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• Constants : G e o r g e , M o n k e y 2 , e t c .N a m e a s p e c i f i c o b j e c t .• Variables : X , Y .R e f e r t o a n o b j e c t w i t h o u t n a m i n g i t .• Functions : b a n a n a > o f , g r a d e > o f , e t c .M a p p i n g f r o m o b j e c t s t o o b j e c t s .• Terms : G e o r g e , g r a d e > o f ( s t d n t 1 )R e f e r t o o b j e c t s• Relations : C u r i o u s , P o k e s I n T h e E y e s , e t c .S t a t e r e l a t i o n s h i p s b e t w e e n o b j e c t s .• Atomic Sentences : P o k e s I n T h e E y e s ( M o e , C u r l y )C a n b e t r u e o r f a l s eC o r r e s p o n d t o p r o p o s i t i o n a l s y m b o l s P , Q
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• Logical connectives : a n d , o r , n o t , ⇒ , ⇔• Quantifiers :
∀∀∀∀

F o r a l l ( U n i v e r s a l q u a n t i f i e r )
∃∃∃∃ T h e r e e x i s t s ( E x i s t e n t i a l q u a n t i f i e r )• ExamplesM o n k e y s a r e c u r i o u s

T h e r e i s a c u r i o u s m o n k e y∀∀∀∀m: Monkey(m) ⇒ Curious(m)

∃∃∃∃m: Monkey(m) ∧ Curious(m)

4

Nested Quantifiers

• E x a m p l e sE v e r y m o n k e y h a s a t a i l
∀∀∀∀ ∃∃∃∃ P ( ) ≠≠≠≠ ∃∃∃∃ ∀∀∀∀ P ( )

∀∀∀∀ ∃∃∃∃ h a s ( )E v e r y b o d y l o v e s s o m e b o d y v s . S o m e o n e i s l o v e d b y e v e r y o n e∃∃∃∃ ∀∀∀∀ m h a s ( )?

∃∃∃∃ ∀∀∀∀ x l o v e s ( )
E v e r y m o n k e y shares a t a i l !

∀∀∀∀ ∃∃∃∃ l o v e s ( )
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• Semantics = w h a t t h e a r r a n g e m e n t o fs y m b o l s m e a n s i n t h e w o r l d• P r o p o s i t i o n a l l o g i cB a s i c e l e m e n t s a r e v a r i a b l e s( r e f e r t o f a c t s a b o u t t h e w o r l d )P o s s i b l e w o r l d s : m a p p i n g s f r o m v a r i a b l e s t o T / F• F i r s t > o r d e r l o g i cB a s i c e l e m e n t s a r e t e r m s( r e f e r t o o b j e c t s )
Interpretations

: m a p p i n g s f r o m t e r m s t o r e a l �w o r l d e l e m e n t s .
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E x a m p l e : A W o r l d o f K i n g s a n d L e g s

• S y n t a c t i c e l e m e n t s :
Richard  John

C o n s t a n t s : F u n c t i o n s : R e l a t i o n s :
LeftLeg(p) On(x,y)  King(p)
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I n t e r p r e t a t i o n I• I n t e r p r e t a t i o n s m a p s y n t a c t i c t o k e n s t o m o d e le l e m e n t sC o n s t a n t s : F u n c t i o n s : R e l a t i o n s :
Richard  John LeftLeg(p) On(x,y)  King(p)
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C o n s t a n t s : F u n c t i o n s : R e l a t i o n s :
Richard  John LeftLeg(p) On(x,y)  King(p)
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• T w o c o n s t a n t s ( a n d 5 o b j e c t s i n w o r l d )R i c h a r d , J o h n ( R , J , c r o w n , R L , J L )• O n e u n a r y r e l a t i o nK i n g ( x )
• T w o b i n a r y r e l a t i o n sL e g ( x , y ) ; O n ( x , y )

52 = 25 object mappings

Infinite number of values for x àààà infinite mappings
Even if we restricted x to: R, J, crown, RL, JL:

25 = 32 unary truth mappings

Infinite.  But even restricting x, y to five objects 
still yields 225 mappings for each binary relation

1 0

S a t i s f i a b i l i t y , V a l i d i t y , & E n t a i l m e n t• S i s valid i f i t i s t r u e i n a l l i n t e r p r e t a t i o n s• S i s satisfiable i f i t i s t r u e i n s o m e i n t e r p• S i s unsatisfiable i f i t i s f a l s e a l l i n t e r p s• S 1 entails
S 2 i fF o r a l l i n t e r p s w h e r e S 1 i s t r u e ,S 2 i s a l s o t r u e
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Propositional. Logic vs. First Order

Ontology

Syntax

Semantics

Inference
Algorithm

Complexity

Objects, 
Properties, 
Relations

Atomic sentences
Connectives

Variables & quantification
Sentences have structure: terms
father-of(mother-of(X)))

Unification
Forward, Backward chaining 
Prolog, theorem proving

DPLL, WalkSAT
Fast in practice

Semi-decidableNP-Complete

Facts (P, Q,…)

Interpretations 
(Much more complicated)Truth Tables

1 2

• O b j e c t sS q u a r e s , w u m p u s e s , a g e n t s ,g o l d , p i t s , s t i n k i n e s s , b r e e z e s• R e l a t i o n sS q u a r e t o p o l o g y ( a d j a c e n c y ) ,P i t s / b r e e z e s ,W u m p u s / s t i n k i n e s s
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• Better

