CSE 311: Foundations of Computing

Lecture 3: Digital Circuits & Equivalence

AND OVER THERE WE HAVE THE LABYRINTH GUARDS.
ONE ALWAYS LIES, ONE ALWAYS TELS THE TRUTH, AND
ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.




Recap from last class

* |dentity

- gANT =q

- qVF =q

e Domination

- qVT =T

- gNF=F ]
 |dempotent

- qVq=q

- qNqQ=q

e Commutative
- gVr=rvq
- gAT=TAQq

- De Morgan Laws
- —|(CI/\T')E—|C[V—|T'
- —|(CIVT)E—|C[/\—|T

Associative
(qvr)Vs=qV(rvs)
(gAT)AS=qA(rAs)
Distributive
gA(rVs)=(@Ar)Vv(qgAs)
gV(rAs)=(@Vvr)A(gVs)
Absorption

qV(gAT)=q
qA(@VT)=q

Negation

qVvV-q=T

gqA—-q=F

Double negation

—(—q) =q

Law of implication
q-o>r=-qVr



Proving equivalence

* Identity

- gAT =q

- gVF=q

* Domination
- gVT=T

- gAF=F

* |dempotent
- qVqg=Eq

- qAg=gq

« Commutative
- gVr=rvg
- gAT=TAQq

- De Morgan Laws
- a(gATr)=-—qVAr
- al@gvr)=-gA-r

* Associative

- (gqvr)vs=qv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(@rvs)=(@gAr)Vv(gAs)
- qV(@As)=(@@vr)A(gVvs)
* Absorption

- qvigar)=gq

- qA(gvr)=gq

* Negation

- qvq=T

- gA-g=F

* Double negation

- (=) =gq

* Law of implication

- gqor=-qVr

One can prove equivalence between 2 propositional formulas
by applying a sequence of elementary equivalences!



Proving equivalence

* |dentity « Associative
- gAT=gq - (gvr)vs=qVv(rvs)
- gVF=q - (gATr)As=qgA(rAs)
« Domination * Distributive
_ - gA(@rvs)=(@gAr)Vv(gAs)
- q vT =T _
F=F - qV(@As)=(@@vr)A(gVvs)
T gARE * Absorption
Idemp_otent - qv(gAar)=gq
- qvVq=gq - qA(gvr)=gq
- qAg=gq + Negation
« Commutative - qVq=T
- gVr=rvg - gA-g=F
- gAr=r1rAgq * Double negation
- De Morgan Laws - a(-q)=q

- a(gATr)=-—qVAr
- a(@gvr)=—agqA-ar

* Law of implication
- gqoTr=-aqVr

One can prove equivalence between 2 propositional formulas
by applying a sequence of elementary equivalences!

Example: Show that -p vV (pvp) =T

-pV (pVp)=( )
= ( )
=T



Proving equivalence

* |dentity « Associative
- gAT=gq - (gqvr)vs=qv(rvs)
- gVF=q - (gATr)As=qgA(rAs)
« Domination * Distributive
_ - gA(@rvs)=(@gAr)Vv(gAs)
- q vT =T _
F=F - qV(@As)=(@@vr)A(gVvs)
T gARE * Absorption
Idemp_otent - qv@AP) =g
- qvVq=gq - qA(gvr)=gq
- qAg=gq + Negation
« Commutative - qVq=T
- gqVr=rvq - gqA-gq=F
- gAr=r1rAgq * Double negation
- De Morgan Laws - (=g =q

- a(gATr)=-—qVAr
- a(@gvr)=—agqA-ar

* Law of implication
- gqoTr=-aqVr

One can prove equivalence between 2 propositional formulas
by applying a sequence of elementary equivalences!

Example: Show that -p vV (pvp) =T

-pV(pVp)=( —DPVD )
= ( )
=T

Idempotent



Proving equivalence

* |dentity « Associative
- gAT=gq - (gqvr)vs=qv(rvs)
- gVF=q - (gATr)As=qgA(rAs)
« Domination * Distributive
_ - gA(@rvs)=(@gAr)Vv(gAs)
- q vT =T _
F=F - qV(@As)=(@@vr)A(gVvs)
T gARE * Absorption
Idemp_otent - qv@AP) =g
- qvVq=gq - qA(gvr)=gq
- qAg=gq + Negation
« Commutative - qVq=T
- gqVr=rvq - gqA-gq=F
- gAr=r1rAgq * Double negation
- De Morgan Laws - (=g =q

- a(gATr)=-—qVAr
- a(@gvr)=—agqA-ar

* Law of implication
- gqoTr=-aqVr

One can prove equivalence between 2 propositional formulas
by applying a sequence of elementary equivalences!

