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LetM

andN

be
sets.

A
binary

relation
from

M

toN

is
a

subset
of M O

N

.
IfPRQS TURVW

,w
e

w
riteQW T

and
sayQ

is
related

toT

byW

.

L

A
relation

on
the

set M

is
a

relation
from M

to M

.

L

A
relationW

on
a

setM

is
called

refle
xive

ifP QS QURVW

for
every

elem
entQV M

.

L

A
relationW

on
a

set M

is
called

sym
m

etric
ifP TS QURVW

w
henever

P QS TURVW

,forQS TV M

.

L

A
relationW

on
a

setM

such
thatPRQS TURVW

andP TS QURVW

only
ifQ X

T

,
forQS TV M

,is
called

antisym
m

etric
.

L

A
relationW

on
a

setM

is
called

transitive
ifw

heneverP QS TURVW

andP TS YURVW

,
thenP QS YURVW

,forQS TV M

.
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L
W^ X
_P QS TU` Qa Tb

L
Wc X
_P QS TU` Qd Tb

L
We X
_P QS TU` Q X
Tf Q X
gTb

L
Wh X
_P QS TU` Q X
Tb

L
Wi X
_P QS TU` Q X
Tj k
b

L
Wl X
_P QS TU` Qj Ta m
b
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LetW

be
a

relation
from

a
setM

to
a

setN

andq

be
a

relation
fromN

to
a

setr

.
T

he
com

posite
ofW

andq

is
the

relation
consisting

of
ordered

pairsP QS YU ,w
hereQV MS YVr

,and
for

w
hich

there
exists

an
elem

entTV N

such
thatP QS TURVW

andP TS YU Vq

.
W

e
denote

the
com

posite
ofW

andq

byq s
W

.

L

LetW

be
a

relation
on

the
setM

.
T

he
po

w
ersWut

,v Xk
S wS mS xxx

,are
defined

inductively
by

W ^X
W

and

Wyt
z ^X
Wyts
W

.

L
T

heorem
:

T
he

relationW

on
a

setM

is
transitive

ifand
only

if
Wut
{ W

forv Xk
S wS mS xxx

.
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L
Let}

be
a

property
ofrelations

(transitivity,refexivity,sym
m

etry).
A

relation

q
is

losure
ofW

w
.r.t. }

ifand
only

ifq

has
property }

,q

containsW

,
andq

is
a

subsetofevery
relation

w
ith

property }

containingW

.
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A
directed

graph
,or

digraph
,consists

ofa
set�

ofvertices
(or

nodes)
together

w
ith

a
set �

ofordered
pairs

ofelem
ents

of�

called
edges

(or
arcs).

L

A
path

fromQ

toT

in
the

directed
graph�

is
a

sequence
ofone

or
m

ore
edgesPR��S �^U SP �^S �cU S xxxPR�t �

^S �t
U

in�

,w
here�� X

Q

and�t X
T

.
T

his
path

is
denoted

by��S �^S xxxS �t

and
has

lengthv .
A

path
thatbegins

and
ends

atthe
sam

e
vertex

is
called

a
circuit

or
cycle.

L

T
here

is
a

path
fromQ

toT

in
a

relationW

is
there

is
a

sequence
ofelem

ents

QS �^S �cS xxx�t �
^S T

w
ithP QS �^U �

WSPR�^S �cU �
WS xxxSP �t �
^S TU �
W

.

L

T
heorem

:
LetW

be
a

relation
on

a
set M

.
T

here
is

a
path

oflengthv

from

Q

toT

ifand
only

ifP QS TU �
Wut

.
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L

LetW

be
a

relation
on

a
setM

.
T

he
connectivity

relationW��
consists

of
pairsPRQS TU

such
thatthere

is
a

path
betw

eenQ

andT

inW

.

L

T
heorem

:
T

he
transitive

closure
ofa

relationW

equals
the

connectivity
relationW��

.
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W
e

w
antto

use
relations

to
form

partitions
ofa

group
ofstudents.

E
ach

m
em

ber
ofa

subgroup
is

related
to

allother
m

em
bers

ofthe
subgroup,

butto
none

ofthe
m

em
bers

ofthe
other

subgroups.

L

U
se

the
follow

ing
relations:

P
artition

by
the

relation
”older

than”

P
artition

by
the

relation
”partners

on
som

e
projectw

ith”

P
artition

by
the

relation
”com

es
from

sam
e

hom
etow

n
as”

L
W

hich
ofthe

groups
w

illsucceed
in

form
ing

a
partition?

W
hy?
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L
A

relation
on

a
setM

is
called

an
equiv

alence
relation

ifitis
reflexive,

sym
m

etric,and
transitive.

Tw
o

elem
ents

thatare
related

by
an

equivalence
relation

are
called

equivalent.

L

LetW
be

an
equivalence

relation
on

a
setM

.
T

he
setofallelem

ents
that

are
related

to
an

elem
entQ

of M

is
called

the
equiv

alence
class

ofQ

.

� Q� �

:
equivalence

class
ofQ

w
.r.t.W

.
IfT�

� Q� �
thenT

is
representative

ofthis
equivalence

class.

L

T
heorem

:
LetW

be
an

equivalence
relation

on
a

set M

.
T

he
follow

ing
statem

ents
are

equivalent:

(1)QW T

(2)� Q� X
� T�

(3)� Q� �
� T� � X
�
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A
partition

ofa
setq

is
a

collection
ofdisjointnonem

pty
subsetsM�S ��

�

(w
here �

is
an

index
set)

ofq

thathaveq

as
their

union:

M�� X
�

for��
�

M� �
M� X
� ,w

hen�� X
�

��� � M� X
q

L

T
heorem

:
LetW

be
an

equivalence
relation

on
a

setq

.
T

hen
the

equivalence
classes

ofW

form
a

partition
ofq

.
C

onversely,given
a

partition_ M�` ��
�b

ofthe
setq

,there
is

an
equivalence

relationW

that
has

the
sets M�S ��

�,as
its

equivalence
classes.
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