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Spacetime OptimizationSpacetime Optimization

Simulation based methodsSimulation based methods

•• Forward simulation Forward simulation [e.g. [e.g. BaraffBaraff, , MirtichMirtich]]

–– Highly realisticHighly realistic

–– Simulated character very hard to controlSimulated character very hard to control

•• Controllers Controllers [[RaibertRaibert, , HodginsHodgins, Ngo, van de , Ngo, van de 
Pane]Pane]

–– Fast motion generation once controllers are Fast motion generation once controllers are 
computedcomputed

–– No set rules on controller generationNo set rules on controller generation

Spacetime constraintsSpacetime constraints

•• Animation is an optimal motion that Animation is an optimal motion that 
achieves a given set of tasksachieves a given set of tasks

•• Provides both realism and controlProvides both realism and control

Simulation vs. SpacetimeSimulation vs. Spacetime

Forward simulation Forward simulation 
–– initial value probleminitial value problem

Spacetime constraintsSpacetime constraints
–– twotwo--point boundary problempoint boundary problem

–– muscle forces vary as functions through timemuscle forces vary as functions through time
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Spacetime particleSpacetime particle

A particle with a jet engineA particle with a jet engine

•• Interpolate points at specific timesInterpolate points at specific times

•• Be fuel efficientBe fuel efficient
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Equations of motionEquations of motion

•• Particle’s position as a function of time Particle’s position as a function of time x(t)x(t)

•• Particle’s mass Particle’s mass mm

•• TimeTime--varying jet force varying jet force f(t)f(t)

•• Constant gravitational force Constant gravitational force mgmg

0mx f mg− − =&& 0mx f mg− − =&&

ConstraintsConstraints

Fly from point Fly from point aa to point to point bb in a fixed time in a fixed time 
period period tt11--tt00
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Mechanical constraintsMechanical constraints

Constraints imposed by the environmentConstraints imposed by the environment
–– Forces which can act to satisfy the constraintForces which can act to satisfy the constraint
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Jet engine “Muscle”Jet engine “Muscle”

Force applied in arbitrary directionForce applied in arbitrary direction
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Objective functionObjective function

Minimize the rate of fuel consumptionMinimize the rate of fuel consumption

Proportional to the force magnitude integralProportional to the force magnitude integral
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Defined in arbitrary basis:Defined in arbitrary basis:

DOF representationDOF representation
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Computing derivativesComputing derivatives

Discretized Discretized samples use finite differencessamples use finite differences
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Constraints formulationConstraints formulation

•• Newtonian constraintNewtonian constraint

•• Boundary constraintsBoundary constraints

•• Objective functionObjective function
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Constraint derivativesConstraint derivatives
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Objective function derivativesObjective function derivatives

2

2

2,

0, .

i

j

i j

E
f

f

i jE

otherwisef f

∂ =
∂

=∂ = ∂ ∂ 

2

2

2,

0, .

i

j

i j

E
f

f

i jE

otherwisef f

∂ =
∂

=∂ = ∂ ∂ 

Spacetime optimization of Spacetime optimization of 
complex structurescomplex structures

When optimizing a complex mechanical When optimizing a complex mechanical 
structure defined by its degrees of freedom structure defined by its degrees of freedom 

things get a lot more complicatedthings get a lot more complicated

•• Newtonian constraints become significantly Newtonian constraints become significantly 
more complexmore complex

•• Need to convert forces into generalized Need to convert forces into generalized 
forcesforces

[ ]0 1, ,..., nq q q[ ]0 1, ,..., nq q q
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Deriving Newtonian constraintsDeriving Newtonian constraints

Start with Lagrange’s equations of motionStart with Lagrange’s equations of motion

Derive kinetic energy Derive kinetic energy TT and generalized and generalized 
forces forces QQ
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Newtonian transformation Newtonian transformation 
hierarchieshierarchies
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MusclesMuscles

Muscle force proportional to the difference Muscle force proportional to the difference 
between the current and desired parameter between the current and desired parameter 
valuevalue
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Wavelet representationWavelet representation

•• Fewer coefficients in flat regionsFewer coefficients in flat regions

•• Coefficients affects larger time intervals Coefficients affects larger time intervals 
which leads to faster convergence which leads to faster convergence 
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AdvantagesAdvantages

•• Intuitive constraint specificationIntuitive constraint specification

•• Change the feel of motion by modifying the Change the feel of motion by modifying the 
objective functionobjective function

•• Produces natural looking not just physically Produces natural looking not just physically 
correct motioncorrect motion

Importance of a good initial Importance of a good initial 
positionposition

•• Does not converge if the starting point is Does not converge if the starting point is 
too far from the solutiontoo far from the solution

•• Hard to find the constraint hyperHard to find the constraint hyper--surfacesurface

•• Explosion of the number of unknownsExplosion of the number of unknowns

Parameter and constraint Parameter and constraint 
explosionexplosion

•• Parameter space is proportional toParameter space is proportional to
–– Number of Number of DOFsDOFs

–– Length of the optimized time periodLength of the optimized time period

•• Constraint count is proportional to the time Constraint count is proportional to the time 
periodperiod

•• Constraint complexity is proportional to the Constraint complexity is proportional to the 
number of number of DOFsDOFs


