CSE 311 Section 07

Structural Induction, Set Theory




Administrivia




Announcements & Reminders

e Midterm
o Good job!
o Please don’t talk about the midterm!! Not everyone has taken it yet ©

e HWS5 Regrade Requests
o Regrade request window open as usual for Part 1 & 2
o If something was graded incorrectly, submit a regrade request

e HWG6
o Due Wednesday 2/21 @ 11:59pm



Sets




Sets

e Asetisan unordered group of distinct elements
o Setvariable names are capital letters, with lower-case letters for
elements

e Set Notation:
o a€A:“aisinA” or“aisanelementofA”
o AC B:“AisasubsetofB”, everyelementofAisalsoinB
o @:“emptyset”, a unique set containing no elements
o P(A):“powersetof A”, the set of all subsets of A including the empty
setand A itself



Set Operators

Subset:
Equality:
Union:
Intersection:
Complement:

Difference:

Cartesian Product:

ACB=Vx(x€eA—->x€B)

A=B=Vx(xeA—x€EB)=ACBABCA

AUB ={x:x € AVx € B}
ANB={x:x € ANx € B}
A={x:x ¢ A}
A\B={x:x € ANx & B}
AXB={(a,b):a€ AAND € B}
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Understand Sets Visually!
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. What Set Operation is this?
Understand Sets Visually!  pifference: A\ B
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. What Set Operation is this?
Understand Sets Visually! ynion:AuB




Problem 2 - How Many Elements?

Foreach of these,how many elements are in the set? If the set has infinitely many
elements, say oo,

a) A=1{1,2,32)

b) B ={{}3{{L {003
c) C=AxX(BU{7})

d D=9

e) E={0}

fy F=P{0})

Work this problem with the people around you, and then we’ll go over it together!
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Problem 2 - How Many Elements?

a) A={1,232} 3,A={1,23)}

b) B ={{L{{ {33803 2,B={0,{0}}
) C=Ax(BU{7}) 9,C=1{1,23}x{7,0,{0}
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Problem 2 - How Many Elements?

a) A={1,2,3,2} 3,A={1,23}

b) B ={}{ {3003 2,B={0,{0}}
) C=Ax(BU{7}) 9,C=1{1,23}x{7,0{0}

d D=¢ O

e) E={0} 1

) F=P{0})



Problem 2 - How Many Elements?

a) A={1,232} 3,A={123} Note: the empty set is not an
element of every set but a
subset of every set

b) B={}{H{0{GE080...3 2B={0,{0}}
c) C=AxX(BU{7}) 9,C=1{1,2,3}x{7,0,{0}}

d D=9 O

o) E={p} 1

i F=P{2) 2,F={0{0}}



Set Proofs




Subset Proofs

One of the most common types of proofs you will be asked to write involving
sets is a subset proof. Thatis, you will be asked to prove that A € B. We
always approach these proofs with the same proof skeleton:

Let x be an arbitrary elementof 4, so x € A.

... some steps using set definitions to show that x mustalso bein B...
Thus,x € B

Since x was arbitrary, A € B.



Set Equality Proofs

Another common type of set proofis provingthat A = B. The trick here is
that this is secretly just two subset proofs! We need to show both that A € B
and B € A. Again, we will always use the same proof skeleton:

Let x be an arbitrary elementof 4, so x € A.
...Thus,x € B
Since x was arbitrary, A € B.

Let y be an arbitrary elementof B,soy € B.
...Thus,y € A

Since y was arbitrary, B € A.
As we have shown both that A € B and B € A, therefore A = B.



Problem 4 - Set Equality

a) ProvethatAn (AU B) = AforanysetsA,B.



Problem 4 - Set Equality

a) ProvethatAnN (AU B) = AforanysetsA,B.

Let x be an arbitrary elementof A N (AU B).

.S.i.nce x was arbitrary, AN (AU B) C A.

Now let y be an arbitrary member of A. Theny € A. So certainlyy € Aory € B.
.S.i.ncey was arbitrary,A € An (AU B).

Therefore AN (AU B) = A, by containmentin both directions.



Problem 4 - Set Equality

a) ProvethatAnN (AU B) = AforanysetsA,B.

Let x be an arbitrary elementof A N (AU B).

Then by definition of intersection,x € A and x € A U B. So certainly, x € A.
Since x was arbitrary, AN (AU B) C A.

