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* Fill'in the missing plots: U, S,V = svd(@g) = VU-T,VVI
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Linear projections
" S

il
. v
Given z; € R? and some ¢ < d consider ‘V/ '
U101

N
. - T =\12
min ) 1: |(zi —Z) = V Vg (zi — 2)||°
==

/ . h
where V, = [v1,v2,...,v,] is orthonormal: SN

VqTVq =1,

V, are the first g eigenvectors of X

N
Y= V(s — )T
V, are the first q principal components ;(% z)(z; — T)

Principal Component Analysis (PCA) projects (X — 1z7") down onto V|,
(X — 127V, = U,diag(ds, . .., d,) U u, =1,

Singular Value Decomposition defined as

X —1z7 = Usv”’

©2017 Kevin Jamieson



Linear projections
" S
X i anbred (Tx=X)  USVT=X
XXT=USUT eglnd) = U

nYy n

XX = Visa'Al €s,..(xx) = V

dxd
A= XV A
- - eb - U—;g‘; - )
US¥Y Y NAedl~ s e
Afg“uisi

A€, = sEHalT =



Dimensionality reduction
" S

o
V, are the first ¢ eigenvectors of ¥ and SVD X — 1z7 = Usv?t

- ! [ "" ‘o o “
"”7/ Had 1 1 E )

[ ’/ Y Sl ‘/? e ..
. . o / =, 8
i.
?
(-]

05 00
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Power method - one at a time
2= i(l’i —T)(z; —7)" Ve = arg max v Yo . “;d/'/



V, E P Meld(S) 5272y, Vo oo Melld (2= ssu)

Power method - one at a time

(vev)® = veuTvsuT = ye 2y T

oV

=) (2, —-2)(x; -7 v, = argmax v Yo

T ae W E" ,OIVT-[J/

|| 200t ||

V[ .
Z?Vh: fzq Vie -1 [(2:/,1/ i’hv
( ?Vuf, “?V«,// IIM’ITM’, ’TQU‘J/ @
57 (VSV\ syt

sl b © b & [2’(']
(5:/5)° (4 -
N N P S 4
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Markov chains - PageRank




Markov chains - PageRank
" S

0010 Prae
1 0 00 ~ B e
L;; = 1{page j points to page i} i (l 10 1) L 2~
0 0 00 S
Google PageRank of page i: e \
" L: - n _v: =;
P=(L=NEAY Ty =3k =R
j=1 J k=1




Markov chains - PageRank
" S

0010 Poge 2

1000 - -~ ? a
L;;= 1{page j points to page i} b= ((1) (l, :: (l)) = @
Google PageRank of pages given by: ‘"“ =" \ e

p=(1-M1+ALD_'p D.- J’LD(C':'--Cn)’gM ~3 E

>
3

10



Markov chains - PageRank
" S

0010 _—
1 000 - "-;‘
L; ; = 1{page j points to page i} b (1 1 0 1) -l E:-.:
00 00 vy <« -
Google PageRank of pages given by: i ‘ -
. o =
p=(1—-X)1+ )\LDc_lp 2 = B
Puge 3 A

Set arbitrary normalization: 17p = n so that
p=((1-XN11"/n+ LD ") p
=: Ap
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Markov chains - PageRank

0 010 Page
L; ; = 1{page j points to page i} L= (;) }: E :1:) = - EE"'
( eV -
Google PageRank of pages given by: "'“ = \ Page
1 S==. -
p=(1—-XAN1+ALD_p o ’
Set arbitrary normalization: 17p = n so that |
p=((1-XN11"/n+ LD ") p
=: Ap

p is an eigenvector of A with eigenvalue 1! And by the properties
stochastic matrices, it corresponds to the largest eigenvalue

12



Markov chains - PageRank
" S

0010 _—
1 000 - "-;‘
L; ; = 1{page j points to page i} b (1 1 0 1) -l E:-.:
00 00 vy <« -
Google PageRank of pages given by: i ‘ -
. o =
p=(1—-X)1+ )\LDc_lp 2 = B
Puge 3 A

