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More Logic, Equivalences,
Symbolic Proofs
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Announcements

Lecture recordings on “panopto” — link is posted on ed.

Section walkthroughs will go there as well.

Double check your section location (there are two 11:30 sections)
HW1 comes out tonight — on the assignments tab on the webpage
Due (a-week-from-today) Wednesday evening.

You'll submit to gradescope (invite came this morning).

OH start on Thursday (draft on the calendar) — mix of zoom + in-person
Be careful of occupancy limits in-person, resources tab has explanation of room
locations.




Consider enrolling in 390Z

There’s still space!

Alice (one of your TAs, who took 390Z when she took 311), said:
“It's a good course to take if you feel that the course material is going
by too quickly or if you want to work with other people!”

More info on the 390z course webpage



https://courses.cs.washington.edu/courses/cse390z/22wi/

Today

More on implications
Simplification Rules
Our first proof (maybe)!



Implication (p = q)

“If it's raining, then | have my umbrella”

N

It's useful to think of implications as
promises. An implication s false exactly
when you can demonstrate I'm lying.

l It's Wm
| have my i No lie. No lie.
umbrella e True

—
| do not have LIE! No lie.
my umbrella False True
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P — q

p — g and q — p are different implications!

“If the sun is out, then we have class outside.”
“If we have class outside, then the sun is out.”

Only the first is useful to you when you see the sun come out.
Only the second is useful if you forgot your umbrella.



P — q

Implication: SR L
. T|T| T
p implies g R R
yvhenever p is true g must be true I g
if p then g S I

t for g

ponlyifg
g (s necessary for p

Implications are super useful, so there are LOTS of translations.
You'll learn these in detail in section.






A More Complicated Statement

“Robbie knows the Pythagorean Theorem if he is a
mathematician and took geometry, and he is a
mathematician or did not take geometry.”

We'd like to understand what this proposition means.

In particular, is it true?



A Compound Proposition

“Robbie knows the Pythagorean The e@&
mathematici metrﬁ\gj
mathematma or not take geo

and what t

Wed like to und

First find the simplest (atomic) propositions:

his proposition means.

p “Robbie knows the Pythagorean Theorem®”
q “Robbie is a mathematician”
r “Robbie took geometry”

(p if (md r)) and (q or (not r))

~—

pif(@AT)A(gV (=)
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Parentheses...
“Robbie knows the Pythagorean Theorem if he is a

mathematician and took geome e IS a
et .II

mathematician or did not take geomae

p “Robbie knows the Pythagorean Theorem”
(p if (q N\ (=) | 4 Robb!e is a mathematician
_Z r  “Robbie took geometry”

How did we know where to put the parentheses?

 Subtle English grammar choices (top-level parentheses
are independent clauses).

« Context/which parsing will make more sense.

« Conventions

A reading on this is coming soon!



Back to the Compound Proposition...

“Robbie knows the Pythagorean Theorem if he is a

_mathematician and took geometry, and he is ak”’/D ’%G\(
mathemaWﬁ*meHak&g@ometry

. p “Robbie knows the Pythagorean Theorem”
(p ”c (q A 7‘)) A (CI \% (-ﬂ")) q “Robbie is a mathematician”

T r  “Robbie took geometry”

What promise am | making?
Mj p)A(qV ﬂ? p—->@AT)A(QV (=7))
T Inga-matiermatician andM_Q_QQEﬂetry is the

conMng the Pythagorean Theorem is the promise.




Analyzing the Sentence with a Truth Table
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Order of Operations
Just like you were tau@
eg.3+2-4=11not 24 ==

Logic also has order of operations.
Parentheses
Negation

For this class: each of these is it's own level!

. — e.g. "and"s have precedence over “or"s
Or/ exclusive or

mplication
Biconditional

Within a level, apply from left to right.

Other authors place And, Or at the same level — it's good practice to use
parentheses even if not required.



Logical Connectives

QNegation (not) P
Conjunction (and) p A ¢

\Disjunction (or) pV q
Exclusive Or p D q

\lmplication(if-then) p—q
Biconditional p >

These ideas have been around for so long most have at least two
names.

Two more connectives to discuss!



Biconditional: p < g

p is equivalent to g

p implies g and g implies p

p is necessary and sufficient for g

P

q

P q




Biconditional: p < g

. . Think: (p = @) A (q = p)
pif and only if g

piffg

p is equivalent to g

p implies g and g implies p

p is necessary and sufficient for g

pl g | pog p < q is the proposition:
</ T T T ) "p" and "q" have the same
—T——F | F 3 truth value.
F T F

F P
— =



Exclusive Or

Exactly one of the two is true.

pDq

In English “either p or g” is the most common, but be careful.

