
U
n
c
e
r
t
a
in

t
y

C
h
a
p
t
e
r

1
3

C
h
a
p
te

r
1
3

1

O
u
tlin

e

♦
U

ncertainty

♦
P
robability

♦
S
yntax

and
S
em

antics

♦
Inference

♦
Indep

endence
and

B
ayes’

R
ule

C
h
a
p
te

r
1
3

2

U
n
c
e
r
ta

in
ty

L
et

action
A

t
=

leave
for

airp
ort

t
m

inutes
b
efore

fl
ight

W
ill

A
t
get

m
e

there
on

tim
e?

P
roblem

s:
1)

partial
observability

(road
state,

other
drivers’

plans,
etc.)

2)
noisy

sensors
(K

C
B

S
traffi

c
rep

orts)
3)

uncertainty
in

action
outcom

es
(fl

at
tire,

etc.)
4)

im
m

ense
com

plexity
of

m
odelling

and
predicting

traffi
c

H
ence

a
purely

logical
approach

either
1)

risks
falsehood:

“ A
25

w
ill

get
m

e
there

on
tim

e”
or

2)
leads

to
conclusions

that
are

too
w
eak

for
decision

m
aking:

“A
25

w
ill

get
m

e
there

on
tim

e
if

there’s
no

accident
on

the
bridge

and
it

doesn’t
rain

and
m

y
tires

rem
ain

intact
etc

etc.”

(A
1440

m
ight

reasonably
b
e

said
to

get
m

e
there

on
tim

e
but

I’d
have

to
stay

overnight
in

the
airp

ort
...)

C
h
a
p
te

r
1
3

3

M
e
th

o
d
s

fo
r

h
a
n
d
lin

g
u
n
c
e
r
ta

in
ty

D
efault

or
nonm

onotonic
logic:

A
ssum

e
m

y
car

does
not

have
a

fl
at

tire
A

ssum
e

A
25

w
orks

unless
contradicted

by
evidence

Issues:
W

hat
assum

ptions
are

reasonable?
H

ow
to

handle
contradiction?

R
ules

w
ith

fudge
factors:

A
25 7→

0.3
A

tA
irportO

n
T

im
e

S
prin

k
ler7→

0.99
W

etG
ra

ss
W

etG
ra

ss7→
0.7

R
a
in

Issues:
P
roblem

s
w

ith
com

bination,
e.g.,

S
prin

k
ler

causes
R

a
in

??

P
robability

G
iven

the
available

evidence,
A

25
w

ill
get

m
e

there
on

tim
e

w
ith

probability
0.04

M
ahaviracarya

(9th
C
.),

C
ardam

o
(1565)

theory
of

gam
bling

(F
uzzy

logic
handles

d
e
g
r
e
e

o
f
tr

u
th

N
O

T
uncertainty

e.g.,
W

etG
ra

ss
is

true
to

degree
0.2)

C
h
a
p
te

r
1
3

4

P
r
o
b
a
b
ility

P
robabilistic

assertions
su

m
m

a
r
iz

e
eff

ects
of

laziness:
failure

to
enum

erate
exceptions,

qualifi
cations,

etc.
ignorance:

lack
of

relevant
facts,

initial
conditions,

etc.

S
ubjective

or
B

ayesian
probability:

P
robabilities

relate
prop

ositions
to

one’s
ow

n
state

of
know

ledge
e.g.,

P
(A

25 |no
rep

orted
accidents)

=
0.06

T
hese

are
n
o
t

claim
s

of
a

“probabilistic
tendency”

in
the

current
situation

(but
m

ight
b
e

learned
from

past
exp

erience
of

sim
ilar

situations)

P
robabilities

of
prop

ositions
change

w
ith

new
evidence:

e.g.,
P

(A
25 |no

rep
orted

accidents,
5

a.m
.)

=
0.15

(A
nalogous

to
logical

entailm
ent

status
K

B
|=

α
,
not

truth.)

C
h
a
p
te

r
1
3

5

M
a
k
in

g
d
e
c
is

io
n
s

u
n
d
e
r

u
n
c
e
r
ta

in
ty

S
upp

ose
I
b
elieve

the
follow

ing:

P
(A

25
gets

m
e

there
on

tim
e|...)

