CSE 311.: Foundations of Computing

Lecture 2: Logical Equivalence
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Last class: Atomic Propositions

Simplest units (words) in this logical language
Propositional Variables: »,q,1,s, ...

Truth Values:
— T for true
— F for false



Last class: Some Connectives & Truth Tables

Negation (not) Conjunction (and)
p| —p P | qa | pPrg
T = T T T

T F F
F| T
F T F
F F F
Disjunction (or) Exclusive Or
p q |pvq P | 9| pDq
T T T T [ 1 f__
T F T T F =
F T T F T T
F F F F F E




Last class: Implication

“If it’s raining, then | have my umbrella”

= _—— \
P | q |p—>q
T|T| T
T|F </F)
Fl T | T
|
e

In English, we can also write
“I have my umbrella|i Dﬁ’t IS raining”



Last class: Truth Table for Vaccine Sentence

(r=>@AQ)AT—>(pVQq)

(-r > (PAQ))A

q|r|-r|prg| -r—> @A) [pVva | -Ve) |[r>-@Va) r—=PVq)
T|T|F| T T T F F F
TIF|T| T T T F T T
FITIF| F T T F F F
FIF|T| F F T F T j
T|T|F| F T T F F F
TIF|T| F F T F T F
FIT|F| F T F T T !
FIF|T| F T F T T !




Last class: Biconditional: p < q

e pifandonlyifq (p iff q)

* pis true exactly when q is true
 pimplies g and g implies p

* pis necessary and sufficient for q

pexq | P9 | 9P (| oD A@GoD).
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Converse, Contrapositive

TImplication: Contrapositive:
P—q [ q — —P
\/Converse:
q—p P — —q
Consider

p: x is divisible by 2
q: x is divisible by 4

p—>gq
qg—p




Converse, Contrapositive

Implication:

P—q
Converse:
q—p

Consider

p: x is divisible by 2
q: x is divisible by 4

—
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q—p
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Contrapositive:
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Divisible By 2

Not Divisible By 2

Divisible By 4
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Converse, Contrapositive

Implication:

P—q
Converse:
q—p

Consider
p: x is divisible by 2
q: x is divisible by 4

p—>gq
q—p

Contrapositive:
q — —p
P — —q

Divisible By 2 Not Divisible By 2

Divisible By 4

4,8,12,...

Impossible

Not Divisible By 4 2,6,10,...

1,3,5,...




Converse, Contrapositive

Implication:

P—q
Converse:
q—p

Consider
p: x is divisible by 2
q: x is divisible by 4

p—q F
q—p T
—q —> —p F
—p —> —q T

Contrapositive:
q — —p
P — —q

Divisible By 2 Not Divisible By 2

Divisible By 4

4,8,12,...

Impossible

Not Divisible By 4 2,6,10,...

1,3,5,...




Converse, Contrapositive

Implication: Contrapositive:
pP—q q — —pP
Converse:
q—op P — —q

How do these relate to each other?
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Converse, Contrapositive

Implication: Contrépositive:
P—q q— —P

Converse: ©
q—>p P — —q

n implication and it’s contrapositive /
\J have the same truth value!

Pl a | p—>q s\p\ —p | —q ﬂp/@ﬂq —q —>—Pp
AN ™ LN\

T| 7|/ T\ T |[F|F T\ a:

TIFH FV[l T | F|T T F

Fl T T \F /I T|F F |\

F| F T o/ 1| T T/ \ T

\ \__/



Tautologies!

Terminology: A compound proposition is a...
— Tautology if it is always true
— Contradiction if it is always false
— Contingency if it can be either true or false

TPYP Lt o)

p®p C@;/L’h«ov&l i On

(Po>gAp



Tautologies!

Terminology: A compound proposition is a...
[— Tautology if it is always true
— Contradiction if it is always false
— Contingency if it can be either true or false
pYv —p

This is a tautology. It’s called the “law of the excluded middle.
If p is true, then p v —p is true. If p is false, then p v —p is true.

pPOp
This is a contradiction. It’s always false no matter what truth
value p takes on.