Often translated “p or ¢” where you're just supposed to understand that
exclusive or is meant (instead of the normal inclusive or).

Try to say “either...or..." in your own writing.



Exclusive Or
N,

Exactly one of the two is true.
p | q | pDgqg
pDq = T F
T | F T
Pl T | T )
F F

_—  — e, SS—

Often tramstatec—p or¢ wWhere you're just supposed to understand that

—_——
AR

. SN L
Try to say “either...or..." in your own writing.



Today

A proof!

( We want to be able to make iron-clad guarantees that something is
ue.

( And convince others that we really have ironclad guarantees.

But first, some notation.



Logical Equivalence

We will want to talk about whether two propositions are “the same.”

Two propositions are “equal” (=) if they are character-for-character identical.

—~
pAq=pAqbutpAq#qAp
—— s T _—

We almost never ask whether propositions are equal. It's not an interesting question.

Two propositions are “equivalent” (=) if they always have the same truth value.
_/

S—

pAGq=pAqandpAq=qAp
x_’_/ — -
ButpAgq ZpVgq
When p is true and q is false: p A q is false, but p Vv q is true.




Ao B vs. A=B
v

L.

| A =Bis an assertion over all possible truth values that A and B always
ve the same truth values.

Use A = B when you're manipulating propositions (“doing algebra”)

A <> B is a proposition that may be true or false depending on the
truth values of the variables in A and B.

A =B and (A < B) =T have the same meaning.



I~ Simplification and Proofs



Manipulating Expressions

When we're doing algebra, we can apply rules to transform expressions

(a+b)(c+d)=ac+ad+bc+bdo@=\a(bj/c)
\We warft rules fortogical expressions

t rules fortogical expressions too.

For each rule, we'll;

Derive it/make sure we understand why it's true.
Practice using it.

we'll practice mechanically on symbolic forms.

Qy the end of the course, you'll do these “"automatically” on full sentences; for now
As you're practicing, don't lose sight of the intuition for what you're doing. \



De I\/Iorgan’sﬁl\_ﬁws

Negate the state% /\//\q(
'my code compiles or thereis a b j
2PV

ug
..e. find a natural English sentence that says

“the following is not true: my code compiles or there is a%&

Hint: when it the original sentence false?
-

'or’ means ‘at least one is true’ so to negate, we need to say ‘neither is
true’ or equivalently ‘both are false’
. . o~y g
“my code does not compile and @s not a bug” ~——
— W




De Morgan’s Lawvl

ﬂ(qu)=ﬂp/\ﬂq

Is a general rule. It's always true e for any probe&r‘aen?p and q.
This is one of De Morgan’s Laws.

The other is: ~(pAq)=-=pV g




De Morgan's Laws

S~

\ Example: =(p Aq) = =p V —q

\ S
Plg| =P | =9 | —PV—q p/\q\ ~(pAq) | | ~(pAg) e (=pV—q)
T|T| F Pl OF T\ F T
T|F| F I F T T
FIT| T Pl T F T T
FIF| T T || T F T | T
I




De Morgan's Laws

—|(p/\q)E—|pV—|q
_I(pVCI)E—Ip/\_Iq

if (! (front '= null && value > front.da;;T\
front = new ListNode (value, front):;
else {
LListNode current = front;
while (current.next != null && current.next.data < value))
current = current.next;

current.next = new ListNode (value, current.next);



De Morgan’'s Laws

-(pAq)=—-pVq
-(pVq)=-pA—q

(:\!(front I= null && value > front.data)

(;\\front == null || value <= front.data

You've been using these for a while!



Law of Implication

\ /?/\ —\ QK
Implications are hard.

AND/OR/NOT make more intuitive sense to me...
can we rewrite implications using just ANDs ORs and NOTs?

p q P —q One approach: think “when is this implication false?”
T T T then negate it (you might want one of DeMorgan’s
Laws!
T F) F
F F T




Implications are hard.
AND/OR/NOT make more intuitive sense to me...
can we rewrite implications using just ANDs ORs and NOTs?

/&

i

q P—4,

|
it

ST )

_|

T1 | T

Law of Implication

Seems like we might —(p A q)
~—PV4
ms like a reasonable- = )




Law of Implication

pVqg=p—(q
p|q |p~>q|-p | pVq| (-pVq < @~-q)
T T| T F T T
T| F| F F F T
FlT| T T T T
FIF| T T T T




Properties of Logical Connectives

We've derived two facts about logical connectives.
There's a lot more. A LOT more.

The next slide is a list of a bunch of them...

Most of these are much less complicated than the last two, so we won't go through
them in detall.

DO NOT freak out about how many there are. We will always provide you the list on
the next slide (no need to memorize).