=
0.04

P
(A

90
gets

m
e

there
on

tim
e|...)

=
0.70

P
(A

120
gets

m
e

there
on

tim
e|...)

=
0.95

P
(A

1440
gets

m
e

there
on

tim
e|...)

=
0.9999

W
hich

action
to

choose?

D
ep

ends
on

m
y

preferences
for

m
issing

fl
ight

vs.
airp

ort
cuisine,

etc.

U
tility

theory
is

used
to

represent
and

infer
preferences

D
ecision

theory
=

utility
theory

+
probability

theory

C
h
a
p
te

r
1
3

6



P
r
o
b
a
b
ility

b
a
s
ic

s

B
egin

w
ith

a
set

Ω
—

the
sam

ple
space

e.g.,
6

p
ossible

rolls
of

a
die.

ω
∈

Ω
is

a
sam

ple
p
oint/p

ossible
w
orld/atom

ic
event

A
probability

space
or

probability
m

odel
is

a
sam

ple
space

w
ith

an
assignm

ent
P

(ω
)

for
every

ω
∈

Ω
s.t.

0≤
P

(ω
)≤

1
Σ

ω P
(ω

)
=

1
e.g.,

P
(1)

=
P

(2)
=

P
(3)

=
P

(4)
=

P
(5)

=
P

(6)
=

1/6.

A
n

event
A

is
any

subset
of

Ω

P
(A

)
=

Σ
{
ω∈

A} P
(ω

)

E
.g.,

P
(die

roll
<

4)
=

P
(1)

+
P

(2)
+

P
(3)

=
1/6

+
1/6

+
1/6

=
1/2

C
h
a
p
te

r
1
3

7

R
a
n
d
o
m

v
a
r
ia

b
le

s

A
random

variable
is

a
function

from
sam

ple
p
oints

to
som

e
range,

e.g.,
the

reals
or

B
ooleans

e.g.,
O

d
d
(1)

=
tru

e.

P
induces

a
probability

distribution
for

any
r.v.

X
:

P
(X

=
x

i )
=

Σ
{
ω
:X

(ω
)
=

x
i } P

(ω
)

e.g.,
P

(O
d
d

=
tru

e)
=

P
(1)

+
P

(3)
+

P
(5)

=
1/6

+
1/6

+
1/6

=
1/2

C
h
a
p
te

r
1
3

8

P
r
o
p
o
s
itio

n
s

T
hink

of
a

prop
osition

as
the

event
(set

of
sam

ple
p
oints)

w
here

the
prop

osition
is

true

G
iven

B
oolean

random
variables

A
and

B
:

event
a

=
set

of
sam

ple
p
oints

w
here

A
(ω

)
=

tru
e

event¬
a

=
set

of
sam

ple
p
oints

w
here

A
(ω

)
=

f
a
lse

event
a∧

b
=

p
oints

w
here

A
(ω

)
=

tru
e

and
B

(ω
)
=

tru
e

O
ften

in
A

I
applications,

the
sam

ple
p
oints

are
d
e
fi
n
e
d

by
the

values
of

a
set

of
random

variables,
i.e.,

the
sam

ple
space

is
the

C
artesian

product
of

the
ranges

of
the

variables

W
ith

B
oolean

variables,
sam

ple
p
oint

=
prop

ositional
logic

m
odel

e.g.,
A

=
tru

e,
B

=
f
a
lse,

or
a∧

¬
b.

P
rop

osition
=

disjunction
of

atom
ic

events
in

w
hich

it
is

true
e.g.,

(a∨
b)≡

(¬
a∧

b)∨
(a∧

¬
b)∨

(a∧
b)

⇒
P

(a∨
b)

=
P

(¬
a∧

b)
+

P
(a∧

¬
b)

+
P

(a∧
b)

C
h
a
p
te

r
1
3

9

W
h
y

u
s
e

p
r
o
b
a
b
ility

?

