Warm-Up

“Dr. Evil will attack you with laser sharks, unless you pay him one-million
dollars.”

How would you translate “"unless” into logic?
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Warm-Up — Solution

“Dr. Evil will attack you with laser sharks, unless you pay him one-million
dollars.”

If you pay Dr. Evil his one-million dollars, are you safe from the laser
sharks?

This is Dr. Evill He hasn't promised you that’s his full list of demands.

If you do not pay Dr. Evil one-million dollars, then he will attack you
with laser sharks.

s the only promise you really have.



Warm-Up — Solution

“Dr. Evil will attack you with laser sharks,you pay him one-million
dollars.” J

p: Dr. Bvil will attack you with laser sharks
q: You pay him one-million dollars

The last slide would give usg —q _)E' D A \D—%/]thr

If Dr. Evil doesn't attack you with laser sharks, you m
his million dollars, right Are those bot

st have paid him
erood translations?

They are! We'll talk about why at the end of this lecture...



MY CLIENT COULDN'T HAVE
KILLED ANYONE. WITH THIS
ARROM, AND T CAN PROVE T

T'D UKE TO EAAMINE
YOUR PROOF, ZENO, YOU
MAY APPROACH THE. BENCH.

\

—BUT NEVER REACH ITY %
xkcd.com/1153

Our First Proof and
Digital Logic

CSE 311 Fall 2020
Lecture 3




Today

10 minutes of syllabus
Our first proof!
Contrapositives and digital logic.



Announcements

Homework 1 Problem 6 claritfied (download a new version of the pdf).

Office Hours start this week.



Order of Operations

Just like you were taught PEMDAS
eg.3+2-4=11 not 24.

Logic also has order of operations.
Parentheses |

Negation | o
And For this course: each of these is it's own level!

>— 1 " 1 17}
. e.g. “and”s have precedence over “or’s
@, exclusive or ) J P

Implication
Biconditional

Within a level, apply from left to right.

Other authors place And, Or at the same level — it's good practice to use
parentheses even if not required.



Office Hours

A chance to talk to staff about the class.
Advice:

You don't have to have a question to come to office hours! (It can help, though)
Aim as early in the week as possible.
We won't answer every kind of question in office hours:

L->We don't “pregrade” homework. We won't tell you whether something is
right or wrong.

L —=\We will help on homework, but not usually by “giving hints.” We'll usually ask

questions about what you've tried, ask questions to help you decide what to do
next, or point you to good examples to look at.

<You’re allowed to talk to others at office hours, as long as you're still following the
collaboration policy.



Homework Submissions

Make sure we can read what you submit.
We cant spend 5 minutes per submission deciding if that'sa p or a g.

QTypesetting guarantees we can read it.>
L=sMicrosoft Word's equation editor is now halfway decent!

[>laTeX is the industry standard for typesetting (if you go to CS grad school, you'll
use it for all your papers). Overleaf is the easiest way to get started.

Need to know the code for a symbol? Detexify! Word uses LaTeX codes...mostly...

) \m_ﬁ/



https://detexify.kirelabs.org/classify.html

‘ Our First Proof



Last Time

We showed
DeMorgan’s Laws:

(pVq) =-pA-qgand ~(pAg) =-pV g
And the Law of Implication

p—=>q=pVq



We will always give

Properties of Logical Connectives = youtnisist

For every propositions p, g, r the following hold:

* |dentity * Associative
- pAT=p - (vgvr=pv(gVvr)
- pVF=p —-(PAQDAT=pA(qAT)
* Domination * Distributive
- pVT=T —-pA@Vr)=(@AqQV(PAT)
- pAF=F —-pVv@Ar) =@V Ar(Vr)
* |dempotent * Absorption
- pVp=p -pV(PAQ =P
- pPApP=Dp -pA(pV@ =p
« Commutative * Negation
—pVqg=EqVp —pVap=T

—DPAQ=EqAD —pA=ap=F



Using Our Rules

WOW that was a lot of rules.

Why do we need them? Simplification! /\F\/%/
Let's go back to the “law of implication” example.

g
'
v

P | 9 | P71 When is the implication true? Just “or” each of the three

T T T “true” lines! ;
— T . AQ)V(apAq)V (mpAaq) = (o
‘ T ] - ) Also seems pWy%a?oW — 96,
CF | T T Sois(pA@QV(apAq)V(=pA—ag) = (=pVQq)
\F__—E” - l.e. aré these both alternative represean - q?

