and these
calls often dominate runt ime. We tried several methods
of including informat ion about the trigger variables in
the split t ing heurist ic, including adding and mult iplying
the score of t rigger variables by a user-set table prefer-
ence value. To our surprise, however, we were unable
to achieve signi� cant improvement (alt hough increasing
the preference for t rigger variables did slow execut ion).
These result s lead us to suspect that eit her that l cnf
problems are generally insensit ive to our heurist ics or
that our compilat ion of metric planning domains already
encodes informat ion about t rigger variables in the struc-
ture of the problem. Further experiments will decide the
issue.

6.3 Random Rest ar t s
Because l psat uses a randomized backtracking algo-
rit hm and because early experimental result s showed a
small percentage of runs far exceeded the median run-
t ime, weexperimented wit h random restartsusing a pro-
cess similar to the one described in [Gomes et al., 1998].
We cut o� solving at a deadline | which can be ei-
ther � xed beforehand or geometrically increasing | and
restart the solver wit h a new random seed.

Figure 8 shows the result s of these experiments. We
� rst ran the algorit hm twenty t imes on each problem



to produce the \ Raw" entries4. Then, we calculated the
cuto� t ime which minimized the expected runt ime of the
system based on these twenty runs. Finally, we reran
the problems wit h this tuned cuto� t ime to produce the
\ Tuned Cuto� " data.

While this technique provides some speedup on log-b
and impressive speedup on log-c, it requires substant ial,
preliminary research into the di� cult y of theproblem (in
order to determine the appropriate cuto� t ime). Unless
l psat is being used repeatedly to solve a single problem
or several very similar problems, the process of � nding
good restart t imes will dominate overall runt ime.

Therefore, we also experimented wit h a restart system
which requires no prior analysis. This \ Cuto� doubling"
approach sets an init ial restart limit of one second and
increases that limit by a factor of two on each restart
unt il reaching a solut ion. We havenot yet performed any
theoret ical analysis of the e� ect iveness of this technique,
but Figure 8 demonstrates a small improvement . More
interest ing than the average improvement , however, is
the fact that this method improved the consistency of
the runt imes on the harder problems; indeed, on log-c
� ve of the twenty \ Raw" runs lasted longer than the
longest \ Cuto� doubling" run.

7 Relat ed Work
Limit ed space precludes a survey of proposit ional sat is-
� abilit y algorit hms and linear programming methods in
this paper. See [Cook and Mit chell, 1997] for a survey
of sat is� abilit y and [Karlo� , 1991] for a survey of linear
programming.

Our work was inspired by the idea of compilin g prob-
abilist ic planning problems to maj sat [Majercik and
Lit tman, 1998]. It seemed that if one could extend the
SAT \ vir tual machine" to support probabilist ic reason-
ing, then it would be useful to consider the orthogonal
extension to handle metric constraints.

Other researchers have combined logical and con-
st raint reasoning, usually in the context of programming
languages. cl pr may be thought of as an integrat ion
of Prolog and linear programming, and this work int ro-
duced the not ion of incremental Simplex [Ja� ar et al.,
1992]. Saraswat 's thesis [Saraswat , 1989] formulates a
family of programming languageswhich operate through
the incremental construct ion of a constraint framework.
chip [Van Hentenryck, 1989] augments logic program-
ming wit h the tools to e� cient ly solve constraint sat is-
fact ion problems (e.g., consistency checking), but deals
only wit h variables over � nit e domains. Numeri ca ex-
tends this work by adding a variety of di� erent ial equa-
t ion solvers to the mix [Van Hentenryck, 1997]. Hooker
et al. describe a technique for combining linear program-
ming and constraint propagat ion [Hooker et al., 1999].

Bl ackbox uses a translate/ solve/ decode scheme for
planning and sat is� abilit y [Kautz and Selman, 1998].
zeno is a causal link temporal planner which handled
resources by callin g an incremental Simplex algorit hm
wit hin the plan-re� nement loop [Penberthy and Weld,

4All three sets of runs use minimal con
 ict sets, learning,
and backjumping.

1994]. The Gra phpl an [Blum and Furst , 1995] descen-
dant ipp has also been extended to handle metric rea-
soning in it s plan graph [Koehler, 1998]. sipe [Wilk ins,
1990] and opl an [Currie and Tate, 1991] are indus-
t rial st rength planners which include resource planning
capabilit ies. Two recent systems address the metric
planning problem using compilat ion to integer program-
ming [Kautz and Walser, 1999; Vossen et al., 1999].

8 Conclusions and Fut ure Work
l psat is a promising new technique that combines the
strengthsof fast sat is� abilit y methods wit h an incremen-
tal Simplex algorit hm to e� cient ly handle problems in-
volving both proposit ional and metric reasoning. This
paper makes the following contribut ions:

� We de� ned the l cnf formalism for combining
boolean sat is� abilit y wit h linear (in)equalit ies.