Now let y be an arbitrary member of A. Theny € A. So certainlyy € Aory € B.
Since y was arbitrary,A € AN (AU B).

Therefore AN (AU B) = A, by containmentin both directions.



Problem 4 - Set Equality

a) ProvethatAnN (AU B) = AforanysetsA,B.

Let x be an arbitrary elementof A N (A U B).
Then by definition of intersection,x € A andx € A U B. So certainly, x € A.
Since x was arbitrary, AN (AU B) C A.

Now let y be an arbitrary memberof A. Theny € A. So certainlyy € Aory € B.
Then by definition of union,y € AU B.

Since y was arbitrary,A € AN (AU B).

Therefore AN (AU B) = A, by containmentin both directions.



Problem 4 - Set Equality

a) ProvethatAnN (AU B) = AforanysetsA,B.

Let x be an arbitrary elementof A N (A U B).
Then by definition of intersection,x € A andx € A U B. So certainly, x € A.
Since x was arbitrary, AN (AU B) C A.

Now let y be an arbitrary memberof A. Theny € A. So certainlyy € Aory € B.
Then by definition of union,y € AU B.

Sincey € Aandy € AU B, then by definition of intersection,y € An (A U B).
Since y was arbitrary,A € An (AU B).

Therefore AN (AU B) = A, by containmentin both directions.



Structural Induction




Idea of Structural Induction

Every element is built up recursively...

So to show P(s) forall s € S...

Show P(b) for all base case elements b.

Show for an arbitrary element not in the base case, if P() holds for every

named element in the recursive rule, then P() holds for the new element
(each recursive rule will be a case of this proof).



Structural Induction Template

Let P(x) be “<predicate>". We show P(x) holds for all x € § by structural induction.

Base Case: Show P(x)
[Do that for every base cases xin S.]

Inductive Hypothesis: Suppose P(x) for an arbitrary x
[Do that for every x listed as in S in the recursive rules.]

Inductive Step: Show P() holds for y.
[You will need a separate case/step for every recursive rule.]

Therefore P(x) holds for all x € S by the principle of induction.



Problem 5b - Structural Induction on Trees

Definition of Tree:

Basis Step: ¢ is a Tree.
Recursive Step: If Lis a Tree and R is a Tree then Tree(e, L, R) is a Tree

Definition of leaves(): Definition of size():
leaves(s) = 1 size(*) = 1
leaves(Tree(e, L, R)) =leaves(L) + leaves(R)  size(Tree(e, L, R)) =1 + size(L) + size(R)

Prove that leaves(T) = size(T)/2 + 1/2 for all Trees T

Work on this problem with the people around you.



Problem 5b - Structural Induction on orove that
-

FOI;?EESS et PX) be ™. leaves(T) = size(T)/2 +

1/2 for all Trees T
We show P(x) holds for all x € S by structural induction on x.

Base Case: Show P(x) (for all x in the basis rules)

Inductive Hypothesis: Suppose P(x) (for all x in the recursive rules),
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by the principle of induction.




Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(x) holds for all x € S by structural induction on x.

Base Case: Show P(x) (for all x in the basis rules)

Inductive Hypothesis: Suppose P(x) (for all x in the recursive rules),
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by the principle of induction.




Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: Show P(x) (for all x in the basis rules)

Inductive Hypothesis: Suppose P(x) (for all x in the recursive rules),
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by the principle of induction.




Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(x) (for all x in the recursive rules),
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by the principle of induction.




Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by the principle of induction.




Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by the principle of induction.




Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2
+1/2
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2

Again, as long as you can get this far, you will get the majority of
points on the problem! Go for this skeleton first, and then think
about what you need to do to complete the proof.
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2
leaves(Tree(e, L, R)) =
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2

leaves(Tree(e, L, R)) = leaves(L) + leaves(R) definition of leaves
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2

leaves(Tree(e, L, R)

) = leaves(L) + leaves(R) definition of leaves
> (size(L)/2 + 1/2) + (size(R)/2 + 1/2) by Inductive Hypothesis
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2

leaves(Tree(e, L, R)) = leaves(L) + leaves(R) definition of leaves
> (size(L)/2 + 1/2) + (size(R)/2 + 1/2) by Inductive Hypothesis
= (1/2 + size(L)/2 + size(R)/2) + 1/2
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2

leaves(Tree(e, L, R)) = leaves(L) + leaves(R) definition of leaves
(size(L)/2 + 1/2) + (size(R)/2 + 1/2) by Inductive Hypothesis
(1/2 + size(L)/2 + size(R)/2) + 1/2
(

)
>
= (1 + size(L) + size(R)) /2 + 1/2
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Problem 5b - Structural Induction on

Prove that

y : , leaves(T) = size(T)/2 +
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”. 1/2 for all Trees T

We show P(T) holds for all trees T by structural induction on T.