T
he

defi
nitions

im
ply

that
certain

logically
related

events
m

ust
have

related
probabilities

E
.g.,

P
(a∨

b)
=

P
(a

)
+

P
(b)−

P
(a∧

b)

>

A
     B

T
rue

A
B

de
F
inetti

(1931):
an

agent
w

ho
b
ets

according
to

probabilities
that

violate
these

axiom
s
can

b
e

forced
to

b
et

so
as

to
lose

m
oney

regardless
of

outcom
e.

C
h
a
p
te

r
1
3

1
0

S
y
n
ta

x
fo

r
p
r
o
p
o
s
itio

n
s

P
rop

ositional
or

B
oolean

random
variables

e.g.,
C

a
v
ity

(do
I
have

a
cavity?)

C
a
v
ity

=
tru

e
is

a
prop

osition,
also

w
ritten

ca
v
ity

D
iscrete

random
variables

(fi
nite

or
infi

nite)
e.g.,

W
ea

th
er

is
one

of〈su
n
n
y
,ra

in
,clou

d
y
,sn

ow〉
W

ea
th

er
=

ra
in

is
a

prop
osition

V
alues

m
ust

b
e

exhaustive
and

m
utually

exclusive

C
ontinuous

random
variables

(b
ounded

or
unb

ounded)
e.g.,

T
em

p
=

21.6;
also

allow
,
e.g.,

T
em

p
<

22.0.

A
rbitrary

B
oolean

com
binations

of
basic

prop
ositions

C
h
a
p
te

r
1
3

1
1

P
r
io

r
p
r
o
b
a
b
ility

P
rior

or
unconditional

probabilities
of

prop
ositions

e.g.,
P

(C
a
v
ity

=
tru

e)
=

0.1
and

P
(W

ea
th

er
=

su
n
n
y
)

=
0.72

corresp
ond

to
b
elief

prior
to

arrival
of

any
(new

)
evidence

P
robability

distribution
gives

values
for

all
p
ossible

assignm
ents:

P
(W

ea
th

er)
=
〈0.72,0.1,0.08,0.1〉

(norm
alized,

i.e.,
sum

s
to

1)

Joint
probability

distribution
for

a
set

of
r.v.s

gives
the

probability
of

every
atom

ic
event

on
those

r.v.s
(i.e.,

every
sam

ple
p
oint)

P
(W

ea
th

er,C
a
v
ity

)
=

a
4×

2
m

atrix
of

values:

W
ea

th
er

=
su

n
n
y

ra
in

clou
d
y

sn
ow

C
a
v
ity

=
tru

e
0.144

0.02
0.016

0.02
C

a
v
ity

=
f
a
lse

0.576
0.08

0.064
0.08

E
v
e
r
y

q
u
e
stio

n
a
b
o
u
t

a
d
o
m

a
in

c
a
n

b
e

a
n
sw

e
r
e
d

b
y

th
e

jo
in

t

d
istr

ib
u
tio

n
b
e
c
a
u
se

e
v
e
r
y

e
v
e
n
t

is
a

su
m

o
f
sa

m
p
le

p
o
in

ts

C
h
a
p
te

r
1
3

1
2



P
r
o
b
a
b
ility

fo
r

c
o
n
tin

u
o
u
s

v
a
r
ia

b
le

s

E
xpress

distribution
as

a
param

eterized
function

of
value:

P
(X

=
x
)

=
U

[18,26](x
)

=
uniform

density
b
etw

een
18

and
26

0.125

dx
18

26

H
ere

P
is

a
density;

integrates
to

1.
P

(X
=

20.5)
=

0.125
really

m
eans

lim
d
x→

0
P

(20.5≤
X

≤
20.5

+
d
x
)/d

x
=

0.125

C
h
a
p
te

r
1
3

1
3

G
a
u
s
s
ia

n
d
e
n
s
ity

P
(x

)
=

1
√

2π
σ e −

(x−
µ
) 2/2σ

2

0

C
h
a
p
te

r
1
3

1
4

C
o
n
d
itio

n
a
l
p
r
o
b
a
b
ility

C
onditional

or
p
osterior

probabilities
e.g.,

P
(ca

v
ity|tooth

a
ch

e)
=

0.8
i.e.,

g
iv

e
n

th
a
t

tooth
a
ch

e
is

a
ll

I
k
n
o
w

N
O

T
“if

tooth
a
ch

e
then

80%
chance

of
ca

v
ity

”

