Recap of Undecidability Proof

+ The Question: Are there languages that are not decidable by
any Turing machine (TM)?
< |.e Arethere problemsthat cannot be solved by any algorithm?

+ Consider the language:
Ay ={<M,w>|M isaTM and M accepts w}
(Recall that <A,B,...>isjust a string encoding the objects A, B, ...)

+ What can we say about Aqy,?
<& Aqy is Turing-recognizable: Recognizer TM R for Ay,
Oninput string <M ,w>: Simulate M on w.
ACCEPT <M,w> if M halts & accepts w;
REJECT <M,w> if M halts & rgects
(Loop (& thusrgect <M,w>) if M ends up looping).
R accepts <M,w> iff M acceptsw = L(R) = A,
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Is Ay @so decidable?

+ No, Ay ={<M,w>|MisaTM and M acceptsw} is
undecidable! 1-slide Proof (by Contradiction):
1. AssumeA,, isdecidable = theré sadecider H, L(H) = Aqy,
2. Hon<M,w> = ACC if M acceptsw
REJif M rgects w (haltsin g, or loops on w)

3. Construct new TM D: Oninput <M>,

Simulate H on <M,<M>> (here, w = <M>)

If H accepts, then REJ input <M>

If H rgjects, then ACC input <M>
4. What happens when D gets <D> as input?

D rgects <D> if H accepts <D,<D>> if D accepts <D>

D accepts <D> if H rgects <D,<D>> if D rgects <D>
Contradiction! D cannot exist = H cannot exist

Therefore, A;y, is not a decidable language.
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Undecidability Proof uses Diagonalization

Input string

<M1> <M2> <M3> <M1> <M2> <M3> ... <D>
List M;[AcC| REJ | loop | ... M, |ACC | REJ [ REJ |...| ACC
of M,|REJ|loop |[ACC|...| |fH M,|REJ|RE]|ACC|...|ACC
TMs M, [acc|acc | res| ... | “exists M [acc| acc| res|...| re

D outputs -
opposite D | REJ | ACC |ACC|...| 7

of diagonal

D on <M;> acceptsif and only if M; on <M;> rejects.
So, D on <D> will accept if and only if D on <D> rejects!
A contradiction = H cannot exist!
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One Last Concept: Reducibility

+ How do we show a new problem A is undecidable?
< Use diagonalization again? Y es, but too tedious.

+ Easy Proof: Show that A, isreducible to the new
problem A
< What does this mean and how do we show this?

+ Show that if A was decidable, then you can use the

decider for A as a subroutine to decide Ay,
< A contradiction, therefore A must also be undecidable
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The Halting Problem is Undecidable (Turing, 1936)

+ Halting Problem: Does TM M halt on input w?
< Equivalent language: A, = { <M,w> | TM M halts on input w}
< Need to show A, is undecidable
< Weknow Ap, ={<M,w> | TM M accepts w} is undecidable

+ Show A;,, isreducibleto A, (Theorem 5.1 in text)
< Suppose A, is decidable = there’s a decider M, for A,
< Then, we can construct adecider Dy, for Aqy:
Oninput <M,w>, run M, on <M,w>.
o If M, rejects, then REJ (thistakes care of M looping on w)
e If M, accepts, then simulate M on w until M halts
e If M accepts, then ACC input <M,w>; else REJ
L(Dry) = Aty = Aqy isdecidablel Contradiction = A, isundecidable
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AreThere Languages That Are Not Even Recognizable?

+ A, and A, are undecidable but Turing-recognizable
< Aretherelanguages that are not even Turing-recognizable?

+ What happens if both A and A are Turing-recognizable?
© Thereexist TMsM1 and M2 that recognize A and A
< Can construct adecider for A! Oninput w:
1. SimulateM1 and M2 onw one step at atime, alternating
between them.
2. If M1 accepts, then ACC w and halt; if M2 accepts, REJw
and halt.

+ Aand A areboth Turing-recognizable iff A isdecidable

+ Corollary: A}, and A, are not Turing-recognizable

< If they were, then Ay, and A, would be decidable
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The Chomsky Hierarchy of Languages

Increasing generality

v

L anguage Regular Context-Free Decidable | Turing-
Recognizable
Computational | DFA, PDA, Deciders— | TMsthat
Models NFA, CFG TMsthat | may loop for
RegEXxp halt for al | stringsnot in

inputs language

Examples (0u)*11 ({0"1"|n>0}, |{OM"O"| |Aqw,
. >
palindromes | "= % | A,
Apras
Acks

(Chomsky also studied context-sensitive languages (CSLs, e.g. a'b"c™ , a
subset of decidable languages recognized by linear-bounded automata (LBA))
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The Chomsky Hierarchy — Then & Now...
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Final Review

+ Detailsregarding the Final Exam
< When: This Friday, Dec. 14, 2001 from 8:30-10:20 a.m.
< Where: This classroom MGH 231.
< What will it cover?
» Chapters 0-4 and Theorem 5.1 (example of reducibility)

» Emphasis will be on material covered after midterm
(Chapter 2 and beyond)

» You may bring 1 page of notes (8 2" x 11" sheet!)
» Approximately 6 questions
< How do | aceit?
» Practice, practice, practice!
» See class website for practice problems
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Review of Chapters 0-1

+ See Midterm Review Slides
< Emphasison:
» Sets, strings, and languages
» Operations on strings/languages (concat, *, union, etc)
» Lexicographic ordering of strings
» DFAs and NFAs:. definitions and how they work
» Regular languages and properties
» Regular expressions and GNFAS (see lecture dides)
» Pumping lemma for regular languages and showing
nonregularity
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Context-Free Grammars (CFGS)

