CSE 544

Principles of Database
Management Systems

Fall 2016
Lecture 10 -- AGM Bound



Size of the Query’s Output

 Fully conjunctive query Q

« Known cardinalities of input relations |R|, |S], ...

« How large is the size of the output?
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Example

* Q(X,y,Z) - R(X,y),S(y,Z)
* [RI =Ny, [S|=N,

* How large is |Q|?
— Min =
— Max =
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Example

* Q(X,y,Z) - R(X,y),S(y,Z)
* [RI =Ny, [S|=N,

* How large is |Q|?
— Min=0
— Max =N, N,
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Example

° Q(X,y,Z) . R(X,y),S(y,Z)
* [RI =Ny, [S|=N,

* How large is |Q|?
— Min=0
— Max =N, N,

.+ Thus 0<|Q/<N;N,
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Example

* Q(X,y,2) = R(X,y),S(y,z), T(z,x)
* |RI =Ny, [S[ =Ny, |T|=Nj

* How large is |Q|?
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Example

* Q(xy,z) = R(x,y),S(y,2),T(z,X)
* [RI =Ny, [S|=Ny, [T[=N;
* How large is |Q|?

* |Q] = NyN;N;
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Example

* Q(xy,2) = R(x,y),S(y,2), T(z,x)

IRl = N4, |S] =Ny, [T|=Nj

How large is |Q]?

|Q| < N;N,N;
Q| < N4N, and |Q] < N4N; and |Q| < N,N;
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Example

Q(x,y,z) = R(x,y),S(y,z), T(z,x)
IRI'= Ny, [S[ =Ny, [T]=N3
How large is |Q|?

|Q| = N{N,N,

Q| < N4N, and |Q] < N4N; and |Q| < N,N;
But also |Q| < (N{N,N;)”

CSE 544 - Fall 2016



Definition

« Let Q be a full conjunctive query without self-joins.
The hypergraph associated to Q has:
— Nodes = variables of Q
— Hyperedges = atoms of Q

CSE 544 - Fall 2016

10



Examples

Q(x,y,2) = R(x,y),5(y,2), T(z.X)

Q(x,y,z) = R(X,y,2),5(x),T(y),K(z),M(x,u)
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Edge Cover

« G =(V,E) ahypergraph
V ={X4,..., Xp}, E={eq, ..., en}

 An edge cover = set of edges ¢4, ..., €
st.forallx eV, di x € g

/X\ KN
AT
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Edge Cover - Query Bound

« Fact. If R, Ry, ..., Ry is an edge cover,

then |Q] = |Ry4| [Ri] ... [Ril

* Proofin class
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Fractional Edge Cover

« G =(V,E) ahypergraph
V ={X4,..., Xp}, E={eq, ..., en}

« A fractional edge cover = real numbers wy, ..., w,, =0
st.foranyx e V: Y{w;|xese}21

« Every edge cover is also a fractional edge cover. (Why?)
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The AGM Bound

 Theorem [Atserias,Grohe,Marx]

(1) If wyq, ..., w, 2 0 is a fractional edge cover,
then |Q| = |R4|WT |R,["2 ... |IR,[WM

(2) For any numbers N1, ..., Nm, there exists
a database s.t. [R1| = N1, ..., |Rm| < Nm
and a fractional edge cover wy, ..., w,, 20

such that |Q| = |[R4|"! |R,|%? ... |R,|¥™

« We denote AGM(Q) = min,, |[R4|"" |R,["? ... |R|¥™
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Proof of Part (2)

« G =(V,E) ahypergraph
V ={X4,..., Xp}, E={eq, ..., en}
* N4, .., N, 20 are given numbers

« A generalized fractional vertex packing =
= real numbers vy, ..., v, 20
s.t.foranye € E: ) {vi|x € ¢}=n;=log N,

 Theorem (strong duality of LP programs)
minw=frac. edge cover W+ tWy Ny, =

= rnaXv=gen. frac. vertex packing V1+ ot Vi
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Proof of the Theorem on Special
Case

