628 9/ Graphs

EXAMPLE 13
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FIGURE 6 The Graphs G and H. FIGURE 7 The Graphs G and H.

We have shown how the existence of a type of path, namely, a simple circuit of a particular
length, can be used to show that two graphs are not isomorphic. We can also use paths to find
mappings that are potential isomorphisms.

Determine whether the graphs G and H shown in Figure 7 are isomorphic.

Solution: Both G and H have five vertices and six edges, both have two vertices of degree three
and three vertices of degree two, and both have a simple circuit of length three, a simple circuit
of length four, and a simple circuit of length five. Because all these isomorphic invariants agree,
G and H may be isomorphic. To find a possible isomorphism, we can follow paths that g0
through all vertices so that the corresponding vertices in the two graphs have the same degree.
For example, the paths u, w4, u3, uz, us in G and vs, v, vy, vs, Vg in H both go through every
vertex in the graph; start at a vertex of degree three; go through vertices of degrees two, three,
and two, respectively; and end at a vertex of degree two. By following these paths through the
graphs, we define the mapping / with f(u;) = v3, f(ug) = va, f(uz) = vy, f(ur) = vs, and
f(us) = vg. The reader can show that / is an isomorphism, so G and H are isomorphic, either
by showing that f preserves edges or by showing that with the appropriate orderings of vertices
the adjacency matrices of G and H are the same. 4