We will always give

Properties of Logical Connectives = youtnisist

For every propositions p, g, r the following hold:

* l|dentity * Associative
- pAT=p - (vgvr=pv(gVvr)
- pVF=p —-(PAQDAT=pA(qAT)
* Domination * Distributive
- pVT=T —-pA@Vr)=(@AqQV(PAT)
- pAF=F —-pVv@Ar) =@V Ar(Vr)
* |dempotent * Absorption
- pVp=p -pV(PAQ =P
- pPApP=Dp -pA(pV@ =p
« Commutative * Negation
—pVqg=EqVp —pVap=T

—DPAQ=EqAD —pA=ap=F



Using Our Rules

WOW that was a lot of rules.
Why do we need them? Simplification!
Let's go back to the “law of implication” example.

P=A When is the implication true? Just “or” each of the three

“true” lines!
pA@QV(mpAg)V(=pA-gq)
Also seems pretty reasonable
Sois(pAQV(=pAQV(mpA-q) =(—pVq)?
l.e. are these both alternative representations of p — g~

P | q
T | T
T | F
FoloT
F | F

—A | | ™| 4|




Our First Proof

We could make another truth table (you should! It's a good exercise)
But we have another technique that is nicer.

Let's try that one
Then talk about why it's another good option.

We're going to give an iron-clad guarantee that:
PAQV(pAq)V(apA—-g) =pVg
.e. that this is another valid “law of implication”



Our First Proof

How do we write a proof?

It's not always plug-and-chug...we'll be highlighting strategies
throughout the quarter.

To start with:

Make sure we know what we want to show...



Our First Proof

PAQV(EpAQ)V (mp A-q) =

None of the rules look like this

Practice of Proof-Writing:
Big Picture.. WHY do we think this
might be true?

The last two “pieces” came from the = (-pVQq)
vacuous proof lines...maybe the “—p”

came from there? Maybe that

simplifies down to —p



Our First Proof

@AYV ADV(EEPAD=@PAQ V(AP AQV (mp A-g)]
=(@Aq)VI-pA(qVq)]

Set ourselves an intermediate goal. f (pAq)V P AT]
Let's try to simplify those last two =@AqV[-p]

pieces Associative law
distriRetiyetawihings we're working on.
Weegatiofp is important, let's isolate it.
SHéemimabi_Nthings simpler.
_ Should make things simpler.
= (-pV 5 ’




Our First Proof

@AYV (P AV (P A =@PAq) V(AP AQ)V (mp A=g)]
=@AQVI-pA(@V-q)]

(pA@QV[-pAT]

(® Aq) Vv [—p]

[=pl VvV (P Ag)

(=pVP)A(=pVQq)

If we apply the distribution rule, =((pV-ap)A(=pVQq)

We'd geta (=pV q) TA(=pVQ)

(ﬁqu)/\T

zJen . i %gmore on this later)
i 4 ~f @ B law (more on this later)

Look exactly I|ke the law \Wetr@pidng! !

Stay on target:

We met our intermediate goal.
Don't forget the final goal!

We want to end up at (=p VvV q)




Commutativity

We had the expression (p A q) V [—p]

But before we applied the distributive law, we switched the order...why?
ThelawsayspV(gATr) = (Vg A(pVr)
not (qATr)Vp=(@qVp)A(rVp)

So technically we needed to commute first.

Eventually (in about 2 weeks) we'll skip this step. For now, we're doing
two separate steps.

Remember this is the “training wheel” stage. The point is to be careful.



More on Qur First Proof

We now have an ironclad guarantee that

A V(mpAgQ)V(apA—g) =(—pVQq)

Hooray! But we could have just made a truth-table. Why a proot?
Here's one reason.

Proofs don't just give us an ironclad guarantee. They're also an
explanation of why the claim is true.

The key insight to our simplification was “the last two pieces were the
vacuous truth parts — the parts where p was false”

That's in there, in the proof.



Our First Proof

DAV (—PAQV(=pA=G) = (pAq)V

The last two terms are__
“vacuous truth” maybe

=(@Aq) VI I-pA(qVq)]
=A@ V[pAT]

the simplify to —p = (p A q) V —|p]

p no longer matters in p A
q it =p automatically
makes the expression true.

_<

o

[-pl VvV (pAQq)
(=pVvp)A(—pVQq)
=(@V-p)A(npVQq)
TA(=pVq)
(tpV@) AT

= (—pVq)

(=p A q) V (=p A =q)] Associative

Distributive
Negation
Domination
Commutative
Distributive
Commutative
Negation
Commutative
Domination



More on Qur First Proof

With practice (and quite a bit of squinting) you can see not just the
ironclad guarantee, but also the reason why something is true.

That's not easy with a truth table.

Proofs can also communicate intuition about why a statement is true.
We'll practice extracting intuition from proofs more this quarter.