Example: Show that -p vV (pvp) =T

-pV((pVvp)=( —PVPp ) ldempotent
= ( pVv-op ) Commutative

=T



Proving equivalence

* |dentity « Associative
- gAT=gq - (gqvr)vs=qv(rvs)
- gVF=q - (gAT)As=qA(rAs)
« Domination * Distributive
— - gA(@rvs)=(@gAr)Vv(gAs)
- q vT =T _
F=F - qgv(ras)=(@vr)a(gvs)
T gARE * Absorption
Idemp_otent - qv(gAar)=gq
- qvVqg=q - qA(gvr)=gq
- qAg=gq + Negation
« Commutative - qVq=T
- gqVr=rvq - gqA-gq=F
- gAr=r1rAgq * Double negation
- De Morgan Laws - a(-q)=q

- a(gATr)=-—qVAr

* Law of implication
- gqoTr=-aqVr

- al@gvr)=-gA-r

One can prove equivalence between 2 propositional formulas
by applying a sequence of elementary equivalences!

Example: Show that -p vV (pvp) =T

-pV((pVvp)=( —PVPp ) ldempotent
= ( pVv-op ) Commutative
Negation

=T



What is a proof?

A proof is a logical argument that guarantees the
conclusion is true. In this case, the conclusion is

pV(pVp) =T

( —pVp ) ldempotent
( pV -ap ) Commutative
T Negation

-pV(pVp)



What is a proof?

A proof is a logical argument that guarantees the
conclusion is true. In this case, the conclusion is

pV(pVp) =T

The syntax there is a little terse. In full, it means:

A1) —pV (p V p) = —p V p by the Idempotent rule,
(2) —pV p=pV p bythe Commutative rule, an
(3) pV-p=T by the Negation rule.

Therefore, we conclude —pV (pVp) =T

—pVDp ) ldempotent

pV(pVp)=(
( pV-p ) Commutative
T

Negation



Analyzing the Garfield Sentence with a Truth Table

Why not just use a truth table?

q|r |s |as|rV-s rAS (rans)—q ((rAas)—->q)A(rv-s)
FIF|F|T T F T T
FIF|T]|F F F T F
FIT|F|T T F T T
FIT|T|F T T F F
TIF|F|T T F T T
TIF|T|F F F T F
T|IT|F|T T F T T
T|T|T|F T T T T




A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=qVT

q r q-or
T | T T
T F F
F | T T
F F T




A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=qVT

(@QAT)V(=g AT)V (=g A1)

q-o>r

* |dentity
- gAT=q
- qVF=q

* Domination

- =(@AT)=qVAr
- a(@vr)=-qA-r

m | M|
L e O M I e B B

—|—|™ |-

* Associative
- (@qvr)vs=qVv(rvs)
- (qATIAs=qgA(rAs)
+ Distributive

- qVT=T - gA(rvs)=(gAar)v(gAs)
- qAF=F - qV(rAs)=(@Vvr)A(qVs)
+ Idempotent : A':/S‘("F’/t\“);‘
- = - qV@ATr)=q
ava=a - qr(gvr)=q
- qAq=q
o « Negation
* Commutative =
_ - qVq=T
T qVr=rvq - qA-q=F
- QAT ETAq + Double negation
- De Morgan Laws - (= =q

+ Law of implication
- gqoTr=-qVr

—qVTr



A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=qVT

(@qAT)V(=gAT)V (g A1)

=(qATr)V[(=gAT)V (=g A—r)] Associative
The last two terms are —
“vacuous truth” mayb_e<
the simplify to =q

e 1101 (III 1l

¢ ldentity + Associative —
- qAT=q - (qvr)vs=qVv(@Vs) —
- qVF=q - (gATIAs=gA(rAs)
* Domination « Distributive —
- qVT=T - gqA(rvs)=(@qAr)v(gAs) _— _lq V r
- qAF=F - qV(rAs)=(@Vvr)A(qVs)
+ Idempotent : A':/S‘(’rp/t\“);‘
= - qv(gar)=gq
- vq=
- q/\qzq - qA(qvr)=q
ana=q « Negation
* Commutative =
_ - qVq=T
T qVr=rvq - qA-q=F
- QAT ETAq + Double negation
- De Morgan Laws - (= =q