. )




Our First Proof

We could make another truth table (you should! It's a good exercise)
But we have another technique that is nicer.

Let's try that one
Then talk about why it's another good option.

We're going to give an iron-clad guarantee that:
AV (apAq)V(apA—-g) =pVq
.e. that this is another valid “law of implication”



Our First Proof

How do we write a proof?

(It’s not always plug-and-chug...we'll be highlighting strategies
throughout the quarter.

To start with:

Make sure we know what we want to show...



Our First Proof

(pAqQ)V(mpAq)V (apAag)=

None of the rules look like this

Practice of Proof-Writing:
Big Picture.. WHY do we think this

might be true?

The last two “pieces” came from the = (2P V q)
vacuous proof lines...maybe the “—p”

came from there? Maybe that

simplifies down to —p



Let's apply a rule

RAD V(PN

The law says: 4 =~v T ¥

CpA(gvr) = (_pﬁ/\g_)vgg/\ﬁ))
o M § %)

(—pAQV(=pA-q)=-pA(qV Q)
e — ——




Our First Proof

A V(pAQV (ap Aq) =
D Q\_// A

None of the rules look like this

Practice of Proof-Writing:
Big Picture.. WHY do we think this
might be true?

The last two “pieces” came from the = (-pVaq)
vacuous proof lines...maybe the “—p”

came from there? Maybe that

simplifies down to —p



Our First Proof

@ADVEPADV (=P A=) =A@ V(=P AQ)V (=p A—q)]

Set ourselves an intermediate goal.
Let's try to simplify those last two

pieces Associative law
Connect up the things we're working on.

=(-pVaq)



Our First Proof

@AYV ADV(EPAD=@AQ V(AP AQV (mp AAg)]

=A@ VI-pA(gV )]

Set ourselves an intermediate goal.
Let's try to simplify those last two
pieces
Distributive law
We think —p is important, let's isolate it.

=(—pVq)



Our First Proof

@AYV ADV(EPAD=@AQ V(AP AQV (mp AAg)]
=(@Aq)VI-pA(qVq)]

Set ourselves an intermediate goal. =@A@ VI[P g]
Let's try to simplify those last two
pieces

Negation

Should make things simpler.

=(—pVq)



Our First Proof
(prg)vicp AV (EPA2a=(PAg)VI[(=pAq)V (=pA-q)]

PAqQ) VIpA(qVq)]
(PAQ V[ pAT]

Set ourselves an intermediate goal.

Let's try to simplify those last two =@AQV ;_'pg]—
pieces
DUnﬁnatﬁﬁE‘m)ﬁ\Q—

Should make things simpler.

=(opVQq)



Our First Proof

WAV AV (PAD=@AQV[(=pAQV (=p A=g)]
=(@Aq)VI-pA(qVq)]

(p A —p AT]
(109\/?1)%319

[-p]V (p Aq)

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (=p VvV q)

If we apply the distribution rule,
We'd geta (=p Vv q)

=(—pVq)



Our First Proof

AV (P ADV(EP A== @AQ VI(ApAG) VY (=p A-g)]
=(@AqQVIpA(qVq)]

(PAQ)V[apAT]

(pAq)V [—p]

[-plV (pAQq)

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (=p VvV q)

If we apply the distribution rule,
We'd geta (=p Vv q)

Commutative —

| =PV .
Make the expression look exactly like the law (More on this later)



Our First Proof

AV (P ADV(EP A== @AQ VI(ApAG) VY (=p A-g)]
=(@Aq VI[-pA(rag)]
(PAQ)V[apAT]

(pAq)V [—p]

[-plV (oA q)

= (=pvp) A V) )

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (=p VvV q)

If we apply the distribution rule,
We'd geta (=p Vv q)

Distributive =(—pVvVQq)
Creates the (=p V q) we were hoping for.



