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K

A
sim

p
le

g
rap

hL M
N OP QR

consists
ofO

,a
nonem

pty
setofvertices,and

Q

,a
setofunordered

pairs
ofdistinctelem

ents
ofO

called
edges.

K

A
m

u
ltig

rap
hL M

N OP QR

consists
ofa

setO

ofvertices,a
set Q

ofedges,
and

a
functionS

fromQ

toTTVUP WXY UP WZ OP U[ MWX .
T

he
edges

\]

and\^

are
called

m
ultiple

or
paralleledges

ifSN \]R M
SN \^R .

K

A
p

seu
d

o
g

rap
hL M

N OP QR

consists
ofa

setO

ofvertices,a
set Q

of
edges,and

a
functionS

fromQ

toTT UP WXY UP WZ OX .
A

n
edge

is
a

loop
ifSN \R M

T UP UX M
TVUX

for
som

eUZ O

.
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K

A
d

irected
g

rap
hL M

N OP QR

consists
ofa

setO

ofvertices
and

a
setof

edges Q

thatare
ordered

pairs
ofelem

ents
ofO

.

K

A
d

irected
m

u
ltig

rap
hL M

N OP QR

consists
ofa

setO

ofvertices,a
set Q

ofedges,and
a

functionS

fromQ

toTN UP WRY UP WZ OX .
T

he
edges

\]

and\^

are
m

ultiple
edges

ifSN \]R M
SN \^R .
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K

Tw
o

verticesU

andW

in
an

undirected
graphL

are
called

ad
jacen

t
(or

n
eig

h
b

o
rs)

inL

ifT UP WX

is
an

edge
ofL

.
If\ M

TVUP WX ,the
edge\

is
called

in
cid

en
t

w
ith

the
verticesU

andW

.
T

he
edge\

is
also

said
to

co
n

n
ectU

andW

.
T

he
verticesU

andW

are
called

en
d

p
o

in
ts

ofthe
edgesT UP WX .

K

T
he

d
eg

ree
ofa

vertex
in

an
undirected

graph
is

the
num

ber
ofedges

incidentw
ith

it,exceptthata
loop

ata
vertex

contributes
tw

ice
to

the
degree

ofthatvertex.
T

he
degree

ofthe
vertexW

is
denoted

by
deg(W

).

K
T

h
e

H
an

d
sh

akin
g

T
h

eo
rem

:
LetL M

N OP QR

be
an

undirected
graph

w
ith

\
edges.

T
hen

e\ M
fgh i

degN WRkj

K

T
h

eo
rem

:
A

n
undirected

graph
has

an
even

num
ber

ofvertices
of

odd
degree.
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K
W

henN UP WR

is
an

edge
ofthe

graphL

w
ith

directed
edges,U

is
said

to
be

ad
jacen

t
toW

andW

is
said

to
be

ad
jacen

t
fro

mU

.
T

he
vertexU

is
called

the
in

itialvertex
ofN UP WR ,andW

is
called

the
term

in
alor

en
d

vertex
ofN UP WR .

T
he

initialvertex
and

term
inalvertex

ofa
loop

are
the

sam
e.

K

In
a

graph
w

ith
directed

edges
the

in
-d

eg
ree

ofa
vertexW

,denoted
by

deg lN WR ,is
the

num
ber

ofedges
w

ithW

as
their

term
inalvertex.

T
he

o
u

t-d
eg

ree
ofW

,denoted
by

deg mN WR ,is
the

num
ber

ofedges
w

ithW

as
their

initialvertex.

K

T
h

eo
rem

:
LetL M

N OP QR
be

a
graph

w
ith

directed
edges.

T
hen

fgh i

deg lN WR M
fgh i

deg mN WR MY QY j
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K

A
sim

ple
graph

isL

is
called

b
ip

artite
ifits

vertexO

can
be

partitioned
into

tw
o

disjointnonem
pty

setsO]

andO^

such
thatevery

edge
in

the
graph

connects
a

vertex
inO]

and
a

vertex
inO^

(so
thatno

edge
in

L

connects
either

tw
o

vertices
inO]

or
tw

o
vertices

inO^ .

