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Agenda

* Wrap up on Law of Total Expectation and Law of Total
Probability <

ldea: Estimation

* Maximum Likelihood Estimation (example: mystery coin)
* Continuous MLE



Conditional Expectation

_____________________________________________________________________________________________________________________________________________________________________

Definition. If X is a discrete random variable then the conditional
~ expectation of X given event A is

* Linearity of expectation still applies here
ElaX + bY + c | Al =a E[X |A]+ b E[Y |A] + ¢



Law of Total Expectation

Law of Total Expectation (event version). Let X be a random variable
and let events 44, ..., A,, partition the sample space. Then,

E[X] = ) E[X|4;]-P(4)
=1

Law of Total Expectation (random variable version). Let X be a
- random variable and Y be a discrete random variable. Then,

E[X]= ) EIX|Y =yl P(Y =)
y €EQy



Law of total probability

Definition. Let A be an event and Y a discrete random variable. Then

P[A] = z P(AlY = y)py(y)

YEQy

éThen

_____________________________________________________________________________________________________________________________________________________________________



Example use of law of total probability

Suppose that the time until server 1 crashes is X ~ Exp (1) and the time
- until server 2 crashes is independent, with ¥ ~ Exp (u). '

What is the probability that server 1 crashes before server 2?



P> %)= [-PB(Y =)

PLY>X)= Ei (1>Xhen)

Example use of law of total probability szq)
f A %C
X ~Exp (L1),Y ~ Exp (n). xR -
What is the probability that Y > X? S Ae Ax =
0 O /r
P(Y>X) = j Pr(Y > X | X =x) fxy(x)dx
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:J Pr(Y > x | X = x) dle ™™ dx

qﬂ&- = | Pr(Y > x)le™** dx
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Alternative approach

X ~ Exp (1),Y ~ Exp (@).
What is the probability thaty > X?

P(Y >X) = fxoo ijfx,y(x,y)dy dx

|
R0
I 8
o
I 8
]

fx(x) - fy(y)dy dx




Reference Sheet (with continuous RVs)

Discrete Continuous
JOint PME/PDF pX,Y(x;y) :P(X:x'y :y) fX,Y(xry) * P(X :x,Y:y)
" X [y
Joint CDF Fyy(x,y) = Z Z Pxy(t,s) Fyy(x,y) = j f fxy(t, s)dsdt
tsx s<y i
Normalization z z pyy(x,y) =1 j f fey (6, y)dxdy = 1
X y —00 Y -0
Marginal _ *
PMFg/ PDF px(x) = Zy:p”(x' y) fr(x) = f- oof)(,,,(x,)l)d)/
Expectation Elg(X,V)] = z Z g exy(%y) | E[gX,Y)] = f J 9 ) fxy (x, y)dxdy
A - = - -
Conditional . Pxy(X,y) f - Xy (X, )
PME/PDF il Dy (¥) g )
Conditional E[X | Y = — ®
=yl =) xpx;y(x|y) E[X|Y=vy]= d
e cition Z iy XI¥=51= | xR 1)z
Independence Vx,y, Px,y(x' y) = px(X)py (¥) vx,y, fx,y(x» y) = fx(O)fy(»)




Agenda

* |dea: Estimation @
* Maximum Likelihood Estimation (example: mystery coin)
* Continuous MLE
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Probability vs Statistics

Probability

Given model, predict |::> P(THHTHH)
data

Statistics

Given data, predict <:| THHTHH

model




Formalizing Polls

We assume that poll answers X3, ..., X,, ~ Ber(p) i.i.d. for unknown p

Goal: Estimate p

We did this by computing p = = ~ X

n
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More generally ...

In estimation we often.....

* Assume: we know the type of the random variable that we
are observing independent samples from
— We just don’t know the parameters, e.g.

* the bias p of a random coin Bernoulli(p)
* The arrival rate A for the Poisson(A) or Exponential (1)
* The mean i and variance o of a normal NV (u, o)

* Goal: find the “best” parameters to fit the data

16



Statistics: Parameter Estimation — Workflow

Distribution
P(x;0)

-

6 = unknown parameter

Independent
samples

X, o Xy,
from P(x; 0)

Parameter
estimalte

Estimation
Algorithm

/
/

(4
— (%, K

Example: coin flip distribution with unknown 6 = probability of heads

Observation: HTTHHHTHTHTTTTHTHTTTTTHT

Goal: Estimate 6

18



Example

Suppose we have a mystery coin with some probability p of coming up heads. We
flip the coin 8 times, independent of other flips, and see the following sequence of

flips

TTHTHTTH

Given this data, what would you estimate p is?