(N
otation

for
conditional

distributions:
P

(C
a
v
ity|T

ooth
a
ch

e)
=

2-elem
ent

vector
of

2-elem
ent

vectors)

If
w
e

know
m

ore,
e.g.,

ca
v
ity

is
also

given,
then

w
e

have
P

(ca
v
ity|tooth

a
ch

e,ca
v
ity

)
=

1
N

ote:
the

less
sp

ecifi
c

b
elief

r
e
m

a
in

s
v
a
lid

after
m

ore
evidence

arrives,
but

is
not

alw
ays

u
se

fu
l

N
ew

evidence
m

ay
b
e

irrelevant,
allow

ing
sim

plifi
cation,

e.g.,
P

(ca
v
ity|tooth

a
ch

e,49ersW
in

)
=

P
(ca

v
ity|tooth

a
ch

e)
=

0.8
T

his
kind

of
inference,

sanctioned
by

dom
ain

know
ledge,

is
crucial

C
h
a
p
te

r
1
3

1
5

C
o
n
d
itio

n
a
l
p
r
o
b
a
b
ility

D
efi

nition
of

conditional
probability:

P
(a|b)

=
P

(a∧
b)

P
(b)

if
P

(b)6=
0

P
roduct

rule
gives

an
alternative

form
ulation:

P
(a∧

b)
=

P
(a|b)P

(b)
=

P
(b|a

)P
(a

)

A
general

version
holds

for
w

hole
distributions,

e.g.,
P

(W
ea

th
er,C

a
v
ity

)
=

P
(W

ea
th

er|C
a
v
ity

)P
(C

a
v
ity

)
(V

iew
as

a
4×

2
set

of
equations,

n
o
t

m
atrix

m
ult.)

C
hain

rule
is

derived
by

successive
application

of
product

rule:
P

(X
1 ,...,X

n )
=

P
(X

1 ,...,X
n−

1 )
P

(X
n |X

1 ,...,X
n−

1 )
=

P
(X

1 ,...,X
n−

2 )
P

(X
n

1 |X
1 ,...,X

n−
2 )

P
(X

n |X
1 ,...,X

n−
1 )

=
...

=
Π

ni
=

1 P
(X

i |X
1 ,...,X

i−
1 )

C
h
a
p
te

r
1
3

1
6

In
fe

r
e
n
c
e

b
y

e
n
u
m

e
r
a
tio

n

S
tart

w
ith

the
joint

distribution:

cavity
L

toothache

cavity

catch
catch

L
toothache

L

catch
catch

L

.108
.012

.016
.064

.072

.144

.008

.576

F
or

any
prop

osition
φ
,
sum

the
atom

ic
events

w
here

it
is

true:
P

(φ
)

=
Σ

ω
:ω|=

φ P
(ω

)

C
h
a
p
te

r
1
3

1
7

In
fe

r
e
n
c
e

b
y

e
n
u
m

e
r
a
tio

n

S
tart

w
ith

the
joint

distribution:

cavity
L

toothache

cavity

catch
catch

L
toothache

L

catch
catch

L

.108
.012

.016
.064

.072

.144

.008

.576

F
or

any
prop

osition
φ
,
sum

the
atom

ic
events

w
here

it
is

true:
P

(φ
)

=
Σ

ω
:ω|=

φ P
(ω

)

P
(tooth

a
ch

e)
=

0.108
+

0.012
+

0.016
+

0.064
=

0.2

C
h
a
p
te

r
1
3

1
8



In
fe

r
e
n
c
e

b
y

e
n
u
m

e
r
a
tio

n

S
tart

w
ith

the
joint

distribution:

cavity
L

toothache

cavity

catch
catch

L
toothache

L

catch
catch

L

.108
.012

.016
.064

.072

.144

.008

.576

F
or

any
prop

osition
φ
,
sum

the
atom

ic
events

w
here

it
is

true:
P

(φ
)

=
Σ

ω
:ω|=

φ P
(ω

)

