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Law of Implication

Implications are not totally intuitive.
AND/OR/NOT make more intuitive sense to me...
can we rewrite implications using just ANDs ORs and NOTs?

a
T
T
F
F

b
T
F
T
F
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Seems like we might want —=(a A =b)
—aVvb

Seems like a reasonable guess.

Soisittrue?lIs—avb =a—- b?



Law of Implication

—aVb=a—-b

a |b - —a |—aVvb (mnavb)e (a—b)
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Warm-Up

“| go to the store, unless | order postmates.”

How would you translate “unless” into logic?



Warm-Up — Solution

"Dr. Evil will attack you with laser sharks, unless you pay him one-million
dollars.”

If you pay Dr. Evil his one-million dollars, are you safe from the laser
sharks?

This is Dr. Evill He hasn't promised you that's his full list of demands.

If you do not pay Dr. Evil one-million dollars, then he will attack you
with laser sharks.

s the only promise you really have.



Warm-Up — Solution

"Dr. Evil will attack you with laser sharks, unless you pay him one-million
dollars.”

a: Dr. Evil will attack you with laser sharks
b: You pay him one-million dollars
The last slide would give us: =b = a

It Dr. Evil doesn't attack you with laser sharks, you must have paid him
his million dollars, right? —a — bAre those both good translations?



Today

Our first proof!
Contrapositives and digital logic.



Announcements

Homework 1 Problem 6 claritfied (download a new version of the pdf).

Office Hours start this week.



Homework Submissions

Make sure we can read what you submit.
We can't spend 5 minutes per submission deciding if that's a p or a g.

Typesetting guarantees we can read it.
Microsoft Word's ebuation editor is now halfway decent!

LaTeX is the industry standard for typesetting (if you go to CS grad school, you'll
use it for all your papers). Overleaf is the easiest way to get started.

Need to know the code for a symbol? Detexify! Word uses LaTeX codes...mostly...



https://detexify.kirelabs.org/classify.html

‘ Our First Proof



Last Time

We showed

DeMorgan’s Laws:

—(avb)=-aAn-band —(@aAb) =—-aV b
And the Law of Implication

a—>b=-=aVvb



We will always give

Properties of Logical Connectives = youtmisiist

For every propositions a, b, r the following hold:

|dentity
e aNT =a
e aVF=a
Domination
e aANF=F
e aVT=T
ldempotent

s aVa=a

s aANa=a
Communtative

e aAb=bAa

e aVb =bVa

« Associative
e (avb)vr=av(bVvr)
e (anb)Ar=an(bArT)
 Distributive
 aAN(bvr)=(aAb)V(aArT)
e aV(bAr)=(aVAb)A(aVT)
« Absorption
 avV(aAnb)=a
* aA(avb)=a
* Negation
e aV—-a=T
* aA—-a =F



Using Our Rules

WOW that was a lot of rules.
Why do we need them? Simplification!
Let's go back to the “law of implication” example.

a—b

When is the implication true? Just “or” each of the three
“true” lines!

(aAb)V(maAb)V (=aA-=b)
Also seems pretty reasonable
Sois(@aAb)VvV(maAb)V(maA-b)=(-aVh)
l.e. are these both alternative representations of a — b?

p b
T T
T F
F T
F F
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Our First Proof

We could make another truth table (you should! It's a good exercise)
But we have another technique that is nicer.

Let's try that one
Then talk about why it's another good option.

We're going to give an iron-clad guarantee that:
(aAb)V(maAb)V(-maA-b)=-aVb
.e. that this is another valid “law of implication”



Our First Proof

How do we write a proof?

It's not always plug-and-chug...we'll be highlighting strategies
throughout the quarter.

To start with:

Make sure we know what we want to show...



Our First Proof

(anb)V(maAb)V(maA—b) =

None of the rules look like this

Practice of Proof-Writing:
Big Picture.. WHY do we think this
might be true?

The last two “pieces” came from the = (maVvb)
vacuous proof lines...maybe the “=a”

came from there? Maybe that

simplifies down to —a



Let's apply a rule

(—ua/\b)v(—ua/\ )

The law says:
aN(bvr)=(@Ab)Vv(aAr)

(maAb)V(=aA—-b)=-=aA(bV —b)



Our First Proof

(anb)V(maAb)V(maA—b) =

None of the rules look like this

Practice of Proof-Writing:
Big Picture.. WHY do we think this
might be true?

The last two “pieces” came from the = (maVvb)
vacuous proof lines...maybe the “=a”

came from there? Maybe that

simplifies down to —a



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]

Set ourselves an intermediate goal.
Let's try to simplify those last two

pieces Associative law
Connect up the things we're working on.

= (—|aV b)



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]
=(@Ab)V]|=aA(bV ab)]

Set ourselves an intermediate goal.
Let's try to simplify those last two
pieces
Distributive law
We think —a is important, let’s isolate it.

= (—|aV b)



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]
(aAb)V|[—=an(bVab)]

=(@aAb)V[-aAT]

Set ourselves an intermediate goal.
Let's try to simplify those last two
pieces

Negation
Should make things simpler.

