
G
a
m
e

p
l
a
y
in

g

C
h
a
p
t
e
r

6

C
h
a
p
te

r
6

1

O
u
tlin

e

♦
G

am
es

♦
P
erfect

play
–

m
inim

ax
decisions

–
α

–β
pruning

♦
R
esource

lim
its

and
approxim

ate
evaluation

♦
G

am
es

of
chance

♦
G

am
es

of
im

p
erfect

inform
ation

C
h
a
p
te

r
6

2

G
a
m

e
s

v
s.

se
a
rch

p
ro

b
le

m
s

“U
npredictable”

opp
onent

⇒
solution

is
a

strategy
sp

ecifying
a

m
ove

for
every

p
ossible

opp
onent

reply

T
im

e
lim

its
⇒

unlikely
to

fi
nd

goal,
m

ust
approxim

ate

P
lan

of
attack:

•
C
om

puter
considers

p
ossible

lines
of

play
(B

abbage,
1846)

•
A

lgorithm
for

p
erfect

play
(Z

erm
elo,

1912;
V
on

N
eum

ann,
1944)

•
F
inite

horizon,
approxim

ate
evaluation

(Z
use,

1945;
W

iener,
1948;

S
hannon,

1950)

•
F
irst

chess
program

(T
uring,

1951)

•
M

achine
learning

to
im

prove
evaluation

accuracy
(S

am
uel,

1952–57)

•
P
runing

to
allow

deep
er

search
(M

cC
arthy,

1956)

C
h
a
p
te

r
6

3

T
y
p
e
s

o
f
g
a
m

e
s

d
eterm

in
istic

ch
an

ce

p
erfect in

fo
rm

atio
n

im
p

erfect in
fo

rm
atio

n

ch
ess, ch

eckers,
g

o
, o

th
ello

b
ackg

am
m

o
n

m
o

n
o

p
o

ly

b
rid

g
e, p

o
ker, scrab

b
le

n
u

clear w
ar

b
attlesh

ip
s,

b
lin

d
 tictacto

e

C
h
a
p
te

r
6

4

G
a
m

e
tre

e
(2

-p
la

y
e
r,

d
e
te

rm
in

istic
,
tu

rn
s)

X
X

X
X

X
X

X

X
X

M
A

X
 (X

)

M
IN

 (O
)

X
X

O

O
O

X
OO

O
O

O
O

O

M
A

X
 (X

)

X
O

X
O

X
O

X
X

X

X
X

X
X

M
IN

 (O
)

X
O

X
X

O
X

X
O

X

. . .
. . .

. . .
. . .

. . .

. . .

. . .

T
E

R
M

IN
A

L
X

X

−1
 0

+1
U

tility

C
h
a
p
te

r
6

5

M
in

im
a
x

P
erfect

play
for

determ
inistic,

p
erfect-inform

ation
gam

es

Idea:
choose

m
ove

to
p
osition

w
ith

highest
m

inim
ax

value
=

b
est

achievable
payoff

against
b
est

play

E
.g.,

2-ply
gam

e:

M
A

X

3
12

8
6

4
2

14
5

2

M
IN

3

A
1

A
3

A
2

A
13

A
12

A
11

A
21

A
23

A
22

A
33

A
32

A
31

3
2

2

C
h
a
p
te

r
6

6



M
in

im
a
x

a
lg

o
rith

m

fu
n
c
tio

n
M

in
im

a
x
-
D

e
c
is

io
n
(sta

te)
r
e
tu

r
n
s

a
n

a
c
tio

n

in
p
u
ts:

sta
te,

current
state

in
gam

e

r
e
tu

r
n

the
a

in
A

c
t
io

n
s(sta

te)
m

axim
izing

M
in

-
V
a
l
u
e
(R

e
s
u
l
t
(a

,sta
te))

fu
n
c
tio

n
M

a
x
-
V
a
l
u
e
(sta

te)
r
e
tu

r
n
s

a
u
tility

v
a
lu

e

if
T

e
r
m
in

a
l
-
T

e
s
t
(sta

te)
th

e
n

r
e
tu

r
n

U
t
il

it
y
(sta

te)

v
←
−
∞

fo
r

a
,
s

in
S
u
c
c
e
s
s
o
r
s(sta

te)
d
o

v
←

M
a
x
(v,

M
in

-
V
a
l
u
e
(s))

r
e
tu

r
n

v

fu
n
c
tio

n
M

in
-
V
a
l
u
e
(sta

te)
r
e
tu

r
n
s

a
u
tility

v
a
lu

e

if
T

e
r
m
in

a
l
-
T

e
s
t
(sta

te)
th

e
n

r
e
tu

r
n

U
t
il

it
y
(sta

te)

v
←
∞

fo
r

a
,
s

in
S
u
c
c
e
s
s
o
r
s(sta

te)
d
o

v
←

M
in

(v,
M

a
x
-
V
a
l
u
e
(s))

r
e
tu

r
n

v

C
h
a
p
te

r
6

7

P
ro

p
e
rtie

s
o
f
m

in
im

a
x

C
om

plete??

