Induction and Recursion
(Sections 4.1-4.3)
[Section 4.4 optional]

Based on Rosen and slides by K. Busch 1

Induction

Induction is a very useful proof technique

In computer science, induction is used
to prove properties of algorithms

Induction and recursion are closely related

*Recursion is a description method for algorithms
Induction is a proof method suitable
for recursive algorithms




Use induction to prove that
a proposition P(N) is true:

Inductive Basis: Prove that P(1) is true

Inductive Hypothesis: Assume P(K) is true
(for any positive integer k)

Inductive Step: Prove that P(K+1) is true

Inductive Hypothesis: Assume P(K) is true
(for any positive integer k)

Inductive Step: Prove that P(K+1) is true

In other words in inductive step we prove:
P(k) > P(k+1)

for every positive integer k




Inductive basis Inductive Step
PQ1) P(k) > P(k+1)
True True

Proposition true for all positive integers
PQ) —>P(2)>PB)—>P4) —---

Induction as a rule of inference:

[P A VKk(P(k) > P(k+1))] — VnP(n)




Theorem: P(n): 1+2+3+o-.+n:n(n+1)

Proof:

_1(1+1)

Inductive Basis: P@®): 1 ,

Inductive Hypothesis: assume that it holds
P(k): 1424k = KK+

Inductive Step: We will prove

Pk+1): 1+2+---k+(k+1) = (k+1)((|;+1)+1)

Inductive Step:

—N

P(k+1): 1+2+--k+(k+1) (inductive

_k(k+D) ) it hypothesis)

_ k(k+1)+2(k +1)
2

_ (k+D((k+1)+1)
2

End of Proof
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Harmonic numbers

J _1’2’31
1 1 1 25
o Hy=l4+—+—-+—=—
Example s >3 1T
Theorem: H2n 21+2 n>0

Proof:

Inductive Basis: n=0

H, =H,=H,=1=1+2 =141
: 2 72

2
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Inductive Hypothesis: n=k

Suppose it holds: H., 21+g
Inductive Step: n=k+1
k+1

We will show: H2k+1 >1+—
2

11

H —l+£+1+ +—1 ! + !
2 2 3 ok ok k+
1
:H2k+2k +1+ 2k+l

Z(1+K + kl +...+% fr'om IndUCTlve
2) 2°+1 2" hypothesis

Y End of Proof

12




Theorem: H2n <l+n n=>0

Proof:

Inductive Basis: =0

H,=H,=H,=1=1+0=1+n
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Inductive Hypothesis: n=k

Suppose it holds: H_, <1+K

ok —

Inductive Step: n=k+1

We will show: H . <1+ (k+1)
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11 11 1

H . =1+—4+—+-4+—/—+ R
’ 2 3 2k 2k +1 2k+l

1 1

B T

<(ik)s—ts...L frominductive
2" +1 2 hypothesis

1

<(1+k)+ 2%

(L+k) “+1

<(1+k)+1

=1+(k+1)

End of Proof
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We have shown: 1+2 < H2n <l+n

i

1+ Llog k| <H, <1+|logk |

H, =logk

(for large k)
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Triominos

M 4 B

3)(23

22 x 2°

2% 2

hole

hole

\\$

hole
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Theorem: Every 2"x2", n>1 checkerboard
with one square removed
can be tiled with triominoes

Proof:  Inductive Basis: n=1

2t x 21

QEEE

hole
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Inductive Hypothesis: n=Kk

Assume that a 2% x 2* checkerboard
can be tiled with the hole anywhere

2K x 2K

Hole can be anywhere

19

Inductive Step: n=Kk+1

2k+1 x 2k+1

20
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By inductive hypothesis 2% x2¢ squares
with a hole can be tiled

2K 2k 2k k

/ 0

add three artificial holes

21

23 x 23 case:

-

22
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2k 2k 2k k

|
=

/ u

Replace the three holes with a triomino
Now, the whole area can be tiled

23

23 x 23 case:

-

End of Proof

4
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Strong Induction
To prove P(n):

Inductive Basis: Prove that P(1) is true

Inductive Hypothesis:
Assume PO AP A---AP(K) is true

Inductive Step: Prove that P(K +1) is true

25

Theorem: Every integer n > 2

is a product of primes
(Fundamental Theorem of Arithmetic)

Proof: (Strong Induction)

Inductive Basis: n=2
Number 2 is a prime
Inductive Hypothesis: 2<n<K
Suppose that every integer between

2 and K is a product of primes

26
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Inductive Step: n=k+1

If k+1 is prime then the proof is finished

If k+1 isnot aprime then it is composite:

k+l=a-b 2<a,b<k

27

k+1=a-b 2<a,b<k

By the inductive hypothesis:

i,j>1
a=pP,---p >I:> k+1=a'b:p1"'piQ1"'qj
b=0,0,--q; primes
primes |

End of Proof

28
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Theorem: Every postage amount n>12
can be generated by using
4-cent and 5-cent stamps

Proof: (Strong Induction)

Inductive Basis: We examine four cases
(because of the inductive step)

nN=12=4+4+4 n=14=5+5+4
Nn=13=4+4+5 Nn=15=5+5+5

29

Inductive Hypothesis: 12<n<K

Assume that every postage amount
between 12 and k can be generated
by using 4-cent and 5-cent stamps

n=a-4+b-5

Inductive Step: n=KkK+1

If 12<k <14 then the inductive step
follows directly from inductive basis

30
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Consider: kK >15 k+l=(k-3)+4
12<(k-3)<k
@ Inductive hypothesis
(k—3)=a'-4+b"-5

!

k+l=(k-3)+4=(a'+1)-4+Db"-5

End of Proof
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Recursion

Recursion is used to describe functions,
sets, algorithms

Example:  Factorial function f(n)=n!
Recursive Basis: f(0)=1

Recursive Step:  f(n+1) =(n+1)- f (n)

32




Recursive algorithm for factorial

factorial( N) {
if N=1then //recursive basis
returnl
else //recursive step

return n-factorial(n-1)

33

Fibonacci numbers

£, £, f,, fa...