Set arbitrary normalization: 17p = n so that
p=((1-XN11"/n+ LD ") p
=: Ap
p is an eigenvector of A with eigenvalue 1! And by the properties

stochastic matrices, it corresponds to the largest eigenvalue

Solve using power method: ~ Pk+1 = 372 7 Po ~ uniform([0, 1]")
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Matrix completion

Given historical data on how users rated movies in past: -

n
17,700 movies, 480,189'Qers, 99,072,112 ratings (Sparsity: 1.2%)

—

Predict how the same users will rate movies in the future (for $1 million prize)

EIETIE L X=Uv' veR™ yeR™
Ll e

. d
Aice | 1 | 2 | 2 | a ]| 2 USer cis a.mynccl“ vecfor U é//Z
_Bb| 2| 2]s|2]7? -ty o d
X “Carol| 2 | 2 | 4|5 | 2 nMwIeJ o VJ GIR
Dave | 5 | ? | ? ? | 4 . - . T
n I wer ¢ yafes movie § a5 FUY
- ¢
-m
™ Y| md+nd
mn |
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Matrix completion

|
Il
n movies, m users, |S]|ratings

arg min Z H(UVT)Z',J' — 5@]”%
UERm @V ERTXE (; js)es

How do we solve it? With full information?

d n

A
m =l md+nd
mn ‘ |
X &

v’
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Matrix completion
"
n movies, m users, |S]|ratings

arg min Z H(UVT)i,j — Szg”%
UERm = VERTXE (; j,s)es
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Random projections
" I

PCA finds a low-dimensional representation that reduces population variance

N T - . . .
m V,V /! is a projection matrix that
. - 1 =\112 q"q

H\I/l:lz |(zi —2) - \O\F (@i — z)||%. minimizes error in basis of size g

-

z N
V, are the first ¢ eigenvectors of ¥ X := Z<xi — ) (x; — z)"

i=1

But what if | care about the reconstruction of the individual points?

. — T =\ 12
min max |(z; — %) = WeW (z; — T)|]
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Random projections
" S

o
. - T (12
min max (z; —2) = WeW (z; — T)|

Johnson-Lindenstrauss (1983)

Theorem 1.1. (Johnson-Lindenstrauss) Let € € (0,1/2). Let Q@ C RY be a set of n points and k = %ﬁ. There
exists a Lipshcitz mapping f : RY — R such that for all u,v € Q: (independent of d)

(1= €)llu—vl® < [|If(w) = F@)I* < 1+ €)flu—v|
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Random projections

" S
. - T (12
min max (z; —2) = WeW (z; — T)|

Johnson-Lindenstrauss (1983)

Theorem 1.1. (Johnson-Lindenstrauss) Let € € (0,1/2). Let Q@ C RY be a set of n points and k = "%‘”P. There
exists a Lipshcitz mapping f : RY — R such that for all u,v € Q: (independent of d)

(1= €)llu—vl® < [|If(w) = F@)I* < 1+ €)flu—v|

Theorem 1.2. (Norm preservation) Let x € R%. Assume that the entries in A C R**9 are sampled independently
from N(0,1). Then,

1 . 2_('
Pr((1 - ¢)lz)|* < ||7EA$||2S(1+6)II:1:||2)21—-2e (*~€)k/4
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Other matrix factorizations

Singular value decomposition

Elements of U,S,V in R

Nonnegative matrix factorization (NMF)

Elements of U, S,V in R

PCA ‘
méqﬂwﬂﬁ
AEBALA

sk
i i S
P_.-‘-‘-:‘:'_ - i ..-‘T-.
NMF

1" 12712 1 3%
T P e
s o S S0
SO il

.
i
T
: =1 I Al
S PR L
TET LR P
AL .8 A
* oy
e L
-5 - '
. { 1.1=
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