Lecture 4
Applications of Harmonic Analysis

February 4, 2005
Lecturer: Nati Linial
Notes: Matthew Cary

4.1 Useful Facts

Most of our applications of harmonic analysis to computer science will involve only Parseval’s identity.

Theorem 4.1 (Parseval’s Identity).

I£ll2 = 11 £1l2
Corollary 4.2. )
(fr9)=(f.9)

Proof. Note that(f + g,f + g) = |If +gll2 = [f+gl2 = |f + dll. Now as(f +g,f + g) =
1£13 + 1lg1I3 + 2(f, ), and similarly|| f + g[|3 = [|/]13 + 4ll3 + 2(f, ), applying Parseval t||> and
llglle and equating finishes the proof. O

The other basic identity is the following.

Lemma 4.3.

—

frg=1f-g

Proof. We will show this for the unit circl€l, but one should note that it is true more generally. Recall that
by definitionh = f x ¢ means that

h(t) = o /T £(5)g(t — s)ds.

Now to calculatef g we manipulatéh.

h(r) = 1/Th(x)e_imd:p

27
1 —ire
=52 //T2 f(s)g(x —s)e” " dsdx
1 , ,
- = o —irs ,—ir(x—s)
o //11‘2 f(s)g(z —s)e”""%e dx ds
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usinge"* = ¢~irse~7i(*=5) gnd interchanging the order of integration. Then by taking = — s we have

= 4i7r2 //T2 f(s)g(u)e e~ du ds
_ 4%2 / F(s)e 5 ds /T g(u)e " du
e fr070) 3 )
f-3

4.2 Hurwitz’'s Proof of the Isoperimetric Inequality

Recall from last lecture that the isoperimetric problem is to show that a circle encloses the largest area for
all curves of a fixed length. Formally, i is the length of a curve and the area enclosed, then we want

to show thatL.? — 47 A > 0 with equality if and only if the curve is a circle. We will prove the following
stronger theorem.

Theorem 4.4.Let(x,y) : T — R? be an anticlockwise arc length parametrization of a non self-intersecting
curvel of lengthL enclosing an area. If 2,y € C*, then

—drA = 2723 Ini(n) — ig(n)? + Ing(n) + ia () + (2 = 1) (| ()2 + |§(n) ?) )
n#0
In particular, L? > 47 A with equality if and only if" is a circle.
We will not define “arc length parameterization” formally, only remark that intuitively it means that
if one views the parameterization as describing the motion of a particle in the plane, then an arc length

parameterization is one so that the speed of the particle is constant. In our context, where we view time as
the unit circleT of circumferenc@r, we have thati)? 4 (37)? is a constant so that the total distance covered

is (£)°.

Proof. First we use our identity about the parameterization to relate the length to the transform of the
parameterization.

<2L7T>2 - ;ﬂ/T ((@)* + (9(5)°) ds

= Hi’H% + 19113 by Parseval's
= Z lin&(n)|* + |ing(n)|? by Fourier differentiation identities
—Z —n?(j&(n)* + [§(n)[?) 4.1)
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Figure 4.1: Computing the area enclosed by a curve

Now we compute the area. As the curve is anticlockwise,

dx
A=— —d
[ vsas

where the negative sign comes from the fact that the curve is anticlockwise. See[Figure 4.1. This area
integral looks like an inner product, so we write

A :

27 = _<y7x> = _<Q7ZC>

T

By symmetry, considering the area integral from the other direction, we also have that
A L2
% - <[E, y>7

note there is no negative sign in this expression. Hence by adding we have that
A ~A < A <
? - <I,y> - <y,x>
= in(&(n)"5(n) — #(n)j(n)"), (4.2)

using the Fourier differentiation identities and using the notadiofor the complex conjugate af. Now
subtract[(4.]1) and (4.2) to prove the theorem.