C
h
a
p
te

r
6

8

P
ro

p
e
rtie

s
o
f
m

in
im

a
x

C
om

plete??
O

nly
if

tree
is

fi
nite

(chess
has

sp
ecifi

c
rules

for
this).

N
B

a
fi
nite

strategy
can

exist
even

in
an

infi
nite

tree!

O
ptim

al??

C
h
a
p
te

r
6

9

P
ro

p
e
rtie

s
o
f
m

in
im

a
x

C
om

plete??
Y
es,

if
tree

is
fi
nite

(chess
has

sp
ecifi

c
rules

for
this)

O
ptim

al??
Y
es,

against
an

optim
al

opp
onent.

O
therw

ise??

T
im

e
com

plexity??

C
h
a
p
te

r
6

1
0

P
ro

p
e
rtie

s
o
f
m

in
im

a
x

C
om

plete??
Y
es,

if
tree

is
fi
nite

(chess
has

sp
ecifi

c
rules

for
this)

O
ptim

al??
Y
es,

against
an

optim
al

opp
onent.

O
therw

ise??

T
im

e
com

plexity??
O

(b
m

)

S
pace

com
plexity??

C
h
a
p
te

r
6

1
1

P
ro

p
e
rtie

s
o
f
m

in
im

a
x

C
om

plete??
Y
es,

if
tree

is
fi
nite

(chess
has

sp
ecifi

c
rules

for
this)

O
ptim

al??
Y
es,

against
an

optim
al

opp
onent.

O
therw

ise??

T
im

e
com

plexity??
O

(b
m

)

S
pace

com
plexity??

O
(bm

)
(depth-fi

rst
exploration)

F
or

chess,
b
≈

35,
m
≈

100
for

“reasonable”
gam

es
⇒

exact
solution

com
pletely

infeasible

B
ut

do
w
e

need
to

explore
every

path?

C
h
a
p
te

r
6

1
2



α
–

β
p
ru

n
in

g
e
x
a
m

p
le

M
A

X

3
12

8

M
IN

3

3

C
h
a
p
te

r
6

1
3

α
–

β
p
ru

n
in

g
e
x
a
m

p
le

M
A

X

3
12

8

M
IN

3

2

2

X
X

3

C
h
a
p
te

r
6

1
4

α
–

β
p
ru

n
in

g
e
x
a
m

p
le

M
A

X

3
12

8

M
IN

3

2

2

X
X

14

14

3

C
h
a
p
te

r
6

1
5

α
–

β
p
ru

n
in

g
e
x
a
m

p
le

M
A

X

3
12

8

M
IN

3

2

2

X
X

14

14

5

5

3

C
h
a
p
te

r
6

1
6

α
–

β
p
ru

n
in

g
e
x
a
m

p
le

M
A

X

3
12

8

M
IN

3

3

2

2

X
X

14

14

5

52

2

3

C
h
a
p
te

r
6

1
7

W
h
y

is
it

c
a
lle

d
α
–

β
?

.... .. M
A

X

M
IN

M
A

X

M
IN

V

α
is

the
b
est

value
(to

m
a
x
)

found
so

far
off

the
current

path

If
V

is
w
orse

than
α

,
m
a
x

w
ill

avoid
it
⇒

prune
that

branch

D
efi

ne
β

sim
ilarly

for
m
in

C
h
a
p
te

r
6

1
8



T
h
e

α
–

β
a
lg

o
rith

m

fu
n
c
tio

n
A

l
p
h
a
-
B

e
t
a
-
D

e
c
is

io
n
(sta

te)
r
e
tu

r
n
s

an
action

r
e
tu

r
n

the
a

in
A

c
t
io

n
s(sta

te)
m

axim
izing

M
in

-
V
a
l
u
e
(R

e
s
u
l
t
(a

,sta
te))

fu
n
c
tio

n
M

a
x
-
V
a
l
u
e
(sta

te,α
,β

)
r
e
tu

r
n
s

a
u
tility

v
a
lu

e

in
p
u
ts:

sta
te,

current
state

in
gam

e

α
,
the

value
of

the
b
est

alternative
for

m
a
x

along
the

path
to

sta
te

β
,
the

value
of

the
b
est

alternative
for

m
in

along
the

path
to

sta
te

if
T

e
r
m
in

a
l
-
T

e
s
t
(sta

te)
th

e
n

r
e
tu

r
n

U
t
il

it
y
(sta

te)

v
←
−
∞

fo
r

a
,
s

in
S
u
c
c
e
s
s
o
r
s(sta

te)
d
o

v
←

M
a
x
(v,

M
in

-
V
a
l
u
e
(s,α

,β
))