+ CFGG=(V,Z,R, 9
< Variables, Terminals, Rules, Start variable
< UAvyiddsuwv if A - wisarulein G: Written as UAv = uwv
@ u=*vifuyiedsvinO, 1, or more steps
< L(G) ={w]|S=*w}
< CFGsfor regular languages: Convert DFA to a CFG (Creste
variables for states and rules to simulate transitions)

+ Ambiguity: Grammar G is ambiguous if G has two or more

parse trees for some string w in L(G)
< Seelecture notes/text/homework for examples

+ Closure properties of Context-Free languages
< Closed under U, concat, * but not m or complementation.
< See homework and lecture slides
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Pushdown Automata (PDA)

+ PDAP=(Q %, T,9,q,F
© Q = set of states
< X = input alphabet
< T = stack alphabet
v g, = dart state
< Fc Q = set of accept states
< Transition function 8: Q x X_x ', — Pow(Q x T",)
< (current state, next input symbol, popped symbol) —
{set of (next state, pushed symbol)}
< Input/popped/pushed symbol can be e

+ Example PDAsfor:
& {wHwWR|w e {0,1}*}, {wwR|w e {0,1}*}, Palindromes
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Context-Free Languages: Main Results

+ CFGsand PDAs are equivalent in computational power
< Generate/recognize the same class of languages (CFLS)
1. If L =L(G) for some CFG G, then L = L(M) for some PDA M
» Know how to convert agiven CFG to a PDA
2. If L=L(M) for some PDA M, then L = L(G) for some CFG G
» Befamiliar with the construction —no need to memorize the
induction proof

+ Pumping Lemmafor CFLs
< Know the exact statement: L CFL = dp st. VsinL st. |9 > p,
Fu, Vv, XY, andzst s=uvxyz and:
LuixyzelLVi>=0, 2 |w|>1and 3.|wxy|<p.

+ Using the PL to show languages are not CFLs

< E.g {0M"0"|n>0} and{0"|nisaprimenumber}
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Turing Machines: Definition and Operation

+ TMM=(Q,Z, T, 8, 0y, Uaccr Ured)

© Q = set of states

< X = input alphabet not containing blank symbol “_”

« I' = tape alphabet containing blank “_", al symbolsin %, plus
possible temporary variables such as X, Y, €c.

v g, = dart state

@ Oacc = accept and halt state

@ Oge; = rgect and halt state

< Transition function 8: Qx I' - Qx I'x {L, R}

+ O(current state, symbol under the head) = (next state, symbol to
write over current symbol, direction of head movement)
< Configurations of aTM, definition of languageL(M) of aTM M
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Decidable versus Recognizable Languages

+ A language is Turing-recognizable if there isa Turing
machine M such that L(M) =L
< For al stringsinL, M haltsin state g,
< For stringsnot inL, M may either halt in gg¢; or loop forever

+ A language is decidable if there isa “decider” Turing
machine M that halts on all inputs such that L(M) =L
< For al stringsinL, M haltsin state g,
< For all stringsnot inL, M haltsin state g,

+ Showing alanguage is decidable by construction:
< Implementation level description of deciders
< E.g. {0"1"0" | n> 0}, {0" | n = n¥ for some integer m}, seetext
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Equivalence of TM Types & Church-Turing Thesis

+ Varieties of TMs: Know the definition, operation, and idea
behind proof of equivalence with standard TM
< Multi-Tape TMs: TM with k tapes and k heads
< Nondeterministic TMs (NTMs)
» Decider if all branches halt on all inputs
< Enumerator TM for L: Printsall stringsin L (in any order,
possibly with repetitions) and only the stringsin L

+ Can use any of these variants for showing alanguageis
Turing-recognizable or decidable

4+ Church-Turing Thesis: Any formal definition of
“algorithms’ or “programs” is equivalent to Turing machines
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Decidable Problems

+ Any problem can be cast as alanguage membership problem
< Does DFA D accept input w? Equivalent to:
Is<D,w>in Ay, = {<D,w> | D isaDFA that accepts input w} ?

+ Decidable problems concerning languages and machines:
< ADFA
@ Agra = {<N,w> | N isaNFA that accepts input w}
@ Agex = {<RWw> |Risareg. exp. that generates string w}
> Agnpy-ora = {<D>| D isaDFA and L(D) = @}
Agqua-ora = {<C,D>|Cand D are DFAsand L(C) = L(D)}
@ Agr = {<G,w> | G isa CFG that generates string w}
2 Agmpy-cre = {<G>|GisaCFG and L(G) = &}
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Undecidability, Reducibility, Unrecognizability

+ Ay ={<M,w>|M isaTM and M acceptsw} is Turing-
recognizable but not decidable (Proof by diagonalization)

+ To show aproblem A is undecidable, reduce A, to A
< Show that if A was decidable, then you can use the decider for
A asasubroutine to decide Ay,
< E.g. Halting problem = *“Does a program halt for an input or
go into an infinite loop?’
< Can show that the Halting problem is undecidable by reducing
A to A, ={ <M,w>|TM M halts on input w}

+ A isdecidable iff A and A are both Turing-recognizable
< Corollary: KTM and A, arenot Turing-recognizable
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| believe the
Final exam is
decidablel

| believe theworld's
problems are
politically decidable.

| believe my next
movie will be
unrecognizable.
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