- a(@AT)=-qVar . Law of implication
- ﬁ(qu)Eﬂq/\ﬂT - gqor=-qVr



A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=qVT

The last two terms are
1 1/}
vacuous truth” maybe

the simplify to =q

* Domination

- qVT=T
- qAF=F

* ldempotent

- qvVq=q

- qAq=q

* Commutative

- qVr=rVvgq

- QAT =TAq

- De Morgan Laws

- a(@ATr)=-qVAr
- =(@vr)=—aqA-r

* Associative

- (@qvr)vs=qVv(rvs)

- (qATIAs=qgA(rAs)

+ Distributive

- gA(rvs)=(gAar)v(gAs)
- qV(IrAs)=(@vr)A(qVs)
* Absorption
-qvigar=q

- qA(qvr)=q

* Negation

- qVq=T

- qA-q=F

+ Double negation
Y

+ Law of implication

- gqor=-qVr

LB VO [V V(| 1 (III 1

(@qAT)V(=gAT)V (g A1)

= (AT V[(gAT) V(=g A D]
=(qATr)V][gA(rVv-r)]

J
<

<

ﬁ

Associative
Distributive



A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=qVT

The last two terms are
1 1/}
vacuous truth” maybe

the simplify to =q

* Domination

- qVT=T
- qAF=F

* ldempotent

- qvVq=q

- qAq=q

* Commutative

- qVr=rVvgq

- QAT =TAq

- De Morgan Laws

- a(@ATr)=-qVAr
- =(@vr)=—aqA-r

* Associative

- (@qvr)vs=qVv(rvs)

- (qATIAs=qgA(rAs)

+ Distributive

- gA(rvs)=(gAar)v(gAs)
- qV(IrAs)=(@vr)A(qVs)
* Absorption
-qvigar=q

- qA(qvr)=q

* Negation

- qVq=T

- qA-q=F

+ Double negation
Y

+ Law of implication

- gqor=-qVr

- (@qAT)V(=gAT)V (g A1)
=(@AT)V[(mgAT)V (g A—r)] Associative
=(@Ar)V[agA(rVar)] Distributive
=(@AT)V[aqAT] Negation

LB VO [V V(| 1 (III

J
<

<

ﬁ



A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=qVT

The last two terms are
1 1/}
vacuous truth” maybe

the simplify to =q

* Domination

- qVT=T
- qAF=F

* ldempotent

- qvVq=q

- qAq=q

* Commutative

- qVr=rVvgq

- QAT =TAq

- De Morgan Laws

- a(@ATr)=-qVAr
- =(@vr)=—aqA-r

* Associative

- (@qvr)vs=qVv(rvs)

- (qATIAs=qgA(rAs)

+ Distributive

- gA(rvs)=(gAar)v(gAs)
- qV(IrAs)=(@vr)A(qVs)
* Absorption
-qvigar=q

- qA(qvr)=q

* Negation

- qVq=T

- qA-q=F

+ Double negation
Y

+ Law of implication

- gqor=-qVr

(@qAT)V(=gAT)V (g A1)

=(gAT)V
=(gAT)V
=(gAT)V
_=(@Ar)V

J
<

<

ﬁ

(=g AT) V(=g A=r)] Associative
g A(rV ar)] Distributive
—g AT] Negation

[—q] Identity



A more complex

equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=q VT

The last two terms are_|
“vacuous truth” maybe
the simplify to =q

g no longer matters in g A

(@qAT)V(=gAT)V (g A1)

= (gAY V[(~qAT) V(g A —D)]

=(qAT)V[gA(rvVar)]
= (qAT)V[g AT]

_=(qAT)V[q]

[~qlv (gAT)

e 11l III\

rif —q automat|ca'lly _
makes the expression true.
* Identity * Associative
- gAT=q - (@qvr)vs=qVv(rvs)
- qVF=q - (gATIAs=gA(rAs)
* Domination « Distributive
- qVT=T - qa(rvs)=(gAar)v(gAs)
- qAF=F - qV(rAs)=(@Vvr)A(qVs)
+ Idempotent * Absorption
. avag= -qvigar=q
. g/\gzz - qAa(gvr)=q
. + Negation

