CSE 312: Foundations of Computing Il Autumn 2022

Quiz Section 8.5 — Solutions

Review

1) Maximum Likelihood Estimator (MLE): We denote the MLE of 6 as Ayg or simply 6, the parameter (or
vector of parameters) that maximizes the likelihood function (probability of seeing the data).

OmLe = argmgxﬁ(xl,...,xn | 6) = argmgxlnﬁ(xl,...,xn | 6)
2) An estimator § for a parameter 6 of a probability distribution is unbiased iff E[d(X1, ..., X,)] = 6

Task 1 — Mystery Dish!

A fancy new restaurant has opened up that features only 4 dishes. The unique feature of dining here is that they
will serve you any of the four dishes randomly according to the following probability distribution: give dish A with
probability 0.5, dish B with probability 6, dish C with probability 26, and dish D with probability 0.5 — 36. Each
diner is served a dish independently. Let x4 be the number of people who received dish A, zp the number of
people who received dish B, etc, where x4 + x5 + ¢ + £p = n. Find the MLE for 6, 0.

The data tells us, for each diner in the restaurant, what their dish was. We begin by computing
the likelihood of seeing the given data given our parameter . Because each diner is assigned a dish
independently, the likelihood is equal to the product over diners of the chance they got the particular
dish they got, which gives us:

L(z | 0) = 0.574677 (20) (0.5 — 30)=»

From there, we just use the MLE process to get the log-likelihood, take the first derivative, set it
equal to 0, and solve for 6.

InL(z|0)=24In(0.5) + 25 In(0) + x¢ In(20) + xp In(0.5 — 36)
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Solving yields 6 = Triresin)"



Task 2 — A Red Poisson

Suppose that z1,...,x, are i.i.d. samples from a Poisson(¢) random variable, where 0 is unknown. In other
words, they follow the distributions P(k; ) = 6%¢=9/k!, where k € N and 6 > 0 is a positive real number.

Find the MLE of 6.

We follow the recipe given in class:
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L(xy,...,xn | 0) = e

InL(xy,...,2n | 0) = [—0 — In(x;!) + z; In(6)]
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Task 3 — A biased estimator

In class, we showed that the maximum likelihood estimate of the variance 65 of a normal distribution (when both
the true mean  and true variance o2 are unknown) is what's called the population variance. That is
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where él = %2?21 x; is the MLE of the mean. Is ég unbiased?
Let X = 13" | X;. Then
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which by linearity of expectation (and distributing the sum) is

We know that for any random variable Y, since Var (Y)) = E [Y?] — (E[Y])? it holds that

E[Y?] = Var (V) + (E[Y])*.



Also, we have E[X;] =, Var (X;) = 0% Viand E [X]| = p, Var (X) = %2 Combining these facts,

we get
2

E[X?] =0®+p* Vi and ]E[Y2]:%+u2.

3

Substituting these equations into (**) we get

E[;i(xi—xf)} =%iE[X?]—E[Y2] — 0% - (iﬂﬂ)

i=1

Thus 5 is not unbiased.

Task 4 — Weather Forecast

A weather forecaster predicts sun with probability 61, clouds with probability 83 — 61, rain with probability % and
snow with probability % — 5. This year, there have been 55 sunny days, 100 cloudy days, 160 rainy days and 50
snowy days. What is the maximum likelihood estimator for #; and 657

We want to find the likelihood of the data samples given the parameter 6. To do this, we take the
following product over all the data points.

1 160 1 50
Clor. s | 01.02) = 062 -0 (5) (52

Then, we use this to determine the log likelihood.

1\ 160 /4 50
In L(x1, ..., 365 | 01,02) = In 67> (0 — 61)'%° <2) (2 _ 92)
1) 160 . 50
=67 + (0 61)" +In (2> o (2 - 92)

1 1
=55In6; +1001n(fy — 6;) + 1601n <2) +501n (2 — 92>

Then, we take the derivative of the log likelihood with respect to 6.

55 100
—1 = — —
20, nL(xy, ..., 365 | 01,62) 0. 66,

Setting this equal to 0, we solve for 0,
55 1
To L OOA _0
0, 0 —0

55(6y — 1) — 100 61 = 0

55 0y = 155 0,
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Then, we take the derivative of the log likelihood with respect to 6-.

0 100 50
— InL 01,02) = -
392 n (ZC17 » £365 | 1 2) 92 — 91 %_ 92
Setting this equal to 0, we solve for 0o
100 50
—— 7= =0
O —01 5 — 02

1 ~ ~ ~
100 (2—92> —50 (3 —61) =0
50 — 150 65 + 50 61 = 0
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0 = 13

We can now solve the simultaneous equations we have for 6; and 5 to obtain the maximum likelihood
estimators for each parameter.
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Plugging in the equation for 67, we find
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Plugging in the value for 5 into the equation for 6y,
jo_ 1311
131 82 82

To confirm that this is in fact a maximum, we could do a second derivative test. We won't ask you
do this for this multivariate case, but it would still be good to check!