= (—|aV b)



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]
(aAb)V|[—=an(bVab)]
=(aAb)V ;—la/\T]

= (aAb)V[~a]

Set ourselves an intermediate goal.
Let's try to simplify those last two
pieces

Domination
Should make things simpler.

= (—|aV b)



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]

(aAb)V|[—=an(bVab)]

Stay on target: =(aAD)VI[=aAT
We met our intermediate goal. _ 8 A b% Vv Z_IZ] ]
= 1

Don't forget the final goal! B
We want to end up at (-a Vv b) [-a] v (aAb)

If we apply the distribution rule,
We'd get a (ma Vv b)

(maV b)



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]
=(@Ab)V]|=aA(bV ab)]
(aAb)V[—aAT]

= (aAb)V[~a]

= |-alv(aAb)

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (—aV b)

If we apply the distribution rule,
We'd get a (ma Vv b)

Commutative (—
Make the expression look exactly like the a

aVvb ,
w (More on this later)



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]
=(@Ab)V]|=aA(bV ab)]

Stay on target: =(aAD)VI[=aAT
We met our intermediate goal. _ 8 A b% Vv Z_IZ] |
-

Don't forget the final goal!
We want to end up at (-a Vv b) [-a] v (aAb)
=(—-aVva)A(—aVvbh)

If we apply the distribution rule,
We'd get a (ma Vv b)

Distributive = (—aVvb)
Creates the (=a Vv b) we were hoping for.



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]
(aAb)V|[—=an(bVab)]
(@aAb)V[-aAT]

(aAb)V [-a]

|-a]l v (aAb)
(mava)A(—aVvb)
(av—=a)A(—aVvb)

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (—aV b)

If we apply the distribution rule,

We'd get a (-a V b) =TA(=aVb)
Commutative = (maVb
Make the expression look exactly like the law (more on this later)

Negation
Simplifies the part we want to disappear.



Simplifty TA (=a Vv b) to (=aV b)

For every propositions a, b, r the following hold:

 |dentity « Associative
c aANT=a * (avb)vr=avVv(bVvr)
 aVF=a * (aAb)Ar=aAn(bAT)
« Domination  Distributive
 aAF=F  aAN(bvr)=(aAb)V(aArT)
e aVT=T e aV(bAr)=(aVAb)A(aVT)
« |dempotent « Absorption
e ava=a e aV(aAnb)=a
 aANa=a * aA(aVb)=a
« Communtative » Negation
e aAb=bAa e aV—a=T

e aVb =bVa e aA—-a =F



We will always give

Properties of Logical Connectives = youtmisiist

For every propositions a, b, r the following hold:

|dentity
e aNT =a
e aVF=a
Domination
e aANF=F
e aVT=T
ldempotent

s aVa=a

s aANa=a
Communtative

e aAb=bAa

e aVb =bVa

« Associative
e (avb)vr=av(bVvr)
e (anb)Ar=an(bArT)
 Distributive
 aAN(bvr)=(aAb)V(aArT)
e aV(bAr)=(aVAb)A(aVT)
« Absorption
 avV(aAnb)=a
* aA(avb)=a
* Negation
e aV—-a=T
* aA—-a =F



Our First Proof

(@Ab)V(maAb)V(maA-b) =@ADb)V[(maAb)V (maA=b)]
(aAb)V|[—=an(bVab)]
(@aAb)V[-aAT]

(aAb)V [-a]

|-a]l v (aAb)
(mava)A(—aVvb)
(av—=a)A(—aVvb)
TA(-aVbhb)

(maVb)AT

Commutative followed by Domination= (maVvb)
Look exactly like the law, then apply it.

We're done!!!

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (—aV b)

If we apply the distribution rule,
We'd get a (ma Vv b)



Commutativity

We had the expression (aA b) V [a]

But before we applied the distributive law, we switched the order...why?
Thelawsaysav (bAr)=(aVvb)A(aVvr)
not(bAr)va=(bva)A(rva)

So technically we needed to commute first.

Eventually (in about 2 weeks) we'll skip this step. For now, we're doing
two separate steps.

Remember this is the “training wheel” stage. The point is to be careful.



More on QOur First Proof

We now have an ironclad guarantee that
(anb)v(maAb)V(maA-=b) =(-aVhb)
Hooray! But we could have just made a truth-table. Why a proof?

Here's one reason.

Proofs don't just give us an ironclad guarantee. They're also an
explanation of why the claim is true.

The key insight to our simplification was “the last two pieces were the
vacuous truth parts — the parts where p was false”

That's in there, in the proof.



Our First Proof

(@aAb)V(=aAb)V(maA=b) = (@Ab)V

The last two terms are__
“vacuous truth” — they
simplify to —a

=(@Ab)V
=(@Ab)V

¥

p no longer matters in a A
b if ma automatically <
makes the expression true.

=(aAb)V

(maAb)V (—aA-b)] Associative

—aA(bV ab)]
:—ua A\ T]

—a]

|-a] v (aADb)
(mava)A(—aVvb)

Distributive
Negation
Domination
Commutative
Distributive
Commutative
Negation
Commutative
Domination



More on QOur First Proof

With practice (and quite a bit of squinting) you can see not just the
ironclad guarantee, but also the reason why something is true.