K

A
su

b
g

rap
h

ofa
graphL M

N OP QR

is
a

graph r M
N sP tR

w
here

s
u O

andt
u Q

.

K

T
he

u
n

io
n

oftw
o

sim
ple

graphsL] M
N O]P Q]R

andL^ M
N O^P Q^R

is
the

sim
ple

graph
w

ith
vertex

setO] vO^

and
edge

set Q] v Q^ .
T

he
union

ofL]

andL^

is
denoted

byL] v
L^ .

K

T
he

sim
ple

graphsL] M
N O]P Q]R andL^ M
N O^P Q^R are

iso
m

o
rp

h
ic

ifthere
is

a
one-to-one

and
onto

functionS

fromO]

toO^

w
ith

the
property

that

w

andx

are
adjacentinL]

ifand
only

ifSN wR

andSN xR

are
adjacentin

L^ ,for
allw

andx

inO] .
S

uch
a

functionS

is
called

an
iso

m
o

rp
h

ism
.

+,-. /0 12 3
45 67

1 89: ;< =
>0 2 <?; @. AB> ,7 4> ,5
C 4y

z a EE
��� �
{ ��d
|

K

A
p

ath
o

f
len

g
h}

fromU

toW

,w
here}

is
a

positive
integer,in

an
undirected

graph
is

a
sequence

ofedges\]P \^P jjjP \~
ofthe

graph
such

thatSN \]R M
TV��P �]X PSN \^R M
TV�]P �^X P jjjSN \~R M
T �~ l]P �~X ,

w
here�� MU

and�~ M
W

.
W

hen
the

graph
is

sim
ple,w

e
denote

this
path

by
its

vertex
sequence��P �]P jjjP �~ .

T
he

path
is

a
circu

it
ifit

begins
and

ends
atthe

sam
e

vertex.
T

he
path

or
circuitis

said
to

pass
through

or
traverse

the
vertices�]P �^P jjjP �~ l] .

A
path

or
circuit

is
sim

p
le

ifitdoes
notcontain

the
sam

e
edge

m
ore

than
once.

K

A
p

ath
o

flen
g

h}

fromU

toW

in
a

directed
m

ultigraph,w
here}

is
a

positive
integer,is

a
sequence

ofedges\]P \^P jjjP \~

ofthe
graph

such
that

SN \]R M
N ��P �]R PSN \^R M
N �]P �^R P jjjSN \~R M
N �~ l]P �~R ,w

here�� MU

and�~ M
W

.
W

hen
there

are
no

m
ultiple

edges
in

the
graph,w

e
denote

this
path

by
its

vertex
sequence��P �]P jjjP �~ .

T
he

path
is

a
circu

it
or

cycle
ifitbegins

and
ends

atthe
sam

e
vertex.

A
path

or
circuitis

sim
p

le
ifitdoes

notcontain
the

sam
e

edge
m

ore
than

once.
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K

A
n

undirected
graph

is
called

co
n

n
ected

ifthere
is

a
path

betw
een

every
pair

ofdistinctvertices
ofthe

graph.

K

T
h

eo
rem

:
T

here
is

a
sim

ple
path

betw
een

every
pair

ofdistinctvertices
of

a
connected

undirected
graph.

K

A
directed

graph
is

stro
n

g
ly

co
n

n
ected

ifthere
is

a
path

fromw

tox

and
fromx

tow

w
heneverw

andx

are
vertices

in
the

graph.

K
A

directed
graph

is
w

eakly
co

n
n

ected
ifthere

is
a

path
betw

een
any

tw
o

vertices
in

the
underlying

undirected
graph.
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K
A

n
E

u
ler

circu
it

in
a

graphL

is
a

sim
ple

circuitcontaining
every

edge
ofL

.
K

T
h

eo
rem

:
A

connected
m

ultigraph
has

an
E

uler
circuitifand

only
ifeach

ofits
vertices

has
even

degree.
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