Our First Proof

@AYV AV (P A= AQ) V[(apAq)V (mp Aq)]
—  =(@AQVI[-pAr(@V )]

(PAq)V[-pAT]

(pAq)V [—p]

[-plV (pAQq)

(-pVp)A(—pVQq)

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (=p VvV q)

f we apply the distribution rule, (pV-p)A(—pVq)
We'd geta (=p Vv q) TA(=pVQq)
Commutative
Make the e lon |ook exactly I|I<e the gw (More on this later)

heggatern

Simplifies the part we(é:ant to disappear.



Simplity TA (=pV q) to (=p V q)

For every propositions p, g, r the following hold:

* |dentity * Associative
- pAT=p - (vgvr=pv(gVvr)
- pVF=p —-(PAQDAT=pA(qAT)
* Domination * Distributive
- pVT=T —-pA@Vr)=(@AqQV(PAT)
- pAF=F —-pVv@Ar) =@V Ar(Vr)
* |dempotent * Absorption
- pVp=p -pV(PAQ =P
- pPApP=Dp -pA(pV@ =p
« Commutative * Negation
—pVqg=EqVp —pVap=T

—DPAQ=EqAD —pA=ap=F



Our First Proof

PADV (P AV (P A =PAQ VI(mpAQV (=p A=g)]
=@AQVI-pA(@V-q)]

(pA@QV[-pAT]

(pAq)V[-p]

[-pl VvV (P Ag)

(=pVP)A(=pVQq)

If we apply the distribution rule, =(pV-ap)A(—pVQq)

We'd geta (=p Vv q) TA(=pVQq)

Ty, EP V@ AT
Commutative followed by’lﬁl n= (7P Vaq)

Look exactly like the law, then apply It.
We're done!!!

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (=p VvV q)




Commutativity

We had the expression (p A q) V [—p]

But before we applied the distributive law, we switched the order...why?
The law says p Vv (gATr)=(pVgA(pVr)

\

not(QAT)Vp = (qVP)/\(rV_ﬁ

_

So technically we needed to commute first.

Eventually (in about 2 weeks) we'll skip this step. For now, we're doing
two separate steps.

Remember this is the “training wheel” stage. The point is to be careful.



More on Qur First Proof

We now have an ironclad guarantee that
AV (EpAQV(mpAag) =(—pVa)
Hooray! But we could have just made a truth-table. Why a proof?

Here's one reason.

Proofs don't just give us an ironclad guarantee. They're also an
explanation of why the claim is true.

._>The key insight to our simplification was “the last two pieces were the
vacuous truth parts — the parts where p was false”

That's in there, in the proof.



Our First Proof

APV EPAQV(=p A= =(pAg) VI[(=pAqg)V (=p A=g)] Associative

The last two terms ar
“vacuous truth” — they
simplify to —p

p no longer matters in p A
q it =p automatically
makes the expression true.

=(@AQVI[-pA(qV-aq)] Distributive
=(@PAQV[-pAT] Negation
=(PAQV[-p]  TMNTY Bamieker
"= [-p]lv(pAg) Commutative
=(-pVp)A(-pVQ) Distributive
=(@V-p)A(-pVQq) Commutative
=TA(=pVq) Negation
=(pVg AT Commutative

—=(PrVvVae T dlnfit|p—Dominsian



More on Qur First Proof

With practice (and quite a bit of squinting) you can see not just the
ironclad guarantee, but also the reason why something is true.

That's not easy with a truth table.

Proofs can also communicate intuition about why a statement is true.
We'll practice extracting intuition from proofs more this quarter.



Converse, Contrapositive
Implication: Contrapositive:

If it's raining, then | | n M 1don't have my umbrella,
Z}ave my umbrella. P _)q q9—>—p hen it is not raining.
B Converse:
It I have my umbrella If it is not raining, then |
oy .. ' | > — !
thenitis raining. — q— P; - P q don't have my umbrella.