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
l.e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2

leaves(Tree(e, L, R)) = leaves(L) + leaves(R) definition of leaves
(size(L)/2 + 1/2) + (size(R)/2 + 1/2) by Inductive Hypothesis
(1/2 + size(L)/2 + size(R)/2) + 1/2
(1 + size(L) + size(R)) /2 + 1/2

)
>
= size(T)/2 + 1/2 definition of size
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Problem 5b - Structural Induction on

rees . . ,
For atree T, let P(T) be “leaves(T) = size(T)/2 + 1/2”.
We show P(T) holds for all trees T by structural induction on T.

Prove that
leaves(T) = size(T)/2 +
1/2 for all Trees T

Base Case: P(°): By definition of leaves(®), leaves(®) = 1 and size(®) = 1.
So, leaves(®) =1=1/2 + 1/2 = size(*)/2 + 1/2, so P(°) holds.

Inductive Hypothesis: Suppose P(L) and P(R) hold for some arbitrary trees L and R,
e., leaves(L) = size(L)/2 + 1/2, leaves(R) = size(R)/2 + 1/2

Inductive Step: Goal: Show P(Tree(e, L, R)): leaves(P(Tree(e, L, R)) = size(P(Tree(e, L, R))/2 +
1/2

leaves(Tree(e, L, R)

) = leaves(L) + leaves(R) definition of leaves

> (size(L)/2 + 1/2) + (size(R)/2 + 1/2) by Inductive Hypothesis
= (1/2 + size(L)/2 + size(R)/2) + 1/2

= (1 + size(L) + size(R)) /2 + 1/2

= size(T)/2 + 1/2 definition of size

So, P(Tree(e, L, R)) holds!

Conclusion: Therefore P(T) holds for all trees T by the principle of induction.




Problem 5a - Structural Induction on
Strings

Definition of string:

Basis Step: " is a string.

Recursive Step: If X is a string and c is a character then append(c, X) is a
string.

Definition of len(): Definition of double():

|en(|"|) e O dOuble("") ] nmn

len(append(c, X)) =1+ double(append(c, X)) = append(c, append(c,
len(X) double(X)))

Prove that for any string X, len(double(X)) = 2len(X).



Prqblem 5a - Structural Induction on
SiINgs o pe -

We show P(x) holds for aII X € S by structural induction on x.

Base Case: Show P(x) (for all x in the basis rules)

Inductive Hypothesis: Suppose P(x) (for all x in the recursive rules),
e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by structural induction.

Prove that for any string
X,
len(double(X)) = 2len(X)



Problem 5a - Structural Induction on
§trin

ora strﬂg%(, let P(X) be “len(double(X)) = 2len(X)”.
We show P(x) holds for all x € S by structural induction on x.

Base Case: Show P(x) (for all x in the basis rules)

Inductive Hypothesis: Suppose P(x) (for all x in the recursive rules),
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by structural induction.

Prove that for any string
X,
len(double(X)) = 2len(X)



Problem 5a - Structural Induction on
§trin

ora strﬂg%(, let P(X) be “len(double(X)) = 2len(X)”.
We prove P(X) for all strings X by structural induction on X

Base Case: Show P(x) (for all x in the basis rules)

Inductive Hypothesis: Suppose P(x) (for all x in the recursive rules),
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by structural induction.

Prove that for any string
X,
len(double(X)) = 2len(X)
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Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by structural induction.
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§trin X

or a strﬂg%(, let P(X) be “len(double(X)) = 2len(X)”. len(double(X)) = 2len(X)
We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. (IH in terms of P(x))

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by structural induction.
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We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show that P(?) holds. (IS goal in terms of P(?))