To see why the right hand side is zero if and only'ifs a circle, consider when the right hand side
vanishes. As it is a sum of many squargsndy must vanish for alh £ 0 or =1. Looking carefully at
what those terms mean shows that they vanish if and onlysfa circle. O

4.3 Harmonic Analysis on the Cube for Coding Theory

The theory of error correcting codes is broad and has numerous practical applications. We will look at the
asymptotic theory of block coding, which like many problems in coding theory is well-known, has a long
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history and is still not well understood. The Boolean or Hamming dwhé}™ is the set of all-bit strings
over{0, 1}. The usual distance of0, 1}" is theHamming distancé (x, y), defined over:,y € {0,1}"
by the number of positions wheseandy are not equaldy (z,y) = |{i : x; # y;}|. A codeC is a subset of
{0, 1}"™. Theminimum distancef C is the minimum distance between any two elements: of

dist(C) = min{dg(z,y) : x,y € C}.
The asymptotic question is to estimate the size of the largest code for any given minimum distance,
A(d,n) = max{|C|,C C {0,1}",dist(C) > d},

asn — oo. The problem is easier if we restrict the parameter space by fikingoe a constant fraction of
the bit-lengthn, that is, considerd (én,n). Simple constructions show fay2 > § > 0 that A(dn,n) is
exponential inn, so the interesting quantity will be the bit-rate of the code. Accordingly, we definatbe
of a code a% log |C|, and then define the asymptotic rate limit as

R(6) = limsup {1 log|C|: C C {0,1}",dist(C) > 5n} )
n—oo n

It is a sign of our poor knowledge of the area that we do not even know if in the above we can replace the
lim sup by lim, i.e., if the limit exists. If|C| = 2*, we may think of the code as mappikgpit strings into

n-bit strings which are then communicated over a channel. The rate is then the/ratiand measures the
efficiency with which we utilize the channel.

A code islinear if C is a linear subspace ¢f), 1}", viewed as a vector space ov@iF'(2). In a linear
code, if the minimum distance is realized by two codewordendy, thenz — y is a codeword whose
(Hamming) length equals the minimum distance. Hence for linear codes we have that

dist(C) = min{|w| : w € C\ {0}}.

Here we use - | to indicate theHamming weighof a codeword, the number of nonzero positions. Note that
this is equal to several other, common normsGFi(2).

A useful entity is theorthogonal codeo a given code. I a linear code, we define
Ct={y:vVzecC, (z,y) =0},

where we compute the inner prodyet:) over GF(2), thatis,(z,y) = > ; z;y; (mod 2).

4.3.1 Distance Distributions and the MacWilliams Identities

Ouir first concrete study of codes will be into ttlistance distributionwhich are the probabilities
Pr[|z — y| = k : =,y chosen randomly frorq]

for 0 < k < n. If C is linear, our discussion above shows that the question of distance distribution is
identical to the weight distribution of a code, the probabilities that a randomly selected codeword has a
specified weight.

The MacWilliams Identities are important identities about this distribution that are easily derived using
Parseval’s Identity. Lef = 1., the indicator function for the code. We first need the following lemma.
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Lemma 4.5.

Proof.
fl) = 5 3 F)xw)

= 5 Y F) (=)
1

S _1){uw0)
= (1)
veC

If w € CL, then(u,v) = 0 forall v € C, so thatf(u) = |C|/2". Suppose otherwise, so that
Se(=1)®¥) = |Co| — |C1|, whereCy are the codewords & that are perpendicular tg, andC; = C \ C;.
Asu ¢ C*, Cy is nonempty. Pick an arbitrary in C;. Then, anyy € C; \ {w} corresponds to a unique
x € Cy, Nnamelyw + y. Similarly, anyx € Cy \ {0} corresponds ta + = € C; \ w. Asw € C; corresponds
to 0 € Co, we have thalCy| = |C1|. Henced . (—1){+¥) = 0, so that

;o [ ifuect
Jlu) = { 0  otherwise
which proves the lemma. O

We now define theveight enumeratoof a code to be

Pe(w,y) =Y al*ly"=lvl
weCl

The MacWilliams Identity connects the weight enumeratorg ahdC+ for linear codes.