That's not easy with a truth table.

Proofs can also communicate intuition about why a statement is true.
We'll practice extracting intuition from proofs more this quarter.



Implication:

If it's raining, then | a—>b
have my umbrella.
Converse:
If 1 h brella,
ave my umbrella, p .

then it is raining.

Converse, Contrapositive

Contrapositive:

 b—>

a If | don't have my umbrella,
then it is not raining.

a —>

b If it is not raining, then |
don’t have my umbrella.

How do these relate to each other?

a—->b

b—>a

—a

—b

—a —»—b

—b — —a

e I |

M= |7




Converse, Contrapositive

Implication: Contrapositive:
a—b b — —a
Converse:
b— a —a — b

An implication and its contrapositive
have the same truth value!

a b a—>b b—>a —a —b

—a —>—b

—b — —a

m|m|-H|H
m|—|(m|H
—|=|[m|-
— |||+
—|= ||
— |||

—|m|-|-

—S =™ |-




Contrapositive Activity

We showed a —» b = —=b = —a with a truth table. Let's do a proof.
Try this one on your own. Remember

1. Know what you're trying to show.

2. Stay on target — take steps to get closer to your goal.

Hint: think about your tools. There are lots of rules with AND/OR/NQOT, but very few
with implications...



Contrapositive

a—>b=-aVvb Law of Implication
= bV a Commutativity
= —-bV-a Double Negation
= —b — —a Law of Implication

All of our rules deal with ORs and ANDs, let's switch the implication
to just use AND/NOT/OR.
And do the same with our target

It's ok to work from both ends. In fact it's a very common
strategy!
Now how do we get the top to look like the bottom?

Just a few more rules and we're done!



‘ Digital Logic



Digital Circuits
Computing With Logic

T corresponds to 1 or “high” voltage
F corresponds to O or “low” voltage

Gates
Take inputs and produce outputs (functions)
Several kinds of gates
Correspond to propositional connectives (most of them)



And Gate

AND Connective vs. AND Gate
anb g: AND ouT
a b anb a b ouT
T T T 1 1 1
T F F 1 0 0
F T F 0 1 0
F F F 0 0 0o
e -
AND ouT
b |

“block looks like D of AND”



Or Gate

OR Connective VS. OR Gate

avb EOUT
b

ouT

m | Tm |- -|Q
M| - || - |
M| - |- -]
oo—l—l
O(=—|O | =
o—l—l—l

“arrowhead block looks like V”



Not Gates

NOT Connective
—a

NOT

VS.

OouT

NOT Gate

a

ouT

0

0

Also called
inverter



Blobs are Okay!

You may write gates using blobs instead of shapes!

EOUT
EOUT

aOUT



Combinational Logic Circuits

b—op—
) eo—

Values get sent along wires connecting gates




Combinational Logic Circuits

b—op—
) eo—

Values get sent along wires connecting gates

pA(=gA(rVs))



Combinational Logic Circuits

d

AND

AND

Wires can send one value to multiple gates!



Combinational Logic Circuits

d

AND

AND

Wires can send one value to multiple gates!

(PA=q) V(g AT)






Vocabulary!

A proposition is a....
Tautology if it is always true.

Contradiction if it is always false.
Contingency if it can be both true and false.

aV —[a

Tautology
If a is true, aV —a is true; if a is false, aVv =ais true.

a®a
Contradiction
If aistrue, a @ a is false; if a is false, a® a is false.
(a— b)Aa
Contingency If a is true and b is true, (a = b) Aals true;
If a is true and b is false, (a = b) A ais false.



Another Proof

Let's prove that (aAb) — (b Vv a) is a tautology.

Alright, what are we trying to show?



Another Proof

(aAnb)—>(bva) =—=(aAb)Vv(bVa)
(maVv=ab)Vv (bVa)
Proof-writing tip: —aV (=bV(bVa))
Take a step back. —aV ((_Ib Vb))V a)
Pause and carefully look —aV ((b V —|b) V a)

at what you have. You
might see where to go
next...

aV (Tv3a) Lawof Implilcation
_'a v ga v Tg 13eMQEgan&Ething is AND/OR/NOT
- FgsattbtiVegwecparentheses/just a gut feelin

mava P%%%%%%@Eﬁ%% S
% v —a APt BcNegation

Simplify out the a, —a.

We're done!



Another Proof

(@anb) > (bva) ==(aAb)v(bVva) Law of implication
(maVv b))V (bVa) DeMorgan's Law
—aV (=bV(bVa)) Associative

—aV ((=b Vv b)Vva) Associative

—aV ((bV =b)va) Commutative

—aV (TVa) Negation
—aV(avT) Commutative
—aVa Domination
aVv -a Commutative

T Negation



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are ebuivalent?

What is the runtime of our algorithm?



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

Yes! Generate the truth tables for both propositions and check
if they are the same for every entry.

What is the runtime of our algorithm?

Every atomic proposition has two possibilities (T, F). If there are
n atomic propositions, there are 2™ rows in the truth table.