P
(ca

v
ity∨

tooth
a
ch

e)
=

0.108+
0.012+

0.072+
0.008+

0.016+
0.064

=
0.28

C
h
a
p
te

r
1
3

1
9

In
fe

r
e
n
c
e

b
y

e
n
u
m

e
r
a
tio

n

S
tart

w
ith

the
joint

distribution:

cavity
L

toothache

cavity

catch
catch

L
toothache

L

catch
catch

L

.108
.012

.016
.064

.072

.144

.008

.576

C
an

also
com

pute
conditional

probabilities:

P
(¬

ca
v
ity|tooth

a
ch

e)
=

P
(¬

ca
v
ity∧

tooth
a
ch

e)

P
(tooth

a
ch

e)

=
0.016

+
0.064

0.108
+

0.012
+

0.016
+

0.064
=

0.4

C
h
a
p
te

r
1
3

2
0

N
o
r
m

a
liz

a
tio

n

cavity
L

toothache

cavity

catch
catch

L
toothache

L

catch
catch

L

.108
.012

.016
.064

.072

.144

.008

.576

D
enom

inator
can

b
e

view
ed

as
a

norm
alization

constant
α

P
(C

a
v
ity|tooth

a
ch

e)
=

α
P

(C
a
v
ity

,tooth
a
ch

e)

=
α

[P
(C

a
v
ity

,tooth
a
ch

e,ca
tch

)
+

P
(C

a
v
ity

,tooth
a
ch

e,¬
ca

tch
)]

=
α

[〈0.108,0.016〉
+
〈0.012,0.064〉]

=
α
〈0.12,0.08〉

=
〈0.6,0.4〉

G
eneral

idea:
com

pute
distribution

on
query

variable
by

fi
xing

evidence
variables

and
sum

m
ing

over
hidden

variables

C
h
a
p
te

r
1
3

2
1

In
fe

r
e
n
c
e

b
y

e
n
u
m

e
r
a
tio

n
,
c
o
n
td

.

L
et

X
b
e

all
the

variables.
T
ypically,

w
e

w
ant

the
p
osterior

joint
distribution

of
the

query
variables

Y

given
sp

ecifi
c

values
e

for
the

evidence
variables

E

L
et

the
hidden

variables
b
e
H

=
X

−
Y

−
E

T
hen

the
required

sum
m

ation
of

joint
entries

is
done

by
sum

m
ing

out
the

hidden
variables:

P
(Y

|E
=

e
)

=
α
P

(Y
,E

=
e
)

=
α
Σ

h
P

(Y
,E

=
e
,H

=
h

)

T
he

term
s

in
the

sum
m

ation
are

joint
entries

b
ecause

Y
,
E

,
and

H
together

exhaust
the

set
of

random
variables

O
bvious

problem
s:

1)
W

orst-case
tim

e
com

plexity
O

(d
n)

w
here

d
is

the
largest

arity
2)

S
pace

com
plexity

O
(d

n)
to

store
the

joint
distribution

3)
H

ow
to

fi
nd

the
num

b
ers

for
O

(d
n)

entries???

C
h
a
p
te

r
1
3

2
2

In
d
e
p
e
n
d
e
n
c
e

A
and

B
are

indep
endent

iff
P

(A|B
)
=

P
(A

)
or

P
(B

|A
)
=

P
(B

)
or

P
(A

,B
)
=

P
(A

)P
(B

)

W
eather

T
oothache

C
atch

C
avity

decom
poses into

W
eather

T
oothache

C
atch

C
avity

P
(T

ooth
a
ch

e,C
a
tch

,C
a
v
ity

,W
ea

th
er)

=
P

(T
ooth

a
ch

e,C
a
tch

,C
a
v
ity

)P
(W

ea
th

er)

32
entries

reduced
to

12;
for

n
indep

endent
biased

coins,
2

n→
n

A
bsolute

indep
endence

p
ow

erful
but

rare

D
entistry

is
a

large
fi
eld

w
ith

hundreds
of

variables,
none

of
w

hich
are

indep
endent.

W
hat

to
do?