Theorem 4.6 (The MacWilliams Identity).
Pe(z,y) = |C|Per(y — 2,y + )

Proof. Harmonic analysis provides a nice proof of the identity by viewing it as an inner product. Define
f =1c andg(w) = z*ly"~I*l. Then, using Parseval’s,

Pe(w,y) = 2"(f, g) = 2"(f. 9)-

f has already been computed in Le 4.5, so we turn our attention to
1
p —_ — <u71}>
() = 57 > 0@)(-1)

1 v, NnN—|v u,v
:%Zwl lyn=lvl(—1)(w)
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Let w havek ones andh — k zeros. For a given, let s be the number of ones ofthat coincide with those
of u, and lett be the number ones ofcoinciding with the zeros of. Then we rewrite the sum as

_ 1 k n—k s+t, n—s—t s
=52 () (e
s,t,k

[Ag)

206G 206
() ()

1 .
= oy —2) (y+a2)""
1

= gy = o)y + )"

Now, as(f, g) = <f‘, g) = 27" Pc(z,y), we plug in our expressions fgrandg to get

2" Pelay) = S0 3 oy~ )y + )
weCt
C
= L,,JPCL(y_x>y+x)v
which implies

Pe = |C|Per(y —z,y + ).

4.3.2 Upper and Lower Bounds on the Rate of Codes

We now turn our attention to upper and lower bounds for codes. We remind any complexity theorists reading
these notes that the senses of “upper bound” and “lower bound” are reversed from their usage in complexity
theory. Namely, a lower bound dR(¢) shows that good codes exist, and an upper bound shows that superb
codes don't.

In the remainder of this lecture we show several simple upper and lower bounds, an then set the stage
for the essentially strongest known upper bound on the rate of codes, the MacEleiece, Rumsey, Rodemich
and Welsh (MRRW) upper bound. This is also referred to as the JPL bound, after the lab the authors worked
in, or the linear programming (LP) bound, after its proof method.

Our first bound is a lower bound. Recall the binary entropy function
H(z) = —zlogz — (1 — z)log(1 — z).
Theorem 4.7 (Gilbert-Varshamov Bound).
R(8) > 1 - H(5),

and there exists a linear code satisfying the bound.
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Proof. We will sequentially pick codewords where each new point avoidsrapheres around previously
selected points. The resulting co@evill satisfy

n 2n

> - .
IC| = vol(sphere of radiugn) — y-0r (")

Now, note thatog (%) /n — H(a) asn — oo, so thae"/ 32" () ~ 2n(1=H(9), and take logs to prove
the first part of the theorem.

We now show that there’s a linear code satisfying this rate bound. This proof is different than the one
given in class, as | couldn’t get that to work out. The presentation is taken from Trevison’s survey of coding
theory for computational complexity. We can describe a lifnedimensional cod€4 by ak x n 0-1
matrix A by C4 = {Az : x € {0,1}*}. We'll show that ifk/n < 1 — H(S), with positive probability
dist(C4) > on. As the code is linear, it suffices to show that the weight of all nonzero codewords is at least
én. As for a givenz € {0, 1}*, Az is uniformly distributed ovef0, 1}", we have

on—1
_o9-n n —nonH(6)+o(n)
<
Pr[|Az| < on] =2 ZEO <z> <272 ,

using our approximation to the binomial sum. Now we take a union bound o2 alioices forz to get
Pr[3z # 0: Az < d] < 2F .27 . gnH(0)Fo(n) — ghtn(H(@)=1)+o(1) 9
by our choice ofc < n(1 — H(9)). O
We now turn to upper bounds d®(o).
Theorem 4.8 (Sphere-Packing Bound).
R(6) <1—H(6/2)

Proof. The theorem follows from noting that balls of raditis/2 around codewords must be disjoint, and
applying the approximations used above for the volume of spheres in the cube. O

We note in Figuré 4]2 that the sphere-packing bound is far from the GV bound. In particular, that GV
bound reaches zero &t= 1/2, while the sphere-packing bound is positive unti: 1. However, we have
the following simple claim.

Claim4.1. R(6) =0foré > 1/2.

Proof. We will show the stronger statement that|d is substantial then not only is it impossible for
di(z,y) > onforall z,y € C, but even the average of all y € C will be at mostn/2. This average

distance is )
W Z d(z,y),
2 ) CxC

29



- phere-Packing Bound
L

GV bound . NG

g Elias Bound .

