CSE 311.: Foundations of Computing

Lecture 4: Boolean Algebra, Circuits, Canonical Forms
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Last Time: Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations {+, ¢ }
— and a unary operation { ' }
— such that the following axioms hold:

Forany a, b, cin B:

1. closure: atbisinB ae*bisinB

2. commutativity: atb=b+a a*b=bea

3. associativity: at(b+c)=(a+b)+c a*bbec)=(ab)ec

4. distributivity: at(bec)=(a+b)e(a+c) a*(b+c)=(@ae+b)+(a-c
5. identity: at0=a a*l=a

6. complementarity: ata =1 a*a=0

7. null: atl=1 a*0=0

8. idempotency: ata=a ae*a=a

9. involution: (@) =a



Warm-up Exercise

* Create a Boolean Algebra expression for C below

in terms of the variables a and b | G
— —(ff VAl
a b C(a,b)
1 1 0
1 0 1 <
0 1 1 <
0 0 0

ab’' +a'b
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Warm-up Exercise

* Create a Boolean Algebra expression for “c” below
in terms of the variables a and b

il
c=ab' +a'b

 Draw this as a circuit (using AND, OR, NOT)




Last Time: Combinational Logic

Encoding:
— Binary number for weekday (Binary encoding)
— One bit for each possible output (“1-Hot” encoding)

Weekday isLecture
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Last Time: Truth Table to Logic

TUE
WED
WED
THU
FRI
FRI

SAT

010
011
011
100
101
101
110
111

R © B O©

Q)

® ®© ®© ®©O O ©O O O

dy ed, *dy *L

dy *d, *dy°L

Either situation causes c; to be
true. So, we “or” them.

c; =dy°d{ °dyeL+dydy °dpeL



Last Time: Truth Table to Logic

Co =dyedy °dpeLl’'+dreds°dy +dreds°dg
Ccy =dy edy *dy L' +dy edy *dgeL’ +dy edyody L +dy *dyodgeL’ +dyedy *dy +dyedy *dgeL
Co =dy *dsedyeL+dyedsedpeL

C3 =d2"d1”d0’°|_+d2"d1”d0'|.

Here’s c; as a circuit:

AND

d, l@‘ AND




Simplifying using Boolean Algebra

c3=d2'+ed1’+ed0’sL + d2'¢d1’+dO°L
=d2’ed1’+(d0’ + dO)°L

=02 ed1’ 1L
=0d2ed1l’ L
d2 NOT
AND
di NOT




Important Corollaries of this Construction

e —, A, V Can implement any Boolean function
we didn’t need any others to do this

* Actually, just —, A (or —, v) are enough
follows by De Morgan’s laws
LV b

* Actually, just NAND (orNOR) _ __, v 11 \y
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1-bit Binary Adder £

0 + 0 = O (with Cyy = 0)
0 + 1 = 1 (with Cyyy = 0)
1+ 0 = 1 (with Cqyr = 0)
1+ 1 =0 (with Coyr = 1)




1-bit Binary Adder

A O + 0 =0 (with Cyy; = 0)
+B 0+ 1=1(with Cyyr=0)
S 1+ 0=1(with Cyy; =0)
(Cour) 1+1=0(withCy;;=1)

Idea: chain these together to add larger numbers

Recall from 248
elementary school: +375




1-bit Binary Adder
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(Cour)

0 + 0 = O (with Cyyr = 0)
0 + 1 = 1 (with Cyyr = 0)
1 + 0 = 1 (with Cyyy = 0)
1+ 1 = 0 (with Cyyy = 1)

Idea: These are chained together with a carry-in

(Cin)
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(Cour)
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1-bit Binary Adder

cull addev

* |nputs: A, B, Carry-in
e OQutputs: Sum, Carry-out

A B CIN COUT S
0 0 0 0 0
0 0 1 0 1 | <~
0 1 0 0 1 |s—
—=| 0 1 1 1 0
1 0 0 0 1 |&e—
—>| 1 0 1 1 0
— 1 1 0 1 0
1 1 1
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1-bit Binary Adder

° . -1 Coutr Civ
Inputs: A, B, Carry-in ANAN
e OQutputs: Sum, Carry-out AllATALA]A
B|B|IB|/[B|B
S siis|s

A’ *B’ *Cy

A *B*Cy

S=A*B'*Cy+A *B*Cy +
A*B *Cy’ +A*B*Cy

A*B *Cp’