� We implemented the l psat solver for l cnf by com-
bining the re l sat sat is� abilit y solver [Bayardo and
Schrag, 1997] wit h the Cassowar y constraint rea-
soner [Badros and Borning, 1998].

� We experimented wit h three opt imizat ions for
l psat : adapt ing the split t ing heurist ic to t rigger
variables, adding random restarts, and incorporat-
ing learning and backjumping. Using minimal con-

 ict sets to guide learning and backjumping pro-
vided four orders of magnit ude speedup.

� We implemented a compiler for resource planning
problems. l psat 's performance wit h this compiler
was much bet ter than that of zeno [Penberthy and
Weld, 1994].

Much remains to be done. There are many ways we
could improve the compiler: improving it s runt ime by
opt imizing exclusion detect ion, exploring new exclusion
encodings, opt imizing the number of constraintsused for
in
 uences, and improving our handling of condit ional ef-
fects. In addit ion, wewish to invest igate the issueof tun-
ing restarts to problems, including a thorough invest iga-
t ion of exponent ially growing resource limit s. It would
also be interest ing to implement an l cnf solver based on
a stochast ic engine. We hope to add support for more
expressive constraints by adding nonlinear solvers.

References
[Badros and Borning, 1998] Greg J. Badros and Alan Born-

ing. The Cassowary Li near Arithmet ic Const raint Solving
Algorithm: Interface and Implementat ion. Technical Re-
port 98-06-04, University of Washington, Department of
Computer Science and Engineering, June 1998.

[Bayardo and Schrag, 1997] R. Bayardo and R. Schrag. Us-
ing CSP look-back techniques to solve real-world SAT in-
stances. In Proceedings of the Fourteenth National Confer-
ence on Arti � cial Intel ligence, pages 203{ 208, Providence,
R.I ., July 1997. Menlo Park, Calif.: AAAI Press.

[Blum and Furst , 1995] A. Blum and M. Furst . Fast plan-
ning through planning graph analysis. In Proceedings of
the Fourteenth International Joint Conference on Arti � -
cial Intel ligence, pages 1636{ 1642. San Francisco, Calif.:
Morgan Kaufmann, 1995.



[Borning et al., 1997] Alan Borning, K im Marriot t , Peter
Stuckey, and Yi Xiao. Solving linear arithmet ic const raints
for user interface applicat ions. In Proceedings of the 1997
ACM Symposium on User Interface Software and Technol-
ogy, October 1997.

[Cook and Mitchell, 1997] S. Cook and D. Mitchell. Finding
hard instances of the sat is� ability problem: A survey. Pro-
ceedings of the DIMACS Workshop on Satis� abi li ty Prob-
lems, pages 11{ 13, 1997.

[Crawford and Auton, 1993] J. Crawford and L. Auton. Ex-
perimental results on the cross-over point in sat is� ability
problems. In Proceedings of the Eleventh National Confer-
ence on Arti � cial Intel ligence, pages 21{ 27. Menlo Park,
Calif.: AAAI Press, 1993.

[Currie and Tate, 1991] K . Currie and A. Tate. O-plan:
the open planning architecture. Arti � cial Intel ligence,
52(1):49{ 86, November 1991.

[Ernst et al., 1997] M. Ernst , T . Millstein, and D. Weld. Au-
tomat ic SAT-compilat ion of planning problems. In Pro-
ceedings of the Fifteenth International Joint Conference
on Arti � cial Intel ligence, pages 1169{ 1176. San Francisco,
Calif.: Morgan Kaufmann, 1997.

[Falkenhainer and Forbus, 1988] B. Falkenhainer and
K . Forbus. Set t ing up large scale qualitat ive models.
In Proceedings of the Seventh National Conference on
Arti � cial Intel ligence, pages 301{ 306. Menlo Park, Calif.:
AAAI Press, August 1988.

[Gomes et al., 1998] C.P. Gomes, B. Selman, and H. Kautz.
Boost ing combinatorial search through randomizat ion. In
Proceedings of the Fifteenth National Conference on Arti -
� cial Intel ligence, pages 431{ 437, Madison, WI, July 1998.
Menlo Park, Calif.: AAAI Press.

[Hooker et al., 1999] J.N. Hooker, G. Ot tosson, E.S.
Thorsteinsson, and H. K im. On integrat ing const raint
propagat ion and linear programming for combinatorial
opt imizat ion. In Proceedings of the Sixteenth National
Conference on Arti � cial Intel ligence, Orlando, Florida,
July 1999. Menlo Park, Calif.: AAAI Press.

[Ja� ar et al., 1992] Joxan Ja� ar, Spiro Michaylov, Peter
Stuckey, and Roland Yap. The CLP(R ) Language and
System. ACM Transactions on Programming Languages
and Systems, 14(3):339{ 395, July 1992.