(Po>gAp
This is a contingency. When pis T, qis T, it is true.
WhenpisF, qisT, it is false.



Logical Equivalence

A = B means A and B are identical “strings”:
-~ PAG=pPACQ

_—

— PAGFEQAPD
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Logical Equivalence

A = B means A and B are identical “strings”:

—PAg=PpAQ
These are equal, because they are character-for-character identical.
—PAQFQADP
These are NOT equal, because they are different sequences of
characters. They “mean” the same thing though.

A = B means A and B have identical truth values:
— PAQ=EPACQ

—

— PAQG=qAP

T —

—PAqEQqVP



Logical Equivalence

A = B means A and B are identical “strings”:
—PAG=pPAQ
These are equal, because they are character-for-character identical.
—PAQFQAP
These are NOT equal, because they are different sequences of

characters. They “mean” the same thing though.

A = B means A and B have identical truth values:
. <~ — N
— PAQ=pPACQ

Two formulas that are equal also are equivalent.
— PAQ=qQAP
These two formulas have the same truth table!

— PANGEQVP
When p=T and q=F, p A q is false, but p V q is true!




A Bvs. A=B

7,9‘\@1?&5 a proposition that may be true or false
““depending on the truth values of A and B.

/7A = B is an assertion over all possible truth values
that A and B always have the same truth values.

@and (A <> B) =T have the same meaning
s does “A <> B is a tautology”



Logical Equivalence A=B

A = B is an assertion that two propositions A and B
always have the same truth values.

A =B and (A <> B) =T have the same mean@

4
P;__qEqAP p|a I/Z'A‘Z/q% (p/\q)?\(\q/\p)
- T| 7| [7T&FT [T
— T FI[FaF | T
FIT]|FaplF T
FlF|\FarF LT/
N N
PANgEQNVP

WhenpisTand qisF, pAqisfalse, butqV pis true



De Morgan’s Laws

—-(PAQ)=—pVv—(Q
—(pVvQq)=—pA—(g

Negate the statement:
“My code compiles or there is a bug.”

To negate the statement,
ask “when is the original statement false”.

It’s false when not(my code compiles) AND not(there is a bug).

Translating back into English, we get:
My code doesn’t compile and there is not a bug.



De Morgan’s Laws (

Example:@

L L RUS _Les

pla —~q | -pv—q |(PAD|| —~(prq)
T|T| F F [F\ T

TIF| F T T\ F T
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De Morgan’s Laws

—-(PAQ)=—pVv—(g
—-(pVvQq)=—pA—qg

if (!(front != null && value > front.data)) {
front = new ListNode(value, front);

} else {
ListNode current = front;
while (current.next != null && current.next.data < value))

current = current.next;
current.next = new ListNode(value, current.next);



De Morgan’s Laws

I'(front != null &R value > front.data)

front == null || value <= front.data



Law of Implication
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Law of Implication

pP—>9=—pVvVqg
p|lqg|p—>q| np |pVvq
T T T F T
T | F F F F
F T T T T
F F T T T




Some Familiar Properties of Arithmetic

*xX+y=y+x (Commutativity)
e x-(y+z)=x-y+x-z (Distributivity)

e (x+y)+z=x+(y+2) (Associativity)



Important Equivalences

* Associative
- (v vVr
- (PAQ AT

* Distributive
—-pA(@Vr)=(@Aq@QV(pAT)
—-pV@Ar) =@V A(Vr)

pVvV(qVr)
pPA(QAT)

e Commutative
—pVvqg=qVp
—PANGQ=QqAD



Some Familiar Properties of Arithmetic

e x-1=x (Identity)
e x+0=x

e x-0=0 (Domination)



Important Equivalences

* |dentity
—pAT=p
—pVFE=p

* Domination
—pVT=T
—pAF=F



Some Familiar Properties of Arithmetic

* Usual properties hold under relabeling:
—0,1becomesF, T

“+77 becomes 14 ”
‘.7 becomes “A”

e But there are some new facts:
— Distributivity works for both “A” and “v”
— Domination works with T

* There are some other facts specific to logic...