Q(x,y,z) = R(X,y), S(y,2), T(z,x) Hypergraph = variables + relations
(Generalized) fractional vertex packing: Fractional edge cover:
max(vg + Vg + V) min(wg log|R| + wg log|S| + wr log|T])
R: Vi vy < log|R| X: WR +wr 21
S: vy + Vs < log|S| y: WR + Wg > 1
T vy + v, <log|T| Z wg + w21
Th. For any feasible vg,vg,Vt Th. For any feasible wg, wg, W+
log|Q| = objective < log|Q| < objective
IQl > nYX x nW x nvZ IQl < |R|WR X ISIWS X |T|wT

Proof “Free” instance
R(x,y) = [n¥] X [nY]

S(y,z) = [n"] X [n¥]
T(z,x) = [N X [n¥] CSE 544 - Fall 2016



Examples (in Class)

* Assume |R|=|S|=|T|=... =N
* Find max |Q]
 Describe database on which Q is max

R(X,y),S
R

R(x,y,2),S(x,y,u), T(x,z,u),K(y,z,u)

Q = R(
Q = R(x,
« Q=R(x
« Q=R(x, ) ( T(zu) K(u,v)
Q = R(
Q = R(x,y,z,u),S(x,y,z,w), T(x,y,u,w),K(x,z,u,w),L(y,z,u,w)
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Shannon Entropy

« X =random variable (usually X = x4,X5,...,Xy)
Has N outcomes
with probabillities pq, ..., Py

* The entropy of Xis: H(X) =-[plog p; + ... + py l0g pp]

« Facts about the entropy
« H(X)<logN anditis “=" iff py=p,=...=py

« H(9)=0
« H(X) =< H(XY) monotonicity
« HXNY)+HX U Y)<H(X)+H(Y) submodularity



H = - (p; log p; + p, log p, +... + py log py)

[GLVV’2012]

Entropy for Query Bounds

Q(x,y,z) = R(x,y), S(y,z), T(z,x)
Probability space:

H(xyz) = log n

R, S, T are marginal probabilities:

H(xy) < log|R|

H(yz) < log|S]|

H(xz) < log|T]|

O T ([ | [X
WIN[IN | WK
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Shearer’'s Inequality

Let X4, ..., X;;, & X be sets of random variables
Let wy, ..., w,, = fractional edge cover of this hypergraph
nodes = X

hyperedges = X4, ..., X,

Then: w,H(X,) + ... + w, H(X,) 2 H(X) (Shearer)

Example: V2 H(xy) + 72 H(yz) + V2 H(xz) =2 H(xyz)

Proof: H(xy) + H(yz) + H(xz) = H(xyz) + H(y) + H(xz)
= H(xyz) + H(xyz) + H(2) = 2H(xyz)
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Proof of Shearer's Lemma

Restated: let X4, ..., X, & X be sets of random variables
such that every x € X is covered at least k times

Then: H(X,) + H(X,) + ... + H(X,,) 2 k H(X)

Proof. replace X;, X; s.t. Xi&X; and XX, with X; U X, X{NX
— Every variable x continues to be k-covered (why?)
— X2 + [X|2 < [X;UX|? + [XiNX|? (why?) we use X@X; and XX

When we stop: X, =2 X, 2 X53=2...
Since each variable is k-covered: X,=X,=...=X,= X (why?)
Hence H(X;) + H(X,) + ... + H(X,) =2 kK H(X) + ...[rest]



Proof of AGM Part (1)

« Ifwy, ..., w, 20 is a fractional edge cover,
then |Q| = |R4|WT |R,["2 ... IR W™

* Fix any input database, let H be the entropy of the
probability space defined by the output of Q
— log |Q| = H(X)
— log |R| 2 H(X;)
— Shearer’s inequality: w, H(X,) + ... + w, H(X,,) = H(X)

|t follows: w,log |R4| + ... + w,, log |[R,,| = log |Q]
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Summary of AGM Bound

For any fractional vertex cover
Q| = |R4WT |R,"? ... IR,|¥™ and this is tight

No query should take time more than AGM(Q)!

However, for certain queries, any query plan has a data
complexity >> AGM(Q)

Next time: novel worst-case optimal algorithms, which
run in time O(AGM(Q))
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