A*B-°C),



1-bit Binary Adder

* Inputs: A, B, Carry-in f\/\c?{;{“/\
e OQutputs: Sum, Carry-out all all allall A
B|B||B|[B|B
S siis|s
A B (o S
0 0 0 0 . .
o | o 1 ] Derive an expression for Cqyt
0 1 0 1
! 1 0 A’ *B*Cy
Cour=A*B:Cy+A*B *Cy +
A.B!.CIN A.B.CIN’+A.B.CIN
A*B°Cy
A*B*Cp

S=A"B’°C|N+A"B‘C|N’ +A°B’°C|N’ +A°B'C|N



1-bit Binary Adder

* |nputs: A, B, Carry-in f\/\c?{;I\N/\

e OQutputs: Sum, Carry-out AllATALA]A
BB|BlB]|B
siisiislls|s

A B CIN COUT S
0 0 0 0 0
0 0 1 0 1
0 ! 0 0 1 S=A"B"C|N+A’°B°C|N’+A'B"CIN’+A.B.CIN
0 1 1 1 0
. 5 5 0 ) Cour=A'*BeCny+A*B *Cpn+A*BsCp +A*B*Cp
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1




Apply Theorems to Simplify Expressions

The theorems of Boolean algebra can simplify expressions

WY AR

A B Cin + AB'Cin + AB Cin’ + A B Cin

ANBCin + AB'Cin + ABCin" + ABCin + ABCin
(ABCin + ABCin) + AB'Cin + ABCin’ + ABCin
(N +A)BCin + AB'Cin + ABCin’ + ABCin
(1)BCin + AB'Cin + ABCin’ + ABCin

BCin + AB'Cin +ABCin’ + ABCin + ABCin

— e.g., full adder’s carry-out function

Cout

BCin + AB'Cin + ABCin + ABCin” + ABCin
BCin + A(B+B)Cin + ABCin” + ABCin
BCin + A(1)Cin + ABCin” + ABCin

BCin + ACin + AB (Cin"+ Cin)

BCin + ACin + AB(1)

B Cin +

ACn + AB ~
@ 030&((/9



Apply Theorems to Simplify Expressions

The theorems of Boolean algebra can simplify expressions

— e.g., full adder’s carry-out function

Cout

A'B Cin + AB’Cin + ABCin"+ AB Cin

A'BCin + AB'Cin + ABCin” + ABCin + ABCin

ANBCin + ABCin + AB'Cin + ABCin’ + ABCin
(N +A)BCin + AB'Cin + ABCin’ + ABCin
(1)BCin + AB'Cin + ABCin” + ABCin

B Cin
B Cin
B Cin
B Cin
B Cin
B Cin
B Cin

+

+ + + + + +

AB Cin + ABCin" + ABCin + ABCin

AB' Cin + ABCin + ABCin" + ABCin

A(B"+ B)Cin + ABCin" + ABCin

A(1)Cin + ABCin” + ABCin

ACin + AB (Cin"+ Cin)

ACin + AB(1) _

ACin + AB adding extra terms

creates new factoring
opportunities



A%@-’bit Ripple-Carry Adder

1-Bit Adder

}L 0 =—»{Cin Cout —>{Cin Cout —*{Cis Co<
)] D)oo I I l
cm:HDJ Sum Sum Sum,

DA

B[O—-

. —D>Sum
Cin> ,

N

AD—

CinD>—+

Uses the fact that
-—-—)>5um = A’.B'.Cm + A'.B.C|N’ + A'B"Cm’ + AeBeC,
is equivalent to Sum = (A @ B) & Cj,



Mapping Truth Tables to Logic Gates

Given a truth table: A B C|F
— 1. Write the output in a table 8 8 ? 8
——>2. Write the Boolean expression o 1 ol1
__>< 3. Minimize the Boolean expression 0o 1 111

— 4. Draw as gates 1 0 0]0
5. Map to available gates T 0 1)1

1 1 0]0

F =ABC+ABC+AB’'C+ABC 1T 1 11

@l = AB(C'+C)+AC(B'+B)
= AB+AC

o

notALD—
BO—A

D3}

Co—




Canonical Forms

* Truth table is the unique sighature of a O/1 function

* The same truth table can have many gate realizations

— We've seen this already
— Depends on how good we are at Boolean simplification

e Canonical forms
— Standard forms for a Boolean expression
— We all produce the same expression