Important Equivalences

* |dempotent * Absorption <
-~ PVP=Dp -pV(pAg =p
- pPApP=p -pA(pVvg) =p
* Negation
—pVap=T

—pAp=F



Important Equivalences

Identity °
—pAT=p

—pVFE=p

Domination °
—pVT=T

—pAF=F

Idempotent .
—pPVpPp=EPp

—PAP=ED

Commutative .
—pVvq=qVp

—PAqQ=qADp

Associative

- @vevr=pvigvr)

-~ (PAQAT=PpA(GAT)
Distributive
-pA@Vr)=(@AqV(pAT)
-pv@Ar)=(@VgA(pVr)
Absorption

-pV(PAQ =D
-pA(PVQ =P
Negation
—pVap=T

—pAp=F



Using Equivalences

* Note that p, g, and r can be any propositions
(not just atomic propositions)

e ExX: (r>s)A(t)=(—t)A(r—s)

— T < = —

— apply commutativit @ q=qAp
withp=r—s — -

and q :=—t



One more easy equivalence

Double Negation

p

— P




Understanding logic and circuits

When do two logic formulas mean the same thing?

What logical properties can we infer from other ones?



Basic rules of reasoning and logic

* Working with logical formulas
— Simplification
— Testing for equivalence

* Applications
— Query optimization
— Search optimization and caching
— Artificial Intelligence

oo Program verification



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

What is the runtime of our algorithm?



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

Yes! Generate the truth tables for both propositions and check
if they are the same for every entry.

What is the runtime of our algorithm?

Every atomic proposition has two possibilities (T, F). If there are
n atomic propositions, there are 2™ rows in the truth table.



Another approach: Logica@

To show A is equivalent to B

— Apply a series of logical equivalences to
sub-expressions to convert A toB

[ E—

To show A is a tautology

— Apply a series of logical equivalences to
sub-expressions to convert Ato T

/\




Another approach: Logical Proofs

To show A is equivalent to B

— Apply a series of logical equivalences to
sub-expressions to convert A to B

Example:
LetAbe “pV (p Ap)”, and B be “p”.
Our general proof looks like:  ~

pV(PADP) =( )
=p



Another approach: Logical Proofs

De Morgan’s Laws

* ldentity * Associative
- pAT=p - (vgvr=pv(qVvr) —(PAG)=—pV—q
- pVF=p - @AQATr=pA(gAT) -(pvq)=—pAr—q
* Domination * Distributive .
Law of Implication
-pVT=T -pA(@Vr)=@AQV (pAT) _
—pAF=F —-pv@Ar)=(@VgA(pVr) P=>a="pPva
p - PV =wvy P Contrapositive
* Idempotent * Absorption _
_ p—>q=—-q—>—p
-pvPAQ =p Biconditional
-pAlPVa =P perq= (P> QD)
. 2 * Negation
-pVvqg=qVp - pVap=T Double Negation
- PAG=qAp - pA-p=F p=—-—p
Example:

LetAbe “pV (p Ap)”, and B be “p”.
Our general proof looks like:

% -
PV =( ) Vp ) TRem.
=p

Chew,



Logical Proofs

* |dentity
-pAT=p
-pVF=p

* Domination

—pVT=T

- pAF=F

* ldempotent
—-PVpPp=Pp
—PAP=PD
 Commutative
-pPVq=qVp
- PAGQ=qADp

Example:

* Associative

- (pvgevr=pv(qvVvr)
—(@ADAT=pA(qAT)

e Distributive

—-pA@Vr)=@AQV(PAT)
-pV@Ar)=@VA(pVT)