: S q u a r e s a s l i s t s :[ 1 , 1 ] , [ 1 , 2 ] , … , [ 4 , 4 ]• S q u a r e t o p o l o g y r e l a t i o n s :
∀x , y , a , b : A d j a c e n t ( [ x , y ] , [ a , b ] ) ó[ a , b ] Є { [ x + 1 , y ] , [ x  1 , y ] , [ x , y + 1 ] , [ x , y  1 ] }

• E a c h s q u a r e a s a n o b j e c t :S q u a r e 1 , 1 , S q u a r e 1 , 2 , … ,S q u a r e 3 , 4 , S q u a r e 4 , 4• S q u a r e t o p o l o g y r e l a t i o n s ?A d j a c e n t ( S q u a r e 1 , 1 , S q u a r e 2 , 1 )…A d j a c e n t ( S q u a r e 3 , 4 , S q u a r e 4 , 4 )

1 4
• L i s t o n l y t h e p i t s w e h a v e ?P i t 3 , 1 , P i t 3 , 3 , P i t 4 , 4• P r o b l e m ?N o r e a s o n t o d i s t i n g u i s h p i t s ( s a m e p r o p e r t i e s )• Better:

p i t a s u n a r y p r e d i c a t eP i t ( x )P i t ( [ 3 , 1 ] ) ; P i t ( [ 3 , 3 ] ) ; P i t ( [ 4 , 4 ] ) w i l l b e t r u e

• E a c h p i t a s a n o b j e c t :P i t 1 , 1 , P i t 1 , 2 , … ,P i t 3 , 4 , P i t 4 , 4• P r o b l e m ?N o t a l l s q u a r e s h a v e p i t s
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• “ S q u a r e s n e x t t o p i t s a r eb r e e z y ” :

∀
x , y , a , b :P i t ( [ x , y ] ) ∧ A d j a c e n t ( [ x , y ] , [ a , b ] ) ⇒ B r e e z y ( [ a , b ] )

• R e p r e s e n t b r e e z e s l i k e p i t s ,a s u n a r y p r e d i c a t e s :B r e e z y ( x )

1 6
• Better: W u m p u s ’ s h o m e a s a f u n c t i o n :H o m e ( W u m p u s ) r e f e r e n c e s t h e w u m p u s ’ s h o m e s q u a r e .

• W u m p u s a s o b j e c t :W u m p u s• W u m p u s h o m e a s u n a r yp r e d i c a t e :W u m p u s I n ( x )
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• B a s i c s o f F O L r e a s o n i n g• C l a s s e s o f F O L r e a s o n i n g m e t h o d sF o r w a r d & B a c k w a r d C h a i n i n gR e s o l u t i o nC o m p i l a t i o n t o S A T

1 8

• U n i v e r s a l l y q u a n t i f i e d s e n t e n c e :
∀x : M o n k e y ( x ) ⇒ C u r i o u s ( x )• I n t u t i v e l y , x c a n b e a n y t h i n g :M o n k e y ( G e o r g e ) ⇒ C u r i o u s ( G e o r g e )M o n k e y ( 4 7 3 S t u d e n t 1 ) ⇒ C u r i o u s ( 4 7 3 S t u d e n t 1 )M o n k e y ( D a d O f ( G e o r g e ) ) ⇒ C u r i o u s ( D a d O f ( G e o r g e ) )• F o r m a l l y : ( e x a m p l e )

∀x S ∀x M o n k e y ( x ) à C u r i o u s ( x )S u b s t ( { x / p } , S ) M o n k e y ( G e o r g e ) à C u r i o u s ( G e o r g e )

B a s i c s : U n i v e r s a l I n s t a n t i a t i o n

x is replaced with George in S, 
and the quantifier removed

x is replaced with p in S, 
and the quantifier removed

x is replaced with George in S, 
and the quantifier removed
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• E x i s t e n t i a l l y q u a n t i f i e d s e n t e n c e :
∃x : M o n k e y ( x ) ∧ ¬ C u r i o u s ( x )• Intutively, x must name something.  But what?M o n k e y ( G e o r g e ) ∧ ¬ C u r i o u s ( G e o r g e ) ? ? ?N o ! S m i g h t n o t b e t r u e f o r G e o r g e !• U s e a S k o l e m C o n s t a n t :M o n k e y ( K ) ∧ ¬ C u r i o u s ( K )… w h e r e K i s a completely new s y m b o l ( s t a n d s f o r t h em o n k e y f o r w h i c h t h e s t a t e m e n t i s t r u e )• F o r m a l l y :
∃∃∃∃x  S
Subst({x/K}, S)

B a s i c s : E x i s t e n t i a l I n s t a n t i a t i o n

K is called a Skolem constant

2 0

B a s i c s : G e n e r a l i z e d S k o l e m i z a t i o n• W h a t i f o u r e x i s t e n t i a l v a r i a b l e i s n e s t e d ?
∀∀∀∀x ∃y : M o n k e y ( x ) ⇒ H a s T a i l ( x , y )
∀x : M o n k e y ( x ) ⇒ H a s T a i l ( x , K _ T a i l ) ? ? ?• E x i s t e n t i a l v a r i a b l e s c a n b e r e p l a c e d b y

Skolem functionsA r g s t o f u n c t i o n a r e a l l s u r r o u n d i n g
∀

v a r s
∀

x : M o n k e y ( x )
⇒ H a s T a i l ( x , f ( x ) )

“tail-of” function
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• R e a s o n i n g w i t h F O LU n i f i c a t i o nC h a i n i n gR e s o l u t i o n