¢ Commutative =

— - qVaq=T
- qVr=rvgq - qA-q=F
- qAT=ETAq + Double negation
- De Morgan Laws - a(=g)=q

- a(@AT)=-qVar . Law of implication
- ﬂ(qVT)Eﬂq/\ﬂT - gqor=-qVr

\E—lqu

Associative
Distributive
Negation
Identity
Commutative



A more complex

equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=q VT

The last two terms are_|
“vacuous truth” maybe
the simplify to =q

g no longer matters in g A
r if =q automatically

(@qAT)V(=gAT)V (g A1)

= (gAY V[(~qAT) V(g A —D)]

=(qAT)V[gA(rvVar)]
= (qAT)V[g AT]

_=(qAT)V[q]

[~qlv (gAT)
(=qvg)A(=gqVT)

e 11l III\

makes the expression true.
* Identity * Associative
- gAT=q - (@qvr)vs=qVv(rvs)
- qVF=q - (@qAT)As=qA(rAs)
* Domination « Distributive
- qVT=T - qA(rvs)=(gAr)V(qAs)
- qAF=F - qV(rAs)=(@Vvr)A(qVs)
* ldempotent : A':f‘("p/t\"’;‘
= - qv(@Ar)=gq
- qvg=
- q/\qzq - qA(@gvr)=gq
9rg=q . « Negation
¢ Commutative =
_ - qVq=T
- quirVq - qA-q=F
- qAT=ETAq + Double negation
- De Morgan Laws - a(=g)=q

- a(@AT)=-qVar . Law of implication
- ﬂ(qVT)Eﬂq/\ﬂT - gqor=-qVr

\E—lqu

Associative
Distributive
Negation
Identity
Commutative
Distributive



A more complex

equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=q VT

The last two terms are_|
“vacuous truth” maybe
the simplify to =q

g no longer matters in g A

(@qAT)V(=gAT)V (g A1)

= (gAY V[(~qAT) V(g A —D)]

=(qAT)V[gA(rvVar)]
=(qAT)V[gAT]

_=(qAT)V[q]

[~qlv (gAT)
(=qvg)A(=gqVT)
(qV—=q) A(—qVT)

e 11l III\

rif —q automat|ca'lly _
makes the expression true.
* Identity * Associative
- gAT=q - (@qvr)vs=qVv(rvs)
- qVF=q - (gATIAs=gA(rAs)
* Domination « Distributive
- qVT=T - qa(rvs)=(gAar)v(gAs)
- qAF=F - qV(rAs)=(@Vvr)A(qVs)
+ Idempotent * Absorption
. avag= -qvigar=q
. g/\gzz - qAa(gvr)=q
. + Negation

¢ Commutative =

— - qVaq=T
- qVr=rvgq - qA-q=F
- qAT=ETAq + Double negation
- De Morgan Laws - a(=g)=q

- a(@AT)=-qVar . Law of implication
- ﬂ(qVT)Eﬂq/\ﬂT - gqor=-qVr

\E—lqu

Associative
Distributive
Negation
Identity
Commutative
Distributive
Commutative



A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=q VT

- (@qAT)V(=gAT)V (g A1)
=(@AT)V[(mgAT)V (g A—r)] Associative

Ihe last two tﬁ,,rms aE)e_< =(gATr)V[agA(rV-ar)] Distributive
t\éacgousl.]tcrutt Maybe | = (gAT) V[q AT] Negation
e simplify to : .
PIY 1O g _=(qAr)V[-q] Identity
"= [-q]V(gAT) Commutative
g no longer matters in g A =(qvqg) A(mqVT) Distributive
r if =g automatically =@V AN(=qVT) Commutative
makes the expression true. =TA(—gqVr) Negation
e =
3 U R _
ST (St et =qvT
i Caviann=a
T ana=aq. . zlé\g(azanr)Eq
oI (e E
- De Morgan Laws - a(=g)=q

- a(@AT)=-qVar . Law of implication
- a(@Vr)=-aqA—ar - gor=-qVr



A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=q VT

- (@qAT)V(=gAT)V (g A1)
=(@AT)V[(mgAT)V (g A—r)] Associative

jhe last two tﬁurms are | =(@Ar)V[agA(rVvar)] Distributive
t\éa@ous’l;rutt maybe | = (gAT)V[=g AT] Negation
e SiImpll O - .
"=[=q]lVv(gAT) Commutative
g no longer matters in q A =(qVq@ A(=qVT) Distributive
r if =g automatically =@V AN(=qVT) Commutative
makes the expression true. =TA(—gqVr) Negation
e v =(-qVr)AT Commutative
e g T=qVT
v T
T ana=aq. . zlé\g(azanr)Eq
Dl