2\ How can you argue
% “objectively” that this your
estimate is the best estimate?

20



Agenda
* |dea: Estimation

¢ Maximum Likelihood Estimation (example: mystery coin) @
* Continuous MLE
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Likelihood
(bt s * L halireod" 4&»‘8

Say we see outcome HHTHH. h %
e see outcome 2222 HHTH G v prom 17 &

You tell me your best guess -

about the value of the unknown 5

parameter 6 (a.k.a. p) is 4/5. Is é'L L= @H ([—- S\ = 5“" &

there some way that you can

argue “objectively” that this is UM. S  [recyuiRd e ’JQ\ 2

the best estimate?

4 OQ-@>: L\:é"z"f'f)e‘l’r -

/

e Ue = 5
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Likelihood

Say we see outcome HHTHH.

L(HHTHH ; 6) = 0*(1 — 6)

Probability of observing the
outcome HHTHH if 6 = prob.
of heads.

For a fixed outcome HHTHH ,
this is a function of 4.

009

008

006

005

004

003

002

001

Max Prob of seeing HHTHH

|

01 02 03 04 05 06 07 08 09 1
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Likelihood of Different Observations (Discrete case)

___________________________________________________________________________________________________________________________________________________________________

L(X1, X9, ., Xy ;0) = I_IP(xl, 0)

Example:
Say we see outcome HHTHH.

L(HHTHH ;0) = P(H;0) - P(H;0) - P(T; 0) - P(H;0) - P(H;68) = 6%(1—6)

24



Likelihood vs. Probability

* Fixed 6: probability [[}_, P(x;; ) that dataset x4, ..., x,, is
sampled by distribution with parameter 6
— Afunction of x4, ..., x,

* Fixed x4, ..., x,: likelihood L(x4, x5, ..., x,, ; 8) that parameter
0 explains dataset x4, ..., x,,.
— A function of 6

These notions are the same number if we fix both x4, ..., x,
and 6, but different role/interpretation
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Likelihood of Different Observations (Discrete case)

___________________________________________________________________________________________________________________________________________________________________

Definition. The likelihood of independent observations x4, ...., x,, is

n
L(X1, X9, ., Xy ;0) = I_IP(xi; 0)
i=1

Maximum Likelihood Estimation (MLE). Given data x;, ...., X, find
O such that £(xy, x5, ..., x,, ; 0)is maximized!



Example - Coin Flips

H & TH-.
Observe: Coin-flip outcomes x4, ..., x,,, with ny heads, n; tails
—i.e,ng +nr=n Goal: estimate 6 = prob. heads.

L0ty oy 16) = 674 (1— )77

Goal: find 6 that maximizes L(x,...,x, ;6)
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Example - Coin Flips

Observe: Coin-flip outcomes x4, ..., x,,, with ny heads, n; tails

—le,ny+nr=n Goal: estimate 6 = prob. heads.

L(xli vy X s 6) = g"H (1 — H)nT

0
5 L0, e X 3 0) =777

While it is possible to compute this derivative, it’s not always

nice since we are working with products.
28



M lS pvemivd ol sore. & OD\/ 'S

Log-Likelihood

We can save some work if we use the log-likelihood instead of the likelihood
directly.

___________________________________________________________________________________________________________________________________________________________________

Definition. The log-likelihood of independent observations
Xq,y e, X S

n n
InL(xq,..,x,;0) = lnl_[P(xi; 0) = Z InP(x;;0)
i=1 i=1

___________________________________________________________________________________________________________________________________________________________________

Useful log properties
In(ab) = In(a) + In(b)
In(a/b) = In(a) — In(b)

In(a?) = b - In(a) s



In(ab) = In(a) + In(b)

i El In(a/b) = In(a) — In(b)
Example - Coin Flips In(@®) = b - In(a)

Observe: Coin-flip outcomes x4, ..., x,,, with ny heads, n; tails
—ie,ny tny=n Goal: estimate 6 = prob. heads.
L(X1, )X ;0) = 0"H (1 —0)"T

IR = 8™ g e ()T
=N, WS & r\r&”‘(\"6>
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e
R

A_ QN\X:
Example - Coin Flips ax

Observe: Coin-flip outcomes x4, ..., x,,, with ny heads, n; tails

—le,ny+nr=n Goal: estimate 6 = prob. heads.

