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E.M.: The General Case
= JEE

m E.M. widely used beyond mixtures of Gaussians
The recipe is the same...

m Expectation Step: Fill in missing data, given current values of
parameters, 8
If variablez is missing (could be many variables)
Compute, for each data point xi value i of z:
s P(z=i|x],00)

—_—

m Maximization step: Find maximum likelihood parameters for (weighted)
“completed data”:

For each data point x, create k weighted data points

Set 81 as the maximum likelihood parameter estimate for this weighted data

m Repeat
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The general learning problem with

_ missinﬁ data

m Marginal likelihood — x is observed, z is missing:

Mé‘x/\\e(ezD) = |09]1§[1P(Xj|9)/ OL&M f‘”’L
= §j|ogp(xj|e) Sfionde_ 2-
=1 K / Ma¥ 6
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P
- -—
m X is observed, z is missing
m Compute probability of missing data given current choice of oY
Q(z[x;) for each x
= e.g., probability computed during classification step
= corresponds to “classification step” in K-means

X;) = P(z”'| xj,H(t))

Q(t+l)(z¢i
]
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-

—
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Jensen'’s inequality

20:D) = Z: IogZP(z x;)P(x; | 0)

|9 ﬂ\lé J’[‘w.‘}. j=1 J&vs ./I.w

m Theorem: log >, P(z) f(z) = Y, P(2) log f(z)
Fl)’ “'7 Cancavt ﬁ.,.A

Applying Jensen’s inequality ‘fj%rl"s;;l

n Ucii Iog} P(z)fl 2%, P(z) |09 f(z)
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The M-step maximizes lower bound on
weight t
m Lower bound from Jensen’s: ‘("0'#

‘,4&'\4 "‘\*o‘ m a
06Dy > 3 QU Y(z | x)log P(z,x; | 0D) +m QD) g

. )
foeus 04 4455 et fee,
1a H—skl,,

m Corresponds to weighted da;taset:

<x,,2=1> with weight Q®*")(z=1|x,) % 4

<x,,z=2> with weight Q*")(z=2|x,)
<x,,2=3> with weight Q**")(z=3|x,) o
<xX,,z=1> with weight Q**")(z=1|x,)
<X,,2=2> with weight Q**")(z=2|x,)
<X,,2=3> with weight Q**)(z=3|x,)
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The M-step
" JEE
(60 D) > 3 3 QU | x))10g P(zx; | 60) +m.H@QUD)

o / (-‘ixe_d ('f\'ia e-f &

m Maximization step:

9t+D) _ arg mngglzz:Q(tH)(z | x;) log P(z,x; | 6)

——

m Use expected count§ instead of counts:
If learning requires Count(x,z)
Use Eq.qy[Count(x,z)]
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Convergence of EM
" JEE
m Define potential function F(6,Q): o M‘f‘
_ Pzx;|6)  Csh
(0:D) > FO.Q) =3 S Q| x;)log

R— — le Q(l])

£(4,0)

m EM corresponds to coordinate ascent on F
Thus, maximizes lower bound on marginal log likelihood
o We saw that M-step corresponds to fixing Q, max 6

R Same kink o= anaalyss
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M-step is easy
. _
U+  arg max Z > QUAD(z | x;) log P(z,x; | )
j=172

m Using potential function

FO,Q4D) = 330D (4 | x;) 109 P(zx; | 0) 4+ m.H QD)
=17
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E-step also doesn’t decrease

. poteniial angtign 1

m Fixing 6 to 6

m Z,X ®
WO D) > FED.Q) =3 Y Q| x)log T 2100
j=1 = Q(z |X])

KL-divergence
= JEE
m Measures distance between distributions

KL(QIIP) = Y Q(2)10g jﬁg §

m KL=zero if and only if Q=P
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E-step also doesn’t decrease

. gRgtential angtign 2

m Fixing 0 to 00:

m 10)
(0D Dy > F(OW.Q) = 10D : D)+ 3 Y Qe | x,) log L Z1 X007

j=1 z Q(z | Xj)
= 10D : D)= 3 KL(QGz | x))IP(z | x;,6D))
j=1
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E-step also doesn’t decrease

. potential function 3

(0@ D) > F®,Q) = £(0® :D)—m fj KL(Qz | x))|IP(z ]| x;,0))
j=1

m Fixing 6 to 6O
= Maximizing F(6®,Q) over Q — set Q to posterior probability:

QU D(z|x;) — P(z]xj,0M)

= Note that

FOW QU+Ly = 4o® : D)
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EM is coordinate ascent

I T R P P G 1)
- - ’ N j=1 % / Q(z | Xj)
m M-step: Fix Q, maximize F over 6 (a lower bound on¢(¢ : D) ):

m

00:D) > F0,Q0) =3 Y QW(z|x;)log P(z,x; | 0) +m.H(QWM)

j=1 7

m E-step: Fix 6, maximize F over Q:

0@ D) > F®,Q) = (6@ : D) —m i KL(Q(z|x))||P(z ] x;,61))
j=1

“Realigns” F with likelihood:
F(G(t), Q(H-l)) — g(g(t) - D)
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What you should know
* JE
m K-means for clustering:

algorithm
converges because it's coordinate ascent

EM for mixture of Gaussians:

How to “learn” maximum likelihood parameters (locally max. like.) in
the case of unlabeled data