- a(@AT)=-qVar . Law of implication
- a(@Vr)=-aqA—ar - gor=-qVr



A more complex equivalence proof

Showthat (g ATr)V(mgAT)V(AgA—T)=—=q VT

(@qAT)V(=gAT)V (g A1)

=(@AT)V[(2gAT) V(=g A-T)]
The last two terms are_J = (gAT)V[=gA(rVAar)]
“vacuous truth” maybe | = (GAT)V[=qAT]
the simplify to =q _ -
—= (@AT)V[~q]
= [-qlv(gAm)
g no longer matters in g A =(qvqg) A(HqVT)
r if =g automatically =@V AN(=qVT)
makes the expression true. =TA(agqVT)
aTne e =(=qVr) AT
e =4V
i L vann=a
e I (R
M

- =(@AT)=qVAr
- =(@vr)=—aqA-r

+ Law of implication
- qoTr=-qVr

Associative
Distributive
Negation
Identity
Commutative
Distributive
Commutative
Negation
Commutative
Identity



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

Identity
gAT =q
gqVF=gq
Domination
qVT =T
qAF=F
Idempotent
qvVqg=q
qhq=q
Commutative
gqVr=rvVvgq
gAT=TrAQ

De Morgan Laws
—|(q /\T) =-qV-r
-(qVvr)=-qA-r

@Ar)—>(rva)

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g
* Negation

- qVq=T

- qA-q=F

* Double negation

- 2 =gq

* Law of implication
- gqor=-qVr



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

@Ar)—>(rva)

Use a series of equivalences:

(q/\r)—>(rVq)E_

Identity
gAT =q
gqVF=gq
Domination
qVT =T
qAF=F
Idempotent
qvq=q
qhq=q
Commutative
gqVr=rvVvgq
gAT=TrAQ

De Morgan Laws
—|(q /\T) =-qV-r
-(qVvr)=-qA-r

Our strategy: Replace —; move — inside; simplify

T

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g
* Negation

- qVq=T

- QAq=F

* Double negation

- 2 =gq

* Law of implication
- gqor=-qVr



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

- De Morgan Laws
- a(gAT)=—qVAr
- a(@gvr)=-qA-r

@Ar)—>(rva)

Use a series of equivalences:

(@qAT) > (rVvVa) E_ﬂ(q/\r)V(rVq)

* |dentity

- gAT=q —
- gVF=gq —
* Domination —
- qVT=T —
- qAF=F _
* |dempotent =
- qVqg=q

- qAq=gq —
* Commutative

- gVr=rvgqg —_
- gAT=TAgq -

T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- QAq=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

- De Morgan Laws
- a(gAT)=—qVAr
- a(@gvr)=-qA-r

@Ar)—>(rva)

Use a series of equivalences:

(@ATr) > (Vg =-(qAT)V(rva)
= (&qV 1)V (rvag)

* |dentity

- gAT=q —
- gVF=gq —
* Domination —
- qVT=T —
- qAF=F _
* |dempotent =
- qVqg=q

- qAq=gq —
* Commutative

- gVr=rvgqg —_
- gAT=TAgq -

T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- qA-q=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

* |dentity

- gAT=q

- gVF=gq

* Domination

- qVT =T

- qAF=F

* |dempotent

- qVvVqg=q

- qAq=q

* Commutative

- gqVr=rvgq

- gAT=TAQ

- De Morgan Laws

- (@A) =—aqVAr
- a(@gvr)=-qA-r

@Ar)—>(rva)

Use a series of equivalences:

(gAr) > (rvg) ==(@Ar)V(rvag)
=(—aqV-ar)Vv(rvg)

—qV (=rVv(rvaqg))

T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- QAq=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan

Associative



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

@Ar)—>(rva)

Use a series of equivalences:

(gAr) > (rvg) ==(@Ar)V(rvag)
=(—aqV-ar)Vv(rvg)