if
v
≥

β
th

e
n

r
e
tu

r
n

v

α
←

M
a
x
(α

,
v)

r
e
tu

r
n

v

fu
n
c
tio

n
M

in
-
V
a
l
u
e
(sta

te,α
,β

)
r
e
tu

r
n
s

a
u
tility

v
a
lu

e

sam
e

as
M

a
x
-
V
a
l
u
e

but
w

ith
roles

of
α

,β
reversed

C
h
a
p
te

r
6

1
9

P
ro

p
e
rtie

s
o
f

α
–

β

P
runing

d
o
e
s

n
o
t

aff
ect

fi
nal

result

G
ood

m
ove

ordering
im

proves
eff

ectiveness
of

pruning

W
ith

“p
erfect

ordering,”
tim

e
com

plexity
=

O
(b

m
/
2)

⇒
d
o
u
b
le

s
solvable

depth

A
sim

ple
exam

ple
of

the
value

of
reasoning

ab
out

w
hich

com
putations

are
relevant

(a
form

of
m

etareasoning)

U
nfortunately,

35
5
0

is
still

im
p
ossible!

C
h
a
p
te

r
6

2
0

R
e
so

u
rc

e
lim

its

S
tandard

approach:

•
U

se
C

u
t
o
f
f
-
T

e
s
t

instead
of

T
e
r
m
in

a
l
-
T

e
s
t

e.g.,
depth

lim
it

(p
erhaps

add
quiescence

search)

•
U

se
E
v
a
l

instead
of

U
t
il

it
y

i.e.,
evaluation

function
that

estim
ates

desirability
of

p
osition

S
upp

ose
w
e

have
100

seconds,
explore

10
4

nodes/second
⇒

10
6

nodes
p
er

m
ove
≈

35
8/

2

⇒
α

–β
reaches

depth
8
⇒

pretty
good

chess
program

C
h
a
p
te

r
6

2
1

E
v
a
lu

a
tio

n
fu

n
c
tio

n
s

B
lack to

 m
o

ve 

W
h

ite slig
h

tly b
etter

W
h

ite to
 m

o
ve 

B
lack w

in
n

in
g

F
or

chess,
typically

linear
w
eighted

sum
of

features

E
v
a
l(s)

=
w

1 f
1 (s)

+
w

2 f
2 (s)

+
...+

w
n f

n (s)

e.g.,
w

1
=

9
w

ith
f

1 (s)
=

(num
b
er

of
w

hite
queens)

–
(num

b
er

of
black

queens),
etc.C

h
a
p
te

r
6

2
2

D
ig

re
ssio

n
:

E
x
a
c
t

v
a
lu

e
s

d
o
n
’t

m
a
tte

r

M
IN

M
A

X

2
1 1

4
2 2

20

11
400

20

20

B
ehaviour

is
preserved

under
any

m
o
n
o
to

n
ic

transform
ation

of
E
v
a
l

O
nly

the
order

m
atters:

payoff
in

determ
inistic

gam
es

acts
as

an
ordinal

utility
functionC

h
a
p
te

r
6

2
3

D
e
te

rm
in

istic
g
a
m

e
s

in
p
ra

c
tic

e

C
heckers:

C
hinook

ended
40-year-reign

of
hum

an
w
orld

cham
pion

M
arion

T
insley

in
1994.

U
sed

an
endgam

e
database

defi
ning

p
erfect

play
for

all
p
ositions

involving
8

or
few

er
pieces

on
the

b
oard,

a
totalof

443,748,401,247
p
ositions.

C
hess:

D
eep

B
lue

defeated
hum

an
w
orld

cham
pion

G
ary

K
asparov

in
a

six-
gam

e
m

atch
in

1997.
D

eep
B

lue
searches

200
m

illion
p
ositions

p
er

second,
uses

very
sophisticated

evaluation,
and

undisclosed
m

ethods
for

extending
som

e
lines

of
search

up
to

40
ply.

O
thello:

hum
an

cham
pions

refuse
to

com
p
ete

against
com

puters,
w

ho
are

too
good.

G
o:

hum
an

cham
pions

refuse
to

com
p
ete

against
com

puters,
w

ho
are

too
bad.

In
go,

b
>

300,
so

m
ost

program
s

use
pattern

know
ledge

bases
to

suggest
plausible

m
oves.

