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O p t i m a l S t r a t e g y : M i n i m a x S e a r c h• F i n d t h e c o n t i n g e n t s t r a t e g y f o r M A X a s s u m i n ga n i n f a l l i b l e M I N o p p o n e n t• A s s u m p t i o n : B o t h p l a y e r s p l a y o p t i m a l l y !• G i v e n a g a m e t r e e , t h e o p t i m a l s t r a t e g y c a n b ed e t e r m i n e d b y u s i n g t h e m i n i m a x v a l u e o f e a c hn o d e :M I N I M A X D V A L U E ( n ) =U T I L I T Y ( n ) I f n i s a t e r m i n a lm a x s
∈

s u c c ( n ) M I N I M A X D V A L U E ( s ) I f n i s a M A X n o d em i n s
∈

s u c c ( n ) M I N I M A X D V A L U E ( s ) I f n i s a M I N n o d e
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Example (4 ply)
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1 1

Choose this 
move

1 2
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1 3

• C o m p l e t e ? Y e s ( i f t r e e i s f i n i t e )• O p t i m a l ? Y e s ( a g a i n s t a n o p t i m a l o p p o n e n t )• T i m e c o m p l e x i t y ? O ( b m )• S p a c e c o m p l e x i t y ? O ( b m ) ( d e p t h D f i r s t e x p l o r a t i o n )

1 4

§ C h e s s :
§

b r a n c h i n g f a c t o r b ≈ 3 5
§

g a m e l e n g t h m ≈ 1 0 0
§

s e a r c h s p a c e b m ≈ 3 5 1 0 0 ≈ 1 0 1 5 4
§ T h e U n i v e r s e :

§
n u m b e r o f a t o m s ≈ 1 0 7 8

§
a g e ≈ 1 0 2 1 m i l l i s e c o n d s
Can we search more efficiently?
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1 5

1 6Minimax algorithm explores depth-first
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No need to look at or
expand these nodes!!

1 8
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2 0
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Prune this tree!

2 2
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2 3

2 4
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2 5
No, because max(-29,-37) = -29 
and other children of min can only 
lower min’s value of -37 (because 

of the min operation) 

2 6x x

Another pruning opportunity!
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min
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2 9x x

x

min

a l p h a = t h e h i g h e s t ( b e s t ) v a l u e f o r M A X a l o n g p a t hb e t a = t h e l o w e s t ( b e s t ) v a l u e f o r M I N a l o n g p a t h
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3 1

α•  α
i s t h e v a l u e o f t h e b e s t( i . e . , h i g h e s t D v a l u e ) c h o i c ef o u n d s o f a r a t a n y c h o i c ep o i n t a l o n g t h e p a t h f o rm a x• I f v i s w o r s e t h a n

α , m a xw i l l a v o i d i t
à p r u n e t h a t b r a n c h• D e f i n e β s i m i l a r l y f o r m i n

3 2PruningNew

(minimax with four lines of added code)



1 7

3 3
α

= 3v = 2Pruning

max

min

3 4

• P r u n i n g d o e s n o t a f f e c t f i n a l r e s u l t• G o o d m o v e o r d e r i n g i m p r o v e s e f f e c t i v e n e s s o f p r u n i n g• W i t h " p e r f e c t o r d e r i n g , " t i m e c o m p l e x i t y = O ( b m / 2 )
à a l l o w s u s t o s e a r c h d e e p e r – d o u b l e s d e p t h o f s e a r c h• A s i m p l e e x a m p l e o f t h e v a l u e o f r e a s o n i n g a b o u tw h i c h c o m p u t a t i o n s a r e r e l e v a n t ( a f o r m o fm e t a r e a s o n i n g )
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3 5

§ C h e s s :
§

b r a n c h i n g f a c t o r b ≈ 3 5
§

g a m e l e n g t h m ≈ 1 0 0
§ α � β s e a r c h s p a c e b m / 2 ≈ 3 5 5 0 ≈ 1 0 7 7

§ T h e U n i v e r s e :
§

n u m b e r o f a t o m s ≈ 1 0 7 8
§

a g e ≈ 1 0 2 1 m i l l i s e c o n d s

3 6

• S t r a t e g i e s :s e a r c h t o a f i x e d d e p t h ( c u t o f f s e a r c h )i t e r a t i v e d e e p e n i n g ( m o s t c o m m o n )s t o p o n l y a t ‘ q u i e s c e n t ’ n o d e s• U n l i k e l y t o c h a n g e w i l d l y i n v a l u e i n n e a rf u t u r e



1 9

3 7

3 8

§
W h e n s e a r c h s p a c e i s t o o l a r g e , c r e a t e g a m e t r e e u pt o a c e r t a i n d e p t h o n l y .

§
A r t i s t o e s t i m a t e u t i l i t i e s o f p o s i t i o n s t h a t a r e n o tt e r m i n a l s t a t e s .