* |dentity

- gAT=q

- gVF=gq

* Domination

- qVT =T

- qAF=F

* |dempotent

- qVvVqg=q

- qAq=q

* Commutative

- gqVr=rvgq

- gAT=TAQ

- De Morgan Laws

- (@A) =—aqVAr
- a(@gvr)=-qA-r

—qV (=rVv(rvaqg))
—qV ((=~rVvr)Vvag)

T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- QAq=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan

Associative
Associative



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

@Ar)—>(rva)

Use a series of equivalences:

(@ATr) > (Vg =-(qAT)V(rva)
=(—aqV-ar)Vv(rvg)

* |dentity

- gAT=q

- gVF=gq

* Domination

- qVT =T

- qAF=F

* |dempotent

- qVvVqg=q

- qAq=q

* Commutative

- gqVr=rvgq

- gAT=TAQ

- De Morgan Laws

- (@A) =—aqVAr
- a(@gvr)=-qA-r

—qV (=rVv(rvaqg))
—qV ((=~rVvr)Vvag)
—qV(qV(arvr))

T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- qA-q=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan
Associative
Associative
Commutative



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

@Ar)—>(rva)

Use a series of equivalences:

(@ATr) > (Vg =-(qAT)V(rva)
=(—aqV-ar)Vv(rvg)

* |dentity

- gAT=q

- gVF=gq

* Domination

- qVT =T

- qAF=F

* |dempotent

- qVvVqg=q

- qAq=q

* Commutative

- gqVr=rvgq

- gAT=TAQ

- De Morgan Laws

- (@A) =—aqVAr
- a(@gvr)=-qA-r

—qV (=rVv(rvaqg))
—qV ((=~rVvr)Vvag)
—qV(qV(arvr))
(ngVvq)V(arvr)

T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- qA-q=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan
Associative
Associative
Commutative

Associative



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

* |dentity

- gAT=q

- gVF=gq

* Domination

- qVT =T

- qAF=F

* |dempotent

- qVvVqg=q

- qAq=q

* Commutative

- gqVr=rvgq

- gAT=TAQ

- De Morgan Laws

- (@A) =—aqVAr
- a(@gvr)=-qA-r

@Ar)—>(rva)

Use a series of equivalences:

(@ATr) > (Vg =-(qAT)V(rva)
=(—aqV-ar)Vv(rvg)

—qV (=rVv(rvaqg))
—qV ((=~rVvr)Vvag)
—qV(qV(arvr))
(ngVvq)V(arvr)
(gV-q)Vv(rV-ar)

T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- qA-q=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan
Associative
Associative
Commutative
Associative

Commutative (twice)



Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

@Ar)—>(rva)

Use a series of equivalences:

(@ATr) > (Vg =-(qAT)V(rva)
=(—aqV-ar)Vv(rvg)

* |dentity

- gAT=q

- gVF=gq

* Domination

- qVT =T

- qAF=F

* |dempotent

- qVvVqg=q

- qAq=q

* Commutative

- gqVr=rvgq

- gAT=TAQ

- De Morgan Laws

- (@A) =—aqVAr
- a(@gvr)=-qA-r

—qV (=rVv(rvaqg))
—qV ((=~rVvr)Vvag)
—qV(qV(arvr))
(ngVvq)V(arvr)
(gV-q)Vv(rV-ar)
TVvT

-

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- qA-q=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan
Associative
Associative
Commutative
Associative
Commutative (twice)

Negation (twice)



- a(gAT)=—qVAr
- a(@gvr)=-qA-r

Prove this is a Tautology

* Associative

- (gvr)vs=qVv(rvs)

- (gAT)As=qA(rAs)

* Distributive

- gA(rvs)=(gAr)V(gAs)

@Ar)—>(rva)

Use a series of equivalences:

(@ATr) > (Vg =-(qAT)V(rva)
(ngV-ar)Vv(rvaqg)

—qV (=rVv(rvaqg))

* Identity

: 33;2; =-qV((~rvr)Vvyqg)
Cavrer =-qV(qV (arvr))
: ﬁignfpzti:nt — (_lq V q) V (—lr V 'r)
- qVq=q .

: gcf\rr?mzufative — (q V _Iq) V (T' V _IT)
 enrmrag = TvT

- De Morgan Laws — T

Our strategy: Replace —; move — inside; simplify

S QVUASI = QVIIAGVS)
* Absorption

- qvigAaT)=gq

- qnA(gvr) =g

* Negation

- qVq=T

- qA-q=F

* Double negation
- 2 =gq

* Law of implication
- gqor=-qVr

Law of Implication
DeMorgan
Associative
Associative
Commutative
Associative
Commutative (twice)
Negation (twice)
Domination/ldentity



Logical Proofs of Equivalence/Tautology

* Not smaller than truth tables when there are only
a few propositional variables...