C
h
a
p
te

r
1
3

2
3

C
o
n
d
itio

n
a
l
in

d
e
p
e
n
d
e
n
c
e

P
(T

ooth
a
ch

e,C
a
v
ity

,C
a
tch

)
has

2
3−

1
=

7
indep

endent
entries

If
I
have

a
cavity,

the
probability

that
the

prob
e

catches
in

it
doesn’t

dep
end

on
w

hether
I
have

a
toothache:

(1)
P

(ca
tch|tooth

a
ch

e,ca
v
ity

)
=

P
(ca

tch|ca
v
ity

)

T
he

sam
e

indep
endence

holds
if

I
haven’t

got
a

cavity:
(2)

P
(ca

tch|tooth
a
ch

e,¬
ca

v
ity

)
=

P
(ca

tch|¬
ca

v
ity

)

C
a
tch

is
conditionally

indep
endent

of
T

ooth
a
ch

e
given

C
a
v
ity

:
P

(C
a
tch|T

ooth
a
ch

e,C
a
v
ity

)
=

P
(C

a
tch|C

a
v
ity

)

E
quivalent

statem
ents:

P
(T

ooth
a
ch

e|C
a
tch

,C
a
v
ity

)
=

P
(T

ooth
a
ch

e|C
a
v
ity

)
P

(T
ooth

a
ch

e,C
a
tch|C

a
v
ity

)
=

P
(T

ooth
a
ch

e|C
a
v
ity

)P
(C

a
tch|C

a
v
ity

)

C
h
a
p
te

r
1
3

2
4



C
o
n
d
itio

n
a
l
in

d
e
p
e
n
d
e
n
c
e

c
o
n
td

.

W
rite

out
full

joint
distribution

using
chain

rule:
P

(T
ooth

a
ch

e,C
a
tch

,C
a
v
ity

)
=

P
(T

ooth
a
ch

e|C
a
tch

,C
a
v
ity

)P
(C

a
tch

,C
a
v
ity

)
=

P
(T

ooth
a
ch

e|C
a
tch

,C
a
v
ity

)P
(C

a
tch|C

a
v
ity

)P
(C

a
v
ity

)
=

P
(T

ooth
a
ch

e|C
a
v
ity

)P
(C

a
tch|C

a
v
ity

)P
(C

a
v
ity

)

I.e.,
2

+
2

+
1

=
5

indep
endent

num
b
ers

(equations
1

and
2

rem
ove

2)

In
m

ost
cases,

the
use

of
conditional

indep
endence

reduces
the

size
of

the
representation

of
the

joint
distribution

from
exp

onential
in

n
to

linear
in

n
.

C
o
n
d
itio

n
a
l
in

d
e
p
e
n
d
e
n
c
e

is
o
u
r

m
o
st

b
a
sic

a
n
d

r
o
b
u
st

fo
r
m

o
f
k
n
o
w

le
d
g
e

a
b
o
u
t

u
n
c
e
r
ta

in
e
n
v
ir

o
n
m

e
n
ts.

C
h
a
p
te

r
1
3

2
5

B
a
y
e
s
’
R

u
le

P
roduct

rule
P

(a∧
b)

=
P

(a|b)P
(b)

=
P

(b|a
)P

(a
)

⇒
B

ayes’
rule

P
(a|b)

=
P

(b|a
)P

(a
)

P
(b)

or
in

distribution
form

P
(Y

|X
)

=
P

(X
|Y

)P
(Y

)

P
(X

)
=

α
P

(X
|Y

)P
(Y

)

U
seful

for
assessing

diagnostic
probability

from
causal

probability:

P
(C

a
u
se|E

f
f
ect)

=
P

(E
f
f
ect|C

a
u
se)P

(C
a
u
se)

P
(E

f
f
ect)

E
.g.,

let
M

b
e

m
eningitis,

S
b
e

stiff
neck:

P
(m

|s)
=

P
(s|m

)P
(m

)

P
(s)

=
0.8×

0.0001

0.1
=

0.0008

N
ote:

p
osterior

probability
of

m
eningitis

still
very

sm
all!