* Absorption

-pV(AqQ =p
-pA(PVq =p

* Negation

—pVap=T
—-pA-p=F

De Morgan’s Laws
—(prq)=—pVv—q
Law of Implication
b—>q=-pvq
Contrapositive
p—>q=-q—>—p
Biconditional
p<q=@—>qAr@—>Dp)

Double Negation
P=E——p

LetAbe “pV (p Ap)”, and B be “p”.
Our general proof looks like:

pV(PADP) =(

—_—

=P

pVp

) ldempotent
Idempotent



Logical Proofs

To show A is a tautology

— Apply a series of logical equivalences to
sub-expressions to convert Ato T

Example:
Let Abe “—pV (pVDp)".
Our general proof looks like:

-pV(pVp)

ﬁqf\/‘\



Logical Proofs

* ldentity
-pAT=p
-pVF=p

* Domination
—pVT=T
- pAF=F

* ldempotent
—-PVpPp=Pp
—PADP=PD

 Commutative
-pPVq=qVp
- PAGQ=qADp
Example:

* Associative

- (pvgevr=pv(qvVvr)
- (A AT=pA(qAT)

e Distributive

-pA@Vr)=(@AqQV(pAT)
-pVv@Ar)=@V@A(pVr)

* Absorption

-pV(PAQ =p
-pA(pVqg =p

* Negation

L pw=1 >

- pAp=F

Let Abe “—pV (pVDp)".
Our general proof looks like:

-pV(pPVD)=(—p VP
=( P VP

EE——

De Morgan’s Laws
—(prq)=—pVv—q
—(Pva)=—pPAr—q

Law of Implication

bp—>q=-pvq

Contrapositive

p—>q=-q—>—p

Biconditional

p<>q={@>q9A@—>p)

Double Negation
p=——p

) dew
) COMIM -
Mja{w‘m



Logical Proofs

* ldentity * Associative
-pAT=p - (vgeVvr=pvigVvr)
-pVF=p - @AQATr=pA(gAT)
* Domination * Distributive
-pVT=T -pA@@Vr)=@AQV (AT
- pAF=F -pv@Ar) =@V A(VT)
* ldempotent * Absorption
- pVp=Ep -pvpAqQ =Dp
- pApP=DP -pA(PpV@ =Dp
* Commutative * Negation
—pVvVqg=qVp —pV=ap=T
—pPAQ=qAD —pA=-p=F
Example:

Let Abe “—pV (pVDp)".
Our general proof looks like:

pVvVp

-pV(pVp) =(
( pV-p
T

De Morgan’s Laws
—(prq)=—pVv—q
—(Pva)=—pPAr—q

Law of Implication

bp—>q=-pvq

Contrapositive

p—>q=—-q—>—p

Biconditional

p<>q={@>q9A@—>p)

Double Negation
p=——p

) Idempotent

) Commutative
Negation



Prove these propositions are equivalent: O;g"on 1

Prove:p A (p > q)=p AQ
Make a Truth Table and show:

PA(P—-q) o @EAT)=T

p|r|p->r |[(pA(Pp—-T)) PAT PA@-1) o @AT)
T[T T T T [T\
T|F F F F [T
FlT T F F T |
F|F T F F T )




Prove these propositions are equivalent: Option 2

Prove:p A (p > q)=p AQ

pA(p—q)

pAq

* Identity * Associative De Morgan’s Laws
- pAT=p -(pvgevr=pvigvr) ( )
= = — VAN =—pP V-
-pVF=p - (@A AT=pA(gAT) ﬁ(gch[)sﬁg/\—z
* Domination * Distributive
—-pVT=T —pA(@Vr)=(@AqQV(pAT) Law of Implication
- pAF=F —-pVv@Ar)=(mV@EA(pVT) p—>q=-pVvq
* ldempotent * Absorption Contrapositive
- pPVp=p -pV(pAgQ) =D _P—>-OI.E—'CI—>ﬁP
- pApP=Dp -pAl(pVq =p Blcondltlo?al
+ Commutative * Negation peq=@>9r@—>p)
-pPVqg=EqVp -pV-p=T Double Negation
—PAG=qAp - pA-p=F

p=—-p



Prove these propositions are equivalent: Option 2

Prove:p A (p > q)=p AQ

Law of Implication

pA(p—->q) =EpA(—pVQq)
=(@PA-p)V(AQ)