How do these relate to each other?

pP,q (pP—>q | q—>p =P |—q —P—=>—q | —q—>-P

m|m ||
M| |7 |-




Converse

ontrapositiv

Implication: Contrapositive:
p—q q — —p
Converse:
q — p |p > |q
An implication and its contrapositive
have the same truth vaiue!
Z\
pP| q ﬁﬁq\ q—>p |—P |—q [| p>—q |-q—>-p
T| T T }‘ T F | Fl T | T
TIF| F T | F| T T | F
FlT | T F | T | F Fo| T
FIrCT | 1 [t 1|1 /] 1




Contrapositive Activity

We showed p = q = =g — —p with a truth table. Let's do a proof.
—

Try this one on your own. Remember

1. Know what you're trying to show.
2. Stay on target — take steps to get closer to your goal.

Fill out the poll everywhere for
Activity Credit!
<Hint: think about your tools. There are lots of
with implications... Go to pollev.com/cse311 and login
with your UW identity
Or text cse311 to 22333




Contrapositive

p=>q=-pVqg Law of Implication
——X=qV ﬂlr_/éommuta@
=,~q V ap~  Double Negation
=29 =3P Law of Implication
—

All of our rules deal with ORs and ANDs, let's switch the implication
to just use AND/NOT/OR.
And do the same with our target

It's ok to work from both ends. In fact it's a very common
strategy!
Now how do we get the top to look like the bottom?

Just a few more rules and we're done!



‘ Digital Logic



Digital Circuits
Computing With Logic

T corresponds to 1 or “high” voltage
F corresponds to O or “low” voltage

Gates
Take inputs and produce outputs (functions)
Several kinds of gates
Correspond to propositional connectives (most of them)



And Gate

AND Connective  vs. AND Gate
PAQq 5: AND out
P q | PAQ p q ouT
T T T 1 1 1
T F F 1 0 0
F T F 0 1 0
F F F 0 0 0
p—
AND ouT
q —

“block looks like D of AND”



Or Gate

OR Connective VS. OR Gate
pVq gom
P | g9 | pPVvg p | g ouT

T | T T 1| :

T |F T 1 | o ]

F T T 0 1 1

F F F 0 0 0

“arrowhead block looks like V”



Not Gates

NOT Connective
—p

NOT

VS.

OouT

NOT Gate

\

p

out

0

0]

Also called
inverter



Blobs are Okay!

You may write gates using blobs instead of shapes!

q
q



Combinational Logic Circuits

P>
q—ep—
oo

Values get sent along wires connecting gates




Combinational Logic Circuits

P>
q—ep—
oo

Values get sent along wires connecting gates

pA(=gA(rVs))



Combinational Logic Circuits

p AND

AND

Wires can send one value to multiple gates!



Combinational Logic Circuits

p AND

AND

Wires can send one value to multiple gates!

(PA=q)V(mqAT)






Vocabulary!

A proposition is a....
Tautology if it is always true.

Contradiction if it is always false.
Contingency if it can be both true and false.

pV-p
Tautology
If pis true, p vV =p is true; if p is false, p V —p is true.

pDp

Contradiction

If pis true, p @ p is false; if p is false, p @ p is false.

- Ap | |

Contingency If p is true and q is true, (p = q) Ap is true;
If p is true and q is false, (p = gq) A p is false.



Another Proof

Let's prove that (p Aq) — (q V p) is a tautology.

Alright, what are we trying to show?



Another Proof

AqQ) > (@Vp)=-(pAq)V(qgVp)
(-pV-q)V(qVp)

—pV (—qV(qVDp))

-V ((~qV q) Vp)
-pV({(qvV-q)Vvp)
—pV (TVDp) Law of Implication

{2eMaEgansdpthing is AND/OR/NOT
pV(pVT) G‘é&soﬁﬁﬁﬁedtm%cﬁbl%ntheses/just a gut feeling

pVDp PG%M { a’s.e\%tbl g%tj fher
pV-p Ss i ativBaegation
Simplity out the p, —p.

Proof-writing tip:
Take a step back.
Pause and carefully look
at what you have. You
might see where to go
next...

We're done!



Another Proof

(pAq) = (qVp)==(Aqg)V(qVp) Law of implication
(-=pV —q)V(qVPp) DeMorgan’s Law
—pV (=g V(qVp)) Associative

p Vv ((—.q vVq)V p) Associative

-pV ((qV—~q)Vp) Commutative

-pV (TVDp) Negation
-pV(pVT) Commutative
-pVD Domination
pV —p Commutative

T Negation



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

What is the runtime of our algorithm?



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

Yes! Generate the truth tables for both propositions and check
if they are the same for every entry.

What is the runtime of our algorithm?

Every atomic proposition has two possibilities (T, F). If there are
n atomic propositions, there are 2™ rows in the truth table.