C
h
a
p
te

r
1
3

2
6

B
a
y
e
s
’
R

u
le

a
n
d

c
o
n
d
itio

n
a
l
in

d
e
p
e
n
d
e
n
c
e

P
(C

a
v
ity|tooth

a
ch

e∧
ca

tch
)

=
α

P
(tooth

a
ch

e∧
ca

tch|C
a
v
ity

)P
(C

a
v
ity

)

=
α

P
(tooth

a
ch

e|C
a
v
ity

)P
(ca

tch|C
a
v
ity

)P
(C

a
v
ity

)

T
his

is
an

exam
ple

of
a

naive
B

ayes
m

odel:

P
(C

a
u
se,E

f
f
ect

1 ,...,E
f
f
ect

n )
=

P
(C

a
u
se)Π

i P
(E

f
f
ect

i |C
a
u
se)

T
oothache

C
avity

C
atch

C
ause

E
ffect

1
E

ffect
n

T
otal

num
b
er

of
param

eters
is

lin
e
a
r

in
n

C
h
a
p
te

r
1
3

2
7

W
u
m

p
u
s

W
o
r
ld

O
K

 1,1
 2,1

 3,1
 4,1

 1,2
 2,2

 3,2
 4,2

 1,3
 2,3

 3,3
 4,3

 1,4
 2,4O

K
O

K

 3,4
 4,4

B

B

P
ij

=
tru

e
iff

[i,j]
contains

a
pit

B
ij

=
tru

e
iff

[i,j]
is

breezy
Include

only
B

1,1 ,B
1,2 ,B

2,1
in

the
probability

m
odel

C
h
a
p
te

r
1
3

2
8

S
p
e
c
ify

in
g

th
e

p
r
o
b
a
b
ility

m
o
d
e
l

T
he

full
joint

distribution
is

P
(P

1,1 ,...,P
4,4 ,B

1,1 ,B
1,2 ,B

2,1 )

A
pply

product
rule:

P
(B

1,1 ,B
1,2 ,B

2,1 |P
1,1 ,...,P

4,4 )P
(P

1,1 ,...,P
4,4 )

(D
o

it
this

w
ay

to
get

P
(E

f
f
ect|C

a
u
se).)

F
irst

term
:

1
if

pits
are

adjacent
to

breezes,
0

otherw
ise

S
econd

term
:

pits
are

placed
random

ly,
probability

0.2
p
er

square:

P
(P

1,1 ,...,P
4,4 )

=
Π

4,4
i,j

=
1,1 P

(P
i,j )

=
0.2

n×
0.8

16−
n

for
n

pits.

C
h
a
p
te

r
1
3

2
9

O
b
s
e
r
v
a
tio

n
s

a
n
d

q
u
e
r
y

W
e

know
the

follow
ing

facts:
b

=
¬

b
1,1 ∧

b
1,2 ∧

b
2,1

k
n
ow

n
=
¬

p
1,1 ∧

¬
p

1,2 ∧
¬

p
2,1

Q
uery

is
P

(P
1,3 |k

n
ow

n
,b)

D
efi

ne
U

n
k
n
ow

n
=

P
ij s

other
than

P
1,3

and
K

n
ow

n

F
or

inference
by

enum
eration,

w
e

have

P
(P

1,3 |k
n
ow

n
,b)

=
α
Σ

u
n
k
n
ow

n P
(P

1,3 ,u
n
k
n
ow

n
,k

n
ow

n
,b)

G
row

s
exp

onentially
w

ith
num

b
er

of
squares!

C
h
a
p
te

r
1
3

3
0



U
s
in

g
c
o
n
d
itio

n
a
l
in

d
e
p
e
n
d
e
n
c
e

B
asic

insight:
observations

are
conditionally

indep
endent

of
other

hidden
squares

given
neighb

ouring
hidden

squares

 1,1
 2,1

 3,1
 4,1

 1,2
 2,2

 3,2
 4,2

 1,3
 2,3

 3,3
 4,3

 1,4
 2,4

 3,4
 4,4

K
N

O
W

N
F

R
IN

G
E

Q
U

E
R

Y
O

T
H

E
R

D
efi

ne
U

n
k
n
ow

n
=

F
rin

g
e∪

O
th

er
P

(b|P
1,3 ,K

n
ow

n
,U

n
k
n
ow

n
)

=
P

(b|P
1,3 ,K

n
ow

n
,F

rin
g
e)

M
anipulate

query
into

a
form

w
here

w
e

can
use

this!