0.5 1
0

Figure 4.2: The GV bound contrasted with the Sphere-Packing Bound

and we will expand the distane®z, y) = |{i : z; # y;}|. Reversing the order of summation,

. 1
Average distance- @ Z > Loy,
2 LY

1
= gy 2ol =2

2 %

wherez; is the number of zeros in th& position of all the codewords @f.

So unlesg is very small, the average distance is essentialBy. O

Our next upper bound improves on the sphere packing bounds, at least actitévjng 0 for § > 1/2.
It still leaves a substantial gap with the GV bound.

Theorem 4.9 (Elias Bound).

RO)<1—H (1_‘/21_*25>

Proof. The proof begins by considering the calculation of average distance from the previous theorem. It
follows from Jensen'’s inequality that if the average weight of the vectafsi$mn, then the maximum of
> zi(|C|] — z) is obtained if for alli, z; = (1 — a)C for somea. We sketch the argument for those not
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familiar with Jensen’s inequality. The inequality states thdtig convex, then forq, . . . , z,, % S f(zi) <
f(O_ x;/n), with equality if and only ifx; = --- = =z,. For our case, the functiofi(z) = z(|C| — z) is
easily verified convex and so its maximum over a set; & achieved when the are all equal. This makes
the average distance ¢that mosa(1 — a)n.

With this calculation in mind, chose a spherical sh#lin {0, 1}" centered at some, with radiusr

such that
S|

27.
Such a shell exists as the right hand side of the inequality is the expected intersection size if the sphere is
chosen randomly. Set= pn so that|S| ~ 2"#(), which means

o
2n(1fH(p))

[sncl=|cl-

isnel >

Now apply the argument above an + C N S. It follows from our discussion that we actually have a
p fraction of ones in each row, so & > 2p(1 — p), the|S N C| is subexponential, but this is equal to

\0\2’"(1’H(”>), implying

1

Elog|C! <1— H(p).
Let us rewrite our condition > 2p(1 — p) as follows:

1—2p2\/1—25:>p:1_7 ”21_25.

This is the critical value op—whenp is below this the code is insubstantially small. O

Figureg 4.2 shows how the Elias bound improves the sphere-packing bound to something reasonable. The
gap between it and the GV bound is still large, however.

4.4 Aside: Erdods-Ko-Rado Theorem

The proof of the Elias bound that we just saw is based on the following clever idea: we investigate and
unknown object (the cod@) by itersecting it with random elements of a cleverly chosen set (the sphere).
This method of “a randomly chosen fish-net” is also the basis for the following beautiful proof, due to
Katona, of the Erds-Ko-Rado theorem.

Definition 4.1. An intersecting familys a familyF of k-setsinl . . . n (compactly,F C ([Z})), with 2k < n,
such that foranyl, B € 7, AN B # .

Informally, an intersecting family is a collection of sets which are pairwise intersecting. One way to
construct such a set is to pick a common point of intersection, and then choose all pgssiblg-sets to
fill out the sets. The Erdis-Ko-Rado Theorem says that this easy construction is the best possible.

Theorem 4.10 (Erdds-Ko-Rado). If F C ([z}) is an intersecting family witBk < n, then
n—1
< .
< (i)
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Proof (Katona). Given an intersecting familyF, arrangel . .. n in a random permutation along a circle,
and count the number of setise F such thatd appears as an arc in This will be our random fish-net.

There argn — 1)! cyclic permutations—that isy! permutations, divided by as rotations of the circle
are identical. There ark! ways for a giverk-set to be arranged, arjd — k)! ways of the other elements
not interfering with that arc, so that the set appears consecutively on the circle. Hence the probability that a

givenk-set appears as an arc is
Elln—Fk)! n

(n—1! (1)’

which by linearity of expectation implies

# arcs belongin n|F]|
E = .
to F ()

Now, as2k < n, at mostt member of an intersecting family can appear as arcs on the circle, otherwise two
of the arcs wouldn’t intersect. Hence

nlF| _

(b)

A<= (12))

k

implying

32



	Applications of Harmonic Analysis
	Useful Facts
	Hurwitz's Proof of the Isoperimetric Inequality
	Harmonic Analysis on the Cube for Coding Theory
	Distance Distributions and the MacWilliams Identities
	Upper and Lower Bounds on the Rate of Codes

	Aside: Erdoös-Ko-Rado Theorem