Conclusion: Therefore P(x) holds for all x € S by structural induction.
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We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds
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i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) =
2(len(append(c, X)))

Vo YR L. o R o o W A V4 U MY N DN R | R S 7 A N (P A (L [ NN



Problem 5a - Structural Induction on Prove that for any string
§trin X

or a strﬂg%(, let P(X) be “len(double(X)) = 2len(X)”. len(double(X)) = 2len(X)
We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) =
2(len(append(c, X)))
len(double(append(c, X))) =
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Problem 5a - Structural Induction on Prove that for any string
§trin X

or a strgg§<, let P(X) be “len(double(X)) = 2len(X)”. len(double(X)) = 2len(X)
We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) =
2(len(append(c, X)))
len(double(append(c, X))) = len(append(c, append(c, double(X)))) definition of double
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Problem 5a - Structural Induction on Prove that for any string
§trin X

or a strgg§<, let P(X) be “len(double(X)) = 2len(X)”. len(double(X)) = 2len(X)
We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) =
2(len(append(c, X)))
len(double(append(c, X))) = len(append(c, append(c, double(X)))) definition of double
=1 + len(append(c, double(X))) definition of len
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or a strgg§<, let P(X) be “len(double(X)) = 2len(X)”. len(double(X)) = 2len(X)
We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) =
2(len(append(c, X)))
len(double(append(c, X))) = len(append(c, append(c, double(X)))) definition of double
=1 + len(append(c, double(X))) definition of len
=1+ 1 + len(double(X)) definition of len
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Problem 5a - Structural Induction on Prove that for any string
§trin X

or a strgg§<, let P(X) be “len(double(X)) = 2len(X)”. len(double(X)) = 2len(X)
We prove P(X) for all strings X by structural induction on X

Base Case: P("): By definition, len(double("™)) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) =
2(len(append(c, X)))
len(double(append(c, X))) = len(append(c, append(c, double(X)))) definition of double

=1 + len(append(c, double(X))) definition of len
=1+ 1 + len(double(X)) definition of len
= 2 + 2len(X) by I.H.
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Problem 5a - Structural Induction on Prove that for any string
X

§)F£Lﬂ%§ let P(X) be “len(double(X)) = 2len(X)”. Ie’n(double(X)) = 2len(X)

We prove P(X) for all strings X by structural induction on X
Base Case: P(""): By definition, len(double(")) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) = 2(len(append(c,
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len(double(append(c, X))) = len(append(c, append(c, double(X)))) definition of double

=1 + len(append(c, double(X))) definition of len
=1+ 1 + len(double(X)) definition of len
= 2 + 2len(X) by I.H.

= 2(1 + len(X))

Conclusion: Therefore P(X) holds for all strings X by structural induction.
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Strings
For a string X, let P(X) be “len(double(X)) = 2len(X)”.
We prove P(X) for all strings X by structural induction on X

Prove that for any string
X,
len(double(X)) = 2len(X)

Base Case: P(""): By definition, len(double(")) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) = 2(len(append(c,

X))
len(double(append(c, X))) = len(append(c, append(c, double(X))))
=1 + len(append(c, double(X)))
=1+ 1 + len(double(X))
2 + 2len(X)
2(1 + len(X))
= 2(len(append(c, X)))

Conclusion: Therefore P(X) holds for all strings X by structural induction.

definition of double
definition of len
definition of len

by I.H.

definition of len



Problem 5a - Structural Induction on Prove that for any string

i X
Strings , )
For a string X, let P(X) be “len(double(X)) = 2len(X)”. len(double(X)) = 2len(X)
We prove P(X) for all strings X by structural induction on X

Base Case: P(""): By definition, len(double(")) = len("") =0 =2 - 0 = 2len(""), so P("") holds

Inductive Hypothesis: Suppose P(X) holds for some arbitrary string X,
i.e. len(double(X)) = 2len(X)

Inductive Step: Goal: Show P(append(c, X)) for any c: len(double(append(c, X))) = 2(len(append(c,

X))
len(double(append(c, X))) = len(append(c, append(c, double(X)))) definition of double

=1 + len(append(c, double(X))) definition of len
=1+ 1 + len(double(X)) definition of len

= 2 + 2len(X) by I.H.

= 2(1 + len(X))

= 2(len(append(c, X))) definition of len

So, P(append(c, X)) holds!

Conclusion: Therefore P(X) holds for all strings X by structural induction.




That's All, Folks!

Thanks for coming to section this week!
Any questions?