Distributive

=FV(pAq)
=(pAq)VF
=pAq

Negation
Commutative
Identity

* Identity * Associative De Morgan’s Laws
- pAT=p - (vgvr=pv(qVvr) (0 ng) = y
-pVF=p —(PAQAT=pA(QAT) —\PAG)=—PV—q

* Domination

—-pVT=T
—pAF=F

* Ildempotent

¢ Distributive

-pA(@@Vvr)=@AqV(pAT)
-pVv@Ar)=@VgA(pVr)

* Absorption

—~(pv@)=—pAr—q
Law of Implication

p—>q=-pvq
Contrapositive

- pPVp=p -pV(pAgQ) =D _P—>-OI.E—'CI—>ﬁP
- pApP=Dp -pAl(pVq =p BICQndltIQ?al

+ Commutative * Negation peq=@>9r@—>p)
-pPVqg=EqVp -pV-p=T Double Negation
—PAG=qAp - pA-p=F

p=—-p



Prove this is a Tautology: Option 1

(P AT —(rvp)

Make a Truth Table and show:

(pAT) > (rvp) =T

PAT

rvp

(pAT) > (rvp)

A4S

Mm|(A[m| 4=




Prove this is a Tautology: Option 1

(P AT —(rvp)

Make a Truth Table and show:

(pAT) > (rvp) =T

PAT

rvp

(pAT) > (rvp)

A4S

Mm|(A[m| 4=

o I e D e I

m |- |-

- =] -




Prove this is a Tautology: Option 2

(P AT —(rvp)
__/’—_ﬁ

Use a series of equivalences like so:

(pAT) > (rvp)

Identity
-pAT=p
-pVF=p

Domination
—pVT=T
—pAF=F

Idempotent
—PVP=EDP
—PAP=DP

Commutative
—pPVq=qVp

—PAGQ=qAp

Il
—]

Associative
-(@vevr=pv(gvr)

- (@A AT=pA(@QAT)
Distributive
-pA(@@vr)=(@AqQV(pAT)
-pv@Ar)=(@VveA(Vr)
Absorption

-pvpAgQ =p

-pA(pVg =p

Negation

—pVp=T

—pA—p=F




Prove this is a Tautology: Option 2

Use a series of equivalences like so:

(pAr)=(rvp) =-(pAr)V(rvp)
=(pVAr)V(rvp)

(P AT —(rvp)

Use a series of equivalences like so:

(pAT) > (rVp) =E-(AT)V(rvp)
=(apV-ar)Vv(rvVvp)

Identity
-pAT=p
-pVF=p
Domination
—pVT=T
—pAF=F
Idempotent
—PVP=EDP
—PAP=DP
Commutative
—pPVq=qVp
—PAGQ=qAp

—pV (—rVv (rvp))
—pV ((=rVvr)Vvp)
pV(pV(arvr))
(=pVp)V(arvr)
(pV-ap)V(rv-ar)
TVT

T

=-pV((=rvr)vp)
=pV(pV(arvr))
= (=pVp)V(arvr)
=(pV-p)V(rv-r)
TvT

T

Law of Implication
De Morgan
Associative
Associative
Commutative
Associative
Commutative (twice)
Negation (twice)
Domination/ldentity



Logical Proofs of Equivalence/Tautology

* Not smaller than truth tables when there are only
a few propositional variables...

e ...but usually much shorter than truth table proofs
when there are many propositional variables

* A big advantage will be that we can extend them
to a more in-depth understanding of logic for

which truth tables don’t apply.