Be happy with this kind of probabilistic analysis

Remember, E.M. can get stuck in local minima, and
empirically it DOES

EM is coordinate ascent

General case for EM
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Dimensionality Reduction
PCA
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Dimensionality reduction
* JEE
m |nput data may have thousands or millions of
dimensions! %
e.g., textdatahas [0,wo wads ~— (0 Geovoecs
m Dimensionality reduction: represent data with
fewer dimensions
| easier learning — fewer parameters
visualization — hard to visualize more than 3D or 4D

discover “intrinsic dimensionality” of data
= high dimensional data that is truly lower dimensional
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Lower dimensional projections
" JE
m Rather than picking a subset of the features, we
can new features that are combinations of
existing features
2| - ?;)')(l -3 Yo = 3. ¥3 + ?o)(Gf

Jaeve Vtonshurf Q ;(\ i dix 1 X
Y|~ 7 ) n
72 =Ry

m Let’s see this in the unsupervised setting
just X, butno Y

Linear projection and reconstruction

- *
=Xe)
3@
o Q
[Z3=1
52
35 (o]
J
o

X4

reconstructjap: . S
only kno@, dv(c‘\or\

what was (X4,X,)
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Principal component analysis —

. basicidea

m Project n-dimensional data into k-dimensional
space while preserving information:

e.g., project space of 10000 words into 3-dimensions
e.g., project 3-d into 2-d

m Choose projection with minimum reconstruction
error

©Carlos Guegttin 2005-2014

Linear projections, a review b
" JEE—
m Project a point into a (lower dimensional) space:
point: X = (X,,....x# " /o

4

select a basis — set of basis vectors — (uy,...,u,)
= we consider orthonormal basis:
ueu=1, and ueu;=0 for ix]
select a center — X, defines offset of space
best coordinates in lower dimensional space defined
by dot-products: (z4,...,z,), Z; = (X-X)*u,
= minimum squared error

Y
) v

y‘x {'l = ()(~Y) W, S "Elz A¥gmin ((X*§)~ % (A\’)L
- A T
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PCA finds projection that minimizes

. rgggnﬁtrﬁtign error

m Given N data points: x' = (x,},...,X4), i=1...N
m Will represent each point as a projection:

{

k ; N . . .
=X+ Z ;u] where: x = l Z x* and z; = (XZ — )_() Su,
7 =1 N =
profeErondto,
a9 otnle last Sl
s PCA: %
-
m|n|m|zmg reconstructlon error: T( £ v
b B3 S i

errory, _‘ Z(X A1)2 . X ) h,
\ i=1

X1
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Understanding the reconstruction

) ko
. i rrg r G(F?:{. =z +j§1 zju; ¢2_
) -9 z; =x'—x%)- u;

i
m Note that x' can be represented Given ke<d, find (uy.....u)

exaCtly by d'dimenSional projection: minimizing reconstruction error:
~ N . ;
- X_X+Lzu L- errork=2(xzf§(l)3
i=1

iRl DLTEIR o u.,]] - [£3s]

I T ‘
712 asiuy 2T Aok ]

izl 3: Ril

N A T\l Mo mik rmju‘b"l g, =
- Z (% ) & j » u."—
- Z':I o g J mn SP'.'VL 0{' ‘H\ﬂ 2;65:
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WMy | Q-

Reconstruction error and | 7,7« )« v

. ggvariﬁngg matrix

N
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Minimizing reconstruction error and

. ﬁiggn vggtors

m Minimizing reconstruction error equivalent to picking
orthonormal basis (uy,...,uy) minimizing:
d

errorp = N ujTZujr

. . j=k—+1
= Eigen vector: ! miu:}wk = A
2wz )\l{ 3
Z“rw“b tirn valee
m Minimizing reconstruction error equivalent to picking
(Uy4q,---,Uy) to be eigen vectors with smallest eigen values
-__‘—d—' —
]Qm- A s -l';\vo.‘,'m 0 IA‘,' (Ap“ ,,,,, N A
min Ly = J
W, - e Ainchins l-v;# Sm.lb"ﬁ
- L) e lens
= |‘U.? W-.Ue K e 7’

o it Naogod Lig uél‘yﬂ Vicha oF =
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Basic PCA algoritm

m Start from m by m data matri’X
Recenter: subtract mean from each row of X

X, < X-X &

' :p%%‘f“)(

Compute covariance matrix:

> < 1IN X.T X,

Find eigen vectors and values of =

/‘

Principal components: k eigen vectors with

highest eigen values

——

-
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PCA example
" S

k
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PCA example — reconstruction
* JEEE—

only used first principal component

)'EZ
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Eigenfaces reconstruction
" JEEE
m Each image corresponds to adding 8 principal
components

33338
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Scaling up
" JEE
m Covariance matrix can be really big!
Zisdbyd
Say, only 10000 features

finding e,ig.envechS’Ts‘v’e’@

m Use singular value decomposition (SVD)

finds to k eigenvectors ol 2 L:; ),\;.} (Mk,,, at )(

great implementations available, e.g., python R,
Matlab svd
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SVD

* JEE—
m Write X=WSVT
X < data matrix, one row per datapoint
W < weight matrix, one row per datapoint — coordinate of x' in eigenspace
S < singular value matrix, diagonal matrix
= in our setting each entry is eigenvalue A
VT < singular vector matrix
= in our setting each row is eigenvector v,
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PCA using SVD algoritm
* JEE——
Start from m by n data matrix X
Recenter: subtract mean from each row of X
X, < X=X
Call SVD algorithm on X, — ask for k singular vectors

Principal components: k singular vectors with highest
singular values (rows of VT)

Coefficients become:
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What you need to know
* JE
m Dimensionality reduction
why and when it's important
m Simple feature selection
m Principal component analysis
minimizing reconstruction error

relationship to covariance matrix and eigenvectors
using SVD
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