§
E x a m p l e o f s i m p l e e v a l u a t i o n c r i t e r i a i n c h e s s :
§

M a t e r i a l w o r t h : p a w n = 1 , k n i g h t = 3 , r o o k = 5 , q u e e n = 9 .
§ O t h e r : k i n g s a f e t y , g o o d p a w n s t r u c t u r e
§ R u l e o f t h u m b : 3 � p o i n t a d v a n t a g e = c e r t a i n v i c t o r y

eval(s) =
w1 * material(s) +
w2 * mobility(s) +
w3 * king safety(s) +
w4 * center control(s) + ...



2 0

3 9

§
D o e s i t w o r k i n p r a c t i c e ?I f b m = 1 0 6 a n d b = 3 5

⇒ m = 4
§

4 � p l y l o o k a h e a d i s a h o p e l e s s c h e s s p l a y e r !
§ 4 � p l y

≈
h u m a n n o v i c e

§ 8 � p l y
≈

t y p i c a l P C , h u m a n m a s t e r
§

1 2 � p l y
≈  

D e e p B l u e , K a s p a r o v

4 0

• G a m e t r e e s c o n t a i n r e p e a t e d s t a t e s• I n c h e s s , e . g . , t h e g a m e t r e e m a y h a v e 3 5 1 0 0n o d e s , b u t t h e r e a r e o n l y 1 0 4 0 d i f f e r e n t b o a r dp o s i t i o n s• S i m i l a r t o c l o s e d l i s t i n g r a p h � s e a r c h , m a i n t a i na t r a n s p o s i t i o n t a b l e
Ø

G o t i t s n a m e f r o m t h e f a c t t h a t t h e s a m es t a t e i s r e a c h e d b y a t r a n s p o s i t i o n o f m o v e s .



2 1

4 1White has just rolled 6-5 and has 4 legal moves.

4 2

G a m e T r e e f o r G a m e s w i t h a nE l e m e n t o f C h a n c e
§

I n a d d i t i o n t o M I N D a n d M A X n o d e s , w e n e e dc h a n c e n o d e s ( e . g . , f o r r o l l i n g d i c e ) .

§ S e a r c h c o s t s i n c r e a s e : I n s t e a d o f O ( b d ) , w e g e tO ( ( b n ) d ) , w h e r e n i s t h e n u m b e r o f c h a n c e o u t c o m e s .
Expectiminimax
Algorithm:
For chance nodes,
compute expected
value over 
successors



2 2

4 3

• E . g . c a r d g a m e s , w h e r e o p p o n e n t s ’ i n i t i a lc a r d s a r e u n k n o w n• I d e a : F o r a l l d e a l s c o n s i s t e n t w i t h w h a t y o uc a n s e e
§

c o m p u t e t h e m i n i m a x v a l u e o f a v a i l a b l e a c t i o n sf o r e a c h o f p o s s i b l e d e a l s
§

c o m p u t e t h e e x p e c t e d v a l u e o v e r a l l d e a l s

4 4

§ C h e c k e r s : C h i n o o k e n d e d 4 0 y e a r r e i g n o f h u m a n w o r l dc h a m p i o n M a r i o n T i n s l e y i n 1 9 9 4 ; u s e d a n e n d g a m ed a t a b a s e d e f i n i n g p e r f e c t p l a y f o r a l l p o s i t i o n s i n v o l v i n g 8o r f e w e r p i e c e s o n t h e b o a r d , a t o t a l o f 4 4 3 , 7 4 8 , 4 0 1 , 2 4 7p o s i t i o n s ( ! )
§ C h e s s : D e e p B l u e d e f e a t e d h u m a n w o r l d c h a m p i o n G a r yK a s p a r o v i n a 6 g a m e m a t c h i n 1 9 9 7 . D e e p B l u e s e a r c h e s2 0 0 m i l l i o n p o s i t i o n s p e r s e c o n d , u s e s v e r y s o p h i s t i c a t e de v a l u a t i o n f u n c t i o n s , a n d u n d i s c l o s e d m e t h o d s f o r e x t e n d i n gs o m e l i n e s o f s e a r c h u p t o 4 0 p l y
§

O t h e l l o : h u m a n c h a m p i o n s r e f u s e t o p l a y a g a i n s tc o m p u t e r s b e c a u s e s o f t w a r e i s t o o g o o d
§

G o : h u m a n c h a m p i o n s r e f u s e t o p l a y a g a i n s tc o m p u t e r s b e c a u s e s o f t w a r e i s t o o b a d



2 3

4 5

• B a s i c i d e a : m i n i m a x � � t o o s l o w f o r m o s t g a m e s• A l p h a � B e t a p r u n i n g c a n i n c r e a s e m a x d e p t h b yf a c t o r u p t o 2• L i m i t e d d e p t h s e a r c h m a y b e n e c e s s a r y• S t a t i c e v a l u a t i o n f u n c t i o n s n e c e s s a r y f o r l i m i t e dd e p t h s e a r c h a n d h e l p a l p h a � b e t a• O p e n i n g g a m e a n d E n d g a m e d a t a b a s e s c a n h e l p• C o m p u t e r s c a n b e a t h u m a n s i n s o m e g a m e s( c h e c k e r s , c h e s s , o t h e l l o ) b u t n o t i n o t h e r s ( G o )