Sum-of-Products Canonical Form

 AKA Disjunctive Normal Form (DNF)
* AKA Minterm Expansion

®

Add the minterms together

AbC F=@+ ABC + AB'C + ABC + 488
ASC
®

A B c F Read T rows off Concizrt to

0 0 0 0 truth table Boolean Algebra
/@ 1 ﬂ 001 ﬁ A’ B’C

0 1 0 0 T

0 1 1 1 [ — 011 = A’BC

1 0 0 0 F

1 0 1 1 (— ] (0] — ABC

1 1 0 1 ﬁ 110 ﬂ ABC’

1 [ 1 [ 1 [1 e 111 =p ABC




Sum-of-Products Canonical Form

Product term (or minterm)
— ANDed product of literals - input combination for which output is true
— each variable appears exactly once, true or inverted (but not both)

A B C | minterms _ _
BRI F in canonical form:
0 0 0 |ABC - , , ,
0 0 1 | ABC F(A, B,C) = ABC+ ABC + AB'C + ABC' + ABC
0 1 0 |ABC | N
0 1 1 | ABC canonical form = minimal form
1 0 0 |ABC F(A, B,C) = ABC + ABC + AB'C + ABC + ABC’
1 0 1 | ABC = (AB’ + AB + AB" + AB)C + ABC’
1 1 0 |ABC = ((A" + A)(B' + B))C + ABC’
1 1 1 |ABC = C+ ABC
= ABC'+ C

= AB + C



Product-of-Sums Canonical Form

 AKA Conjunctive Normal Form (CNF)
« AKA Maxterm Expansion (@)

Multiply the maxterms together

F=
A 5 C F Read F@ws off Neg%% all Cogzrt to
truth table bits Boolean Algebra

0 0 0 i - — —p

0 0 1 1

0 1 0 0 | — —

0 1 1 1

1 0 0 () — —

1 0 1 1

1 1 0 1

1 1 1 1




Product-of-Sums Canonical Form

 AKA Conjunctive Normal Form (CNF)
« AKA Maxterm Expansion (@)

Multiply the maxterms together
F=(A+B+C)(A+B +C)(A"+B+()

® @ ®

Read F rows off Negate all Convert to
truth table bits Boolean Algebra

ey )0 =P 1] =P A + B+ C

—b 010 = 101=—=>A+B' +C £ F

ey ] 00 = 0] )= A’ + B + C

Rlr|Rr|,r|lo|lo|lo|o]| P>
Rrl|lr|lO|lO|lrRr|R,R|lO|JOI R
R |lO|lrR|O|lR,|O|lFRLR]|O]I O

Rrlr|lr|lolr|lol—r|lo]l=mm




Product-of-Sums: Why does this procedure work?

Useful Facts:
* We know (F’) =F
* We know how to get a minterm expansion for F’

F'=AB'C' + ABC' + AB'CC

Rlr|Rr|,r|lo|lo|lo|o]| P>
Rrl|lr|lO|lO|lrRr|R,R|lO|JOI R
R |lO|lrR|O|lR,|O|lFRLR]|O]I O

Rrlr|lr|lolr|lol—r|lo]l=mm




Product-of-Sums: Why does this procedure work?

Useful Facts:
* We know (F’) =F
* We know how to get a minterm expansion for F’

F'=AB'C'+ ABC' + AB'C
Taking the complement of both sides...
(F) = (AB'C' + ABC' + AB'C)’
And using DeMorgan/Comp....

F — (AIBICI)I (AIBCI)I (ABICI)I

Rlr|Rr|,r|lo|lo|lo|o]| P>
Rr|l—r|lO|lO|FR|R|O|lOCI @
R |lO|r|O|R|O|R,|O]AO

Rrlr|lr|lolr|lol—r|lo]l=mm

F=(A+B+C(A+B +C)A"+B+ ()



Product-of-Sums Canonical Form

Sum term (or maxterm)

— ORed sum of literals - input combination for which output is false

— each variable appears exactly once, true or inverted (but not both)

A B C | maxterms
0O 0 O |A+B+C

0O 0 1 |A+B+C

0 1 0 |A+B+C

O 1 1 |A+B+C
1 0 0 |A+B+C

1 0 1 |[A+B+C

1 1 0 | A+B+C

1 1 1

A'+B'+C’

F in canonical form:
F(A,B,C) =(A+B+C)(A+B'"+C)(A+B+0C)

canonical form = minimal form
F(A,B,C) =(A+B+C)(A+B'"+C)(A+B+0C)
=(A+B+C)(A+B + (O
(A+B+C)(A+B+C)
=(A+C)(B+0O



