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Announcements

« Dynamic Programming Reading:
— 6.8 Shortest Paths (Bellman-Ford)

* Network Flow Reading

—7.1-7.3, Network Flow Problem and
Algorithms

—7.5-7.12, Network Flow Applications
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Shortest Path Problem y

» Dijkstra’s Single Source Shortest Paths
Algorithm -5 "2

— O(m log n) time, positive cost edges_

« Directed Acyclic Graphs yf——l?f?———zo-?f C7
— O(n + m), Topological Sort + DP é | 4

« Bellman-Ford Algorithm

— O(mn) time for graphs which can have
hegative cost edges
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Lemma

* If a graph has no negative cost cycles,
then the shortest paths are simple paths

« Shortest paths haye at most n-1 edges
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Shortest paths with a fixed number
of edges

* Find the shortest path from s to w with
exactly k edges

» s S-Ww
A\\ﬁxo(glbb - g O‘H..wdﬂag/.

https://courses.cs.washington.edu/courses/cse421/24wi/lectures/Lecture16/Lecture16.html 5/18



2/13/24, 10:51 AM Lecture16

Express dsS a recurrence

« Compute distance from starting vertex s

* Opty (W) = min, [Opt,_4(x) + c,,]
* Opt,(w) = 0if w = s and infinity otherwise
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Algorithm, Version 1 = _
: spce Oln )

for each w A VU\('/FM_,
M[0, W] = infinity: ) ‘\53
M[O, s]= O; O("’\'\)

fori= 1to n-1
foreach w

M[i, w] = min (M[i-1,x] + cost[x,w]);
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Fmi’lzi o)> LGN%’L \ ,ﬁ [—*-GQ-L;, ys %W
Algorithm, Version 2 =<

f h /\C?
oreachw &y

M[O, w] = infinity; 1)
M[O, s] = 0;
fori= 1 to n-1

for each w

M[i, w] = min(M[i-1, w], min(M[i-1 x] + cost{x,w]));
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Q| »
w
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Correctness Proof for Algorithm 3

+ Key lemma — at the end of iteration i, for
all w, M[w] < M[i, w];

11
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Algorithm, Version 4

foreachw
M[w] = infinity;
M[s] = 0;
‘fori=1to n-1
\-.;- rfor eachw
EP for each x
o if (M[w]> M[x] + cost[x,w])
\&, Plw] = X;
Y M[w] = M[x] + cost[x,w] ;
K_, 12
—
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Theorem

If the pointer graph has a cycle, then
the graph has a negative cost cycle

13
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If the pointer graph has a cycle, then
the graph has a negative cost cycle

- HP[w] = x then M[w] 2 ix] + cost(x.w) M)z K2y
— Equal when w is updated - Ly

— M[x] could be reduced after update

H 3
+ Let vy, v,,...v, be a cycle in the pointer graph M [ lj Z %71
with (v,,v,) the last edge added K
— Just before the update 2 NPt
+ W] 2 Mviq] + costvig, v forj <k Vi@ @V, MC 51 Li

» M ] = M[v,] + costlv,, v, c.’hf::
— Adding everything up VZI—ng ﬁ[:bﬂ meflj

+ 0 =costiv, vy + costivevs) + .0+ cost{vy, v, C 1 H

14
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Negative Cycles

* If the pointer graph has a cycle, then the
graph has a negative cycle

* Therefore: if the graph has no negative
cycles, then the pointer graph has no

negative cycles
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Finding negative cost cycles

« What If ye find negative cost cycles?

16
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What about finding Longest
Paths

« Can we just change Min to Max??

17
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Foreign Exchange Arbitrage
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