Recursive Basis:  f, =0, f =1

Recursive Step: fo="Toat+ T

n=234,...

34
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f,=0

f,=1
f,=f+f,=1+0=1
f="1,+f=1+1=2
f,=1f,+f,=2+1=3
fo="Ff,+f,=3+2=5
fo="f+f,=5+3=8
f,=f+f, =8+5=13

35

Recursive algorithm for Fibonacci function

fibonacci(N) {
if ne{01} then //recursive basis

return N
else //recursive step

return fibonacci( n-1) + fibonacci(n-2)

36
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Iterative algorithm for Fibonacci function

fibonacci(N) {
ifn=0 theny <0
else {

X<0
y<«1

for 1<~1to n—1do{
Z<X+Y
X<y
y<2Z

}

return Y

}

37

Theorem: fn>5n_2 for n>3

1+\/§
2

o= (golden ratio)

Proof: Proof by (strong) induction
Inductive Basis: n=3 n=4

f,=2>0

f,=3>06"

38
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Inductive Hypothesis: 3<n<Kk

Suppose it holds  f >¢&"

Inductive Step: n=k+1

We will prove f, , >6%™ for 4<k

39

S is the solution to equation x*—x—1=0

!

0°=56+1

J

5k—l _ 52 .5k—3 _ (5+1)5k—3 _ 5k—2 +5k—3

foo=fi+f =282 +5°=5"

induction hypothesis  End of Proof
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Euclidean Algorithm for
Greatest Common Divisor

Recursive Basis: ged(a,0) =a

Recursive Step: ged(a,b) =ged(b,amod b)

a>b

41

Recursive Euclidean algorithm for
greatest common divisor

ged(a,b){ //assume ab
if b=0 then //recursive basis

return a
else //recursive step

return gcd(b, amodb)

42
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Algorithm Mergesort

82469710153

plit

82469 71015 3
sor‘rl lsor"r
246809 135710

NQV

12345678910

43

sort(a,,a,,...,a ) {
if n>]'{ then {
m=[n/2]

A< sort(a,a,,...,a_)
B<«sort@@_,a_,,,...,a,)
return merge( A, B)

else return a,

}

44
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Input values of recursive calls

82469710153

/\

824609 71015 3
8 2 4 6 9 7 10 1 5 3
8 2 4 6 9 7 10 1 5 3
/N N
8 2 7 10

Input and output values of merging

12345678910

/\

24689 135710

TN N

2 48 69 7101 5 3
NG N A 2N
28 4 6 9 710 1 5 3
N N

8 2 7 10

N
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merge( A,B ) { //two sorted lists

L« &
while A=Jdand B~ do {

Remove smaller first element of A, B
from its list and insert it to L

}
if AzQor B#O then {
append remaining elements to L

return L
}
merging 2 4 6 8 9
2 48 6 9
A B L Comparison
4 8 6 9 2 2<6
4 8 6 9 2 4 4<6
8 6 9 2 46 6<8
8 9 3468 8<9
9 24689

48
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The total number of comparisons to
merge two lists A, B is at most:

Merged size
#comparisons <| A|+|B|

A

Length of A Length of B
49
Recursive invocation tree
a,,a,,...,a,
/\
a,a,,..., a, aﬂﬂ, aﬂ+2 ..... a,
5 2 2
NG —
a,...,a, A, ... a, a, ... Ay, gy geee a,
2 Z+1 2 ?—l vy 7+1
% \‘«
a,...,a, - I B
O\ a a‘/ ~.
a,a, a,,8, n-3) &2 a, 4,
{ é‘2 d{ é4 ””” ani3/ én—2 a‘n—/l Hn
Assumke
n=2

50
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Recursive invocation tree

Elements per list

n n= 2Iogn—0

n/?/\ n/2 n/2=2"nt
/ \

4 n n/4 =212

n/

e
O\

2 2
SN N
11 11

Assumke
n=2

/4 n/4/\r1‘/4

!
/\
2 2

...... 1/ \1 i/ \]y

4= 2Iogn—(logn—2)

2 — 2Iogn—(|og n-1)

#levels of tree =1+logn

51

merging tree

52
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merging tree

Elements per list

n n
/\
/n,/‘z\ n/2 n/2
/7
n/4  nl4 N7 Y n/4
4 4
2 2 2 2 2
SN A /N /N
1 1 1 «-e.. 1 1 1 1
merging tree Comparisons per level
d d=n
P o
vz w2 22
na N4 nia hia /%4 =n
4 P! nid=n
. 2, @@— n
SN N /N /N N
1 1 1 1 -.--. 1 1 1 1
Merges
per level
Total cost: n-(#levels-1)=nlogn | Eioments
per merge

54
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If n=2" the number of comparisons is
at most nlogn

If n#2 the number of comparisons
is at most mlogm<2nlog2n<c-nlogn

where m=2""1 < 2n

Therefore, worst-case running time of
merge sort is ~nlogn

55
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