L(X1, .., xp;0)=0" (1 —-0)"

InL(xq,..,x,;0) =nyglnb +n;In(l —0)

1 1
an lnL(xli (ERN xn ; 9) — nH 0 =— — nT « — :F _____________ ;""'“"“': --------------
0 ’ 1=0 ~ Solving gives
A 0 E A nH
Want value 6 of 6 s.t.gln L(X1, .., %,;0) =0 O = 7

1 1 eemmmmTTT s
Soweneedny -z=—ny-—=0 -----~
H 3 T 1-9 31



General Recipe

1. Input Given n i.i.d. samples x4, ..., x,, from parametric model with
parameter 6.

2. Likelihood Define your likelihood L(x1, ..., x,, ; 8).
— For discrete L(xq1, oy Xy 3 0) =11iw; P(x;; 0)
3. Log Compute InL(xq, ..., x,;0)

4. Differentiate Compute a_aev In L(x1, ..., X5, ;0)
5. Solve for 0 by setting derivative to 0 and solving for max.

Generally, you need to do a second derivative test to verify it is a
maximum, but we won’t ask you to do that in CSE 312.
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Brain Break
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Agenda

* Idea: Estimation
* Maximum Likelihood Estimation (example: mystery coin)
* Continuous MILE @
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The Continuous Case

Given n (independent) samples x4, ..., x,, from (continuous)
parametric model f (x;; 6) which is now a family of densities

Replace pmf with pdf!

35



r( 5x) = £6) o

Why density?

* Density # probability, but:

— For maximizing likelihood, we really only care about relative
likelihoods, and density captures that

— has desired property that likelihood increases with better fit to the
model

36



Agenda

* MLE for Normal Distribution <
e Unbiased and Consistent Estimators
e Odds and ends
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n samples x4, ..., x,, € R from Gaussian N'(u, 1). Most likely u?

[i.e., we are given the promise that the variance is 1]

38
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— e
=& fref= %

In(ab) = In(a) + In(b)

Example - Gaussian Parameters In(e/y STRE@RIES
In(a®) = b - In(a)

Normal outcomes x4, ..., x,,, known variance 6% = 1

row pao\ &
Goal: estimate 6, the expectation un ?a
Loan)

Ol 0305 (1 (8 1\ T _ (=62
L(xX1,..,X,;6 21—[ —e 2 :(—) l_le_ 2
( ni0) <\/27T > 2t/ 1

| - %%[Q'—U‘g}j

LN
‘&N\JD\ — D‘N\ é‘\: 1=\

n
In2m (x; — 8)?
InL(xq,...,x,;0) =—n _Z

2 . 2 -



Example - Gaussian Parameters Goal: estimate 0= expectation

Normal outcomes x4, ..., x,,, known variance ¢ = 1
n

In2m (x; — 6)?
lnL(xl;---)xn;H):_n 2 _Z 2

i=1
. 0 (xi—G)Z 1

2:(x;=0)- (=) =6 —x
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Example - Gaussian Parameters Goal: estimate 0= expectation

Normal outcomes x4, ..., x,,, known variance ¢ = 1

n
1n27T x._g 2
InL(xy, )% 0) = = _E\(l )

. Lz
=1

_ 0 (x—0)* } B B
Note: —-~—— 2:(x;j—0)-(-1)=0—x;
ln L(X1, .0, Xy ;0) = E(xl —0) 2(2 x;|— n6
"é’ ’V'\l\a:-é
So... solve Y, x; —nf = 0ford
. Y™x;  Inotherwords, MLE is the
0 = '

. n | sample mean of the data.



Next: n samples x4, ..., x,, € R from Gaussian NV (i, o2).

Most likely ¢ and 022

05
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Two-parameter optimization

Normal outcomes x4, ..., x,,

Goal: estimate 6,, = expectation and 6 2 = variance

In(ab) = In(a) + In(b)
In(a/b) = In(a) — In(b)
In(a®) = b - In(a)

n 1 (xi_eu)z
L(%x1, e % 56,,0,2) = ! 1_[3 2052
\ 210 42 s o
lnL(xl, iy Xy 3 0 ,Haz) =
e‘ B In(2m 6 ,2) Zn: (xl- — HM)Z
o> - 2 : 20 ;2
i=1
9;,\ |
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Two-parameter estimation

lnL(xl, ey Xy 5 Oy, 902) = —

In(27 6,,2) Z": (x; — 6,)
2 L 20
1=1
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Two-parameter estimation

n2r6,.) o (x;—6,)°

- o

InL(%x1, .0, Xp 5 0y, 0,2) = — 2 = _2 129 ;
=1

We need to find a solution éw 0,2 to

0
0—0” In L(Xl, iy Xn Hﬂ, 602) =0

50 lnL(xl, O A 002) =0

48



MLE for Expectation

lnL(xl, vy Xy Hw 902) = —n

2
In(27 6,,2) z": (x; - 6,)
2 26
=1

n

1

0
Elnlﬁ(xl, ...,Xn;gﬂ, 802) =0—022(xi — Hli) =0

i
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MLE for Expectation n2ro,z) < (x—6,)°
lnL(xl, S, Xn ;0 ,Haz)=—n > —Zl: 20 2”

9 1 ©
ﬁlnﬁ(xl, ...,xn;Hﬂ, 00.2) =9—0-ZZ(XL' — Qll) =0
l

U
L o » . Inother words, MLE of expectation is
A i Xi : fthe d
0, = " (again) the sample mean of the data,

regardless of fg-a.