* ...but usually much shorter than truth table proofs
when there are many propositional variables

* A big advantage will be that we can extend them
to a more in-depth understanding of logic for

which truth tables don’t apply.



Lecture 3 Activity

* You will be assigned to breakout rooms. Please:
* Introduceyourself
 Choose someone to share screen, showingthis PDF

 Showthatp - q = —-q = —p using a sequence of elementary
equivalences.

Fill out a poll everywhere for Activity Credit!
Go to and login with your UW
identity

Identity * Associative

i > ? —— ? P Z :! - gAT = - (qvr)vs=gqVv(rvs)
—— \/ é ° - ZVFEZ - (@qAT)As=qgA(rAs)

il

- a(@AT)=qVAar

—_ 1 é_ﬁP L OI —(@Vr)=-aqA-r

* Distributive

Domination
- qVT=T - gA(rVvs)=(@Ar)V(gAs)
C — - qvrAs)=(qvra(qvs)
on— — Sy M =F « Ab ti
— v ' o * |dempotent } sore I°n=
— ~ qv(gar)=gq
A - qr(qvr)=q
qAq=q » Negation
Commutative - qVaq=T
DNquErVq - gA-q=F
'7 gqAT=TAq * Double negation
( - 4 V ’ - De Morgan Laws - alhg)=q
* Law of implication

- gqor=-aqVr


http://pollev.com/philipmg

Digital Circuits

Computing With Logic
— T corresponds to 1 or “high” voltage
—F corresponds to O or “low” voltage

Gates
— Take inputs and produce outputs (functions)
— Several kinds of gates

— Correspond to propositional connectives (most
of them)



Combinational Logic Circuits

g—o>—

Values get sent along wires connecting gates



Combinational Logic Circuits

g—o>—

Values get sent along wires connecting gates

pA(=gA(rVs))



And Gate

AND Connective vs. AND Gate
gAr
q r qnr q r ouT
T T T 1 1 1
T F F 1 0 0
F T F 0 1 0
F F F 0 0 0

q—
r —

AND ouT

“block looks like D of AND”



Or Gate

OR Connective VS. OR Gate
qvr ﬁom
q | r | qvr q | r ouT

T T T 1 1 1

T F T 1 0 1

F T T 0 1 1

F F F 0 0 0

“arrowhead block looks like V”



Not Gates

NOT Connective VS. NOT Gate
—q q ouT \
Also called
inverter
q —q q ouT
T F 1 0
T 0 1

G—{NOT>0—oOuT




Blobs are Okay!

You may write gates using blobs instead of shapes!

r
r

CIOUT



Combinational Logic Circuits

t/\-,f‘

q @i e
r @ >

AND
S —_ NS

Wires can send one value to multiple gates!

(i/\—tl‘vv (_'P/\S.D

_ 7
=-r v (g5



Combinational Logic Circuits

q AND

AND

Wires can send one value to multiple gates!

(gNA-r)V (AarAs)



Computing Equivalence

Describe an algorithm for computing if two logical
expressions/circuits are equivalent.

What is the run time of the algorithm?

Compute the entire truth table for both of them!

There are 2" entries in the column for n variables.
A"-b eﬂ# x ¢

'For every',‘\"u""t qSSo'j
C hec k A(x) :’BCx§



Logical Proofs of Equivalence/Tautology

* Not smaller than truth tables when there are only
a few propositional variables...

* ...but usually much shorter than truth table proofs
when there are many propositional variables

* A big advantage will be that we can extend them
to a more in-depth understanding of logic for

which truth tables don’t apply.



Other Useful Gates

NAND RN
-(p A q) i +D’ out

NOR > TN o
-(pV q) q s
XOR b AT,

p @ q QSf.)DSOUt

XNOR

p o g > D w

p q |out
0 O 1
0 1 1
1 0 1
1 1 0
p q |out
0 O 1
0 1 0
1 0 0
1 1 0
p q |out
0 O 0
0 1 1
1 0 1
1 1 0
p q |out
0 O 1
0 1 0
1 0 0
1 1 1