C
h
a
p
te

r
6

2
4



N
o
n
d
e
te

rm
in

istic
g
a
m

e
s:

b
a
ck

g
a
m

m
o
n

1
2

3
4

5
6

7
8

9
10

11
12

24
23

22
21

20
19

18
17

16
15

14
13

025

C
h
a
p
te

r
6

2
5

N
o
n
d
e
te

rm
in

istic
g
a
m

e
s

in
g
e
n
e
ra

l

In
nondeterm

inistic
gam

es,
chance

introduced
by

dice,
card-shuffl

ing

S
im

plifi
ed

exam
ple

w
ith

coin-fl
ipping:

M
IN

M
A

X

2

C
H

A
N

C
E

4
7

4
6

0
5

−2

2
4

0
−2

0.5
0.5

0.5
0.5

3
−1

C
h
a
p
te

r
6

2
6

A
lg

o
rith

m
fo

r
n
o
n
d
e
te

rm
in

istic
g
a
m

e
s

E
x
p
e
c
t
im

in
im

a
x

gives
p
erfect

play

Just
like

M
in

im
a
x
,
except

w
e

m
ust

also
handle

chance
nodes:

...
if

sta
te

is
a

M
a
x

node
th

e
n

r
e
tu

r
n

the
highest

E
x
p
e
c
t
iM

in
im

a
x
-
V
a
l
u
e

of
S
u
c
c
e
s
s
o
r
s(sta

te)
if

sta
te

is
a

M
in

node
th

e
n

r
e
tu

r
n

the
low

est
E
x
p
e
c
t
iM

in
im

a
x
-
V
a
l
u
e

of
S
u
c
c
e
s
s
o
r
s(sta

te)
if

sta
te

is
a

chance
node

th
e
n

r
e
tu

r
n

average
of

E
x
p
e
c
t
iM

in
im

a
x
-
V
a
l
u
e

of
S
u
c
c
e
s
s
o
r
s(sta

te)
...

C
h
a
p
te

r
6

2
7

N
o
n
d
e
te

rm
in

istic
g
a
m

e
s

in
p
ra

c
tic

e

D
ice

rolls
increase

b:
21

p
ossible

rolls
w

ith
2

dice
B

ackgam
m

on
≈

20
legal

m
oves

(can
b
e

6,000
w

ith
1-1

roll)

d
ep

th
4

=
20
×

(21
×

20)
3
≈

1.2
×

10
9

A
s

depth
increases,

probability
of

reaching
a

given
node

shrinks
⇒

value
of

lookahead
is

dim
inished

α
–β

pruning
is

m
uch

less
eff

ective

T
D

G
a
m
m
o
n

uses
depth-2

search
+

very
good

E
v
a
l

≈
w
orld-cham

pion
level

C
h
a
p
te

r
6

2
8

D
ig

re
ssio

n
:

E
x
a
c
t

v
a
lu

e
s

D
O

m
a
tte

r

D
IC

E

M
IN

M
A

X

2
2

3
3

1
1

4
4

2
3

1
4

.9
.1

.9
.1

2.1
1.3

20
20

30
30

1
1

400
400

20
30

1
400

.9
.1

.9
.1

21
40.9

B
ehaviour

is
preserved

only
by

p
ositive

linear
transform

ation
of

E
v
a
l

H
ence

E
v
a
l

should
b
e

prop
ortional

to
the

exp
ected

payoff

C
h
a
p
te

r
6

2
9

G
a
m

e
s

o
f
im

p
e
rfe

c
t

in
fo

rm
a
tio

n

E
.g.,

card
gam

es,
w

here
opp

onent’s
initial

cards
are

unknow
n

T
ypically

w
e

can
calculate

a
probability

for
each

p
ossible

deal

S
eem

s
just

like
having

one
big

dice
roll

at
the

b
eginning

of
the

gam
e
∗

Idea:
com

pute
the

m
inim

ax
value

of
each

action
in

each
deal,

then
choose

the
action

w
ith

highest
exp

ected
value

over
all

deals
∗

S
p
ecial

case:
if

an
action

is
optim

al
for

all
deals,

it’s
optim

al. ∗

G
IB

,
current

b
est

bridge
program

,
approxim

ates
this

idea
by

1)
generating

100
deals

consistent
w

ith
bidding

inform
ation

2)
picking

the
action

that
w

ins
m

ost
tricks

on
average

C
h
a
p
te

r
6

3
0



E
x
a
m

p
le

F
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Intuition

that
the

value
of

an
action

is
the

average
of

its
values

in
all

actual
states

is
W

R
O

N
G

W
ith

partial
observability,

value
of

an
action

dep
ends

on
the

inform
ation

state
or

b
elief

state
the

agent
is

in
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an

generate
and

search
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tree
of

inform
ation

states

L
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rational

b
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cting
to

obtain
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cting

random
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S
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fun
to

w
ork

on!
(and

dangerous)
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several
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p
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♦
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♦
good
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think
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hat
to

think
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♦
uncertainty

constrains
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assignm
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values

to
states

♦
optim

al
decisions

dep
end

on
inform

ation
state,

not
real

state
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are

to
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grand
prix

racing
is

to
autom

obile
design
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