[Karlo� , 1991] H. Karlo� . Linear Programming. Birkh•auser,
Boston, 1991.

[Kautz and Selman, 1996] H. Kautz and B. Selman. Pushing
the envelope: Planning, proposit ional logic, and stochas-
t ic search. In Proceedings of the Thirteenth National Con-
ference on Arti � cial Intel ligence, pages 1194{ 1201. Menlo
Park, Calif.: AAAI Press, 1996.

[Kautz and Selman, 1998] H. Kautz and B. Selman. Black-
box: A new approach to the applicat ion of theorem prov-
ing to problem solving. In AI PS98 Workshop on Planning
as Combinator ial Search, pages 58{ 60. Pit t sburgh, Penn.:
Carnegie Mellon University, June 1998.

[Kautz and Walser, 1999] H. Kautz and J.P. Walser. State-
space planning by integer opt imizat ion. In Proceedings
of the Sixteenth National Conference on Arti � cial Intel-
ligence, Orlando, Florida, July 1999. Menlo Park, Calif.:
AAAI Press.

[Koehler et al., 1997] J. Koehler, B. Nebel, J. Ho� mann, and
Y Dimopoulos. Extending planning graphs to an ADL
subset . In Proceedings of the Fourth European Conference

on Planning, pages 273{ 285. Berlin, Germany: Springer-
Verlag, Sept 1997.

[Koehler, 1998] J. Koehler. Planning under resource con-
st raints. In Proceedings of the Thirteenth European Confer-
ence on Arti � cial Intel ligence, pages 489{ 493. Chichester,
UK : John Wiley & Sons, 1998.

[Li and Anbulagan, 1997] C. Li and Anbulagan. Heurist ics
based on unit propagat ion for sat is� ability problems. In
Proceedings of the Fifteenth International Joint Conference
on Arti � cial Intel ligence, pages 366{ 371. San Francisco,
Calif.: Morgan Kaufmann, August 1997.

[Majercik and Li t tman, 1998] S. M. Majercik and M. L.
Li t tman. MAXPLA N: a new approach to probabilist ic
planning. In Proceedings of the Fourth International Con-
ference on Arti � cial Intel ligence Planning Systems, pages
86{ 93. Menlo Park, Calif.: AAAI Press, June 1998.

[McDermot t , 1998] Drew McDermot t . PDDL | The Plan-
ning Domain De� ni tion Language. AIPS-98 Compet it ion
Commit tee, draft 1.6 edit ion, June 1998.

[Nelson and Oppen, 1979] Greg Nelson and Derek C. Op-
pen. Simpli� cat ion by cooperat ing decision procedures.
ACM Transactions on Programming Languages and Sys-
tems, 1(2):245{ 257, October 1979.

[Penberthy and Weld, 1994] J.S. Penberthy and D. Weld.
Temporal planning with cont inuous change. In Proceed-
ings of the Twelfth National Conference on Arti � cial In-
tel ligence. Menlo Park, Calif.: AAAI Press, July 1994.

[Saraswat , 1989] Vijay A. Saraswat . Concurrent Constraint
Programming Languages. PhD thesis, Carnegie-Mellon
University, Computer Science Department , January 1989.

[Selman et al., 1996] B. Selman, H. Kautz, and B. Cohen.
Local search st rategies for sat is� ability test ing. DIMACS
Series in Discrete Mathematics and Theoretical Computer
Science, 26:521{ 532, 1996.

[Selman et al., 1997] Bart Selman, Henry Kautz, and David
McAllester. Computat ional challenges in proposit ional
reasoning and search. In Proceedings of the Fifteenth Inter-
national Joint Conference on Arti � cial Intel ligence, pages
50{ 54. San Francisco, Calif.: Morgan Kaufmann, 1997.

[Van Hentenryck, 1989] Pascal Van Hentenryck. Constraint
Satisfaction in Logic Programming. MIT Press, Cam-
bridge, MA, 1989.

[Van Hentenryck, 1997] P. Van Hentenryck. Numerica: A
modeling language for global opt imizat ion. In Proceedings
of the Fifteenth International Joint Conference on Arti � -
cial Intel ligence, 1997.

[Vossen et al., 1999] T . Vossen, M. Ball, A. Lotem, and
D. Nau. On the use of integer programming models
in ai planning. In Proceedings of the Sixteenth Interna-
tional Joint Conference on Arti � cial Intel ligence, Stock-
holm, Sweden, Aug 1999. San Francisco, Calif.: Morgan
Kaufmann.

[Wilkins, 1990] D. Wilkins. Can AI planners solve pract i-
cal problems? Computational Intel ligence, 6(4):232{ 246,
November 1990.

[Wolfman and Weld, 1999] S. Wolfman and D. Weld. The
LPSAT system and its Applicat ion to Resource Planning.
Technical Report 99-04-04, University of Washington, De-
partment of Computer Science and Engineering, April
1999.