C
h
a
p
te

r
1
3

3
1

U
s
in

g
c
o
n
d
itio

n
a
l
in

d
e
p
e
n
d
e
n
c
e

c
o
n
td

.

P
(P

1,3 |k
n
ow

n
,b)

=
α

∑

u
n
k
n
ow

n
P

(P
1,3 ,u

n
k
n
ow

n
,k

n
ow

n
,b)

=
α

∑

u
n
k
n
ow

n
P

(b|P
1,3 ,k

n
ow

n
,u

n
k
n
ow

n
)P

(P
1,3 ,k

n
ow

n
,u

n
k
n
ow

n
)

=
α

∑

f
rin

g
e

∑

oth
er

P
(b|k

n
ow

n
,P

1,3 ,f
rin

g
e,oth

er)P
(P

1,3 ,k
n
ow

n
,f

rin
g
e,oth

er)

=
α

∑

f
rin

g
e

∑

oth
er

P
(b|k

n
ow

n
,P

1,3 ,f
rin

g
e)P

(P
1,3 ,k

n
ow

n
,f

rin
g
e,oth

er)

=
α

∑

f
rin

g
e P

(b|k
n
ow

n
,P

1,3 ,f
rin

g
e)

∑

oth
er P

(P
1,3 ,k

n
ow

n
,f

rin
g
e,oth

er)

=
α

∑

f
rin

g
e
P

(b|k
n
ow

n
,P

1,3 ,f
rin

g
e)

∑

oth
er

P
(P

1,3 )P
(k

n
ow

n
)P

(f
rin

g
e)P

(oth
er)

=
α

P
(k

n
ow

n
)P

(P
1,3 )

∑

f
rin

g
e
P

(b|k
n
ow

n
,P

1,3 ,f
rin

g
e)P

(f
rin

g
e)

∑

oth
er

P
(oth

er)

=
α
′P

(P
1,3 )

∑

f
rin

g
e
P

(b|k
n
ow

n
,P

1,3 ,f
rin

g
e)P

(f
rin

g
e)

C
h
a
p
te

r
1
3

3
2

U
s
in

g
c
o
n
d
itio

n
a
l
in

d
e
p
e
n
d
e
n
c
e

c
o
n
td

.

O
K

 1,1
 2,1

 3,1

 1,2
 2,2

 1,3

O
K

O
K B

B

O
K

 1,1
 2,1

 3,1

 1,2
 2,2

 1,3

O
K

O
K B

B

O
K

 1,1
 2,1

 3,1

 1,2
 2,2

 1,3

O
K

O
K B

B

0.2 x 0.2 =
 0.04

0.2 x 0.8 =
 0.16

0.8 x 0.2 =
 0.16

O
K

 1,1
 2,1

 3,1

 1,2
 2,2

 1,3

O
K

O
K B

B

O
K

 1,1
 2,1

 3,1

 1,2
 2,2

 1,3

O
K

O
K B

B

0.2 x 0.2 =
 0.04

0.2 x 0.8 =
 0.16

P
(P

1,3 |k
n
ow

n
,b)

=
α
′〈0.2(0.04

+
0.16

+
0.16),

0.8(0.04
+

0.16)〉
≈

〈0.31,0.69〉

P
(P

2,2 |k
n
ow

n
,b)

≈
〈0.86,0.14〉

C
h
a
p
te

r
1
3

3
3

S
u
m

m
a
r
y

P
robability

is
a

rigorous
form

alism
for

uncertain
know

ledge

Joint
probability

distribution
sp

ecifi
es

probability
of

every
atom

ic
event

Q
ueries

can
b
e

answ
ered

by
sum

m
ing

over
atom

ic
events

F
or

nontrivial
dom

ains,
w
e

m
ust

fi
nd

a
w
ay

to
reduce

the
joint

size

Indep
endence

and
conditional

indep
endence

provide
the

tools

C
h
a
p
te

r
1
3

3
4