What about the variance?

50



MLE for Variance

In(2m 6 ;2) e
lnL(xl,.. X, ;0 W z)—— 5 z( 20, #)
In Zn lnH o2
- 20, E(x‘
1 n
A n A 2
In L(xg, ) X ; 6,0 2) =— Ex—e = 0
90 2 L (xl Xn Oy 02) 26 2 2952 1—1( i u)
1 —  Inother words, MLE of variance is the
- A N2 . .
0,2 = Ez(xl -0,) - population variance of the data.
i=1 5
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Likelihood - Continuous Case

Definition. The likelihood of independent observations x4, ..., x,, is

L(X1, .0, Xy ;0) = nf(xi; 0)
i=1

_________________________________________________________________

n
. Otx A 1 A N2
Oy == : HGZZ_E(xl_HH)
n n 4 -
L=

MLE estimator for
expectation

MLE estimator for
variance 52



General Recipe

1. Input Given n i.i.d. samples x4, ..., x,, from parametric model with

parameter 6. < 8:&9‘ 93763)
2. Likelihood Define your likelihood L(x4, ...., x,,| ). )
— For discrete L(x1, e, %p;0) = [11q P(x;;
— For continuous  L(xy, ..., x,;0) = [I2; f(x; ;—8-3
3. Log Compute InL(xq, ..., X, ; 0) ) ,Qr'\;e\ =Q
26

4. Differentiate Compute a% InL(xq1, ..., % ;0)

5. Solve for O by setting derivative to 0 and solving for max.

Generally, you need to do a second derivative test to verify it is a maximum,
but we won’t ask you to do that in CSE 312.
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This Photo by


https://en.wikipedia.org/wiki/Sword-billed_hummingbird
https://creativecommons.org/licenses/by-sa/3.0/

Agenda

e MLE for Normal Distribution
 Unbiased and Consistent Estimators @
* Intuition and Bigger Picture
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When is an estimator good?

Parameter
estimate
Independent //
Distribution _samples Estimation| b
P(x; 0) Xi, o Xy Algorithm i
from P(x; 0)

6 = unknown parameter

_____________________________________________________________________________________________________________________________________________________________________

Definition. An estimator of parameter 6 is an unbiased estimator if
E|6,]| = 6.

56



Three samples from U (0, 6)
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Example - Coin Flips Recall: 6. = H

________________________________________________________

ie., E[éu] = p, where p is the probability that the coin turns out head.

Why?

Because [E[ny| = np when p is the true probability of heads.

58



Consistent Estimators & MLE Parameten

estimate
Independent //
Distribution : Samples Estimation I é
P(x; 0) Xi, o Xy Algorithm i
from P(x; )

6 = unknown parameter

_______________________________________________________________________________________________________________________________________________________

_____________________________________________________________________________________________________

i . . | But not necessaril
. Theorem. MLE estimators are consistent. | ( u. Y

5 . unbiased)
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" 59



Example - Consistency

Normal outcomes X, ..., X,, i.i.d. according to V'(u, %) Assume: g% > 0

_____________________________________________________________________

_____________________________________________________________________

Population variance - Biased!

0,2 is “consistent”
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Example - Consistency

Normal outcomes X, ..., X,, i.i.d. according to V'(u, %) Assume: g% > 0

------------------------------------------------------------------------------------------------------------------------------------------

n n
. 1 N2 1 2
_ = _ 2 _ _
97 _nz(xl 0,) on _n—lz(xl 0
i=1 i=1
Population variance - Biased! Sample variance — Unbiased:!

®,2 converges to same value as 52, i.e., 0%, asn — .

0,2 is “consistent”
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Why does it matter?

* When statisticians are estimating a variance from a sample, they
usually divide by n-1 instead of n.

* They and we not only want good estimators (unbiased, consistent)
— They/we also want confidence bounds

* Upper bounds on the probability that these estimators are far the truth
about the underlying distributions

— Confidence bounds are just like what we wanted for our polling problems, but
CLT is usually not the best thing to use to get them (unless the variance is
known)
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