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Linear projections
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Given x1, . . . , xn 2 Rd, for q ⌧ d find a compressed representation
with �1, . . . ,�n 2 Rq such that xi ⇡ µ+Vq�i and VT

q Vq = I

min
µ,Vq,{�i}i

nX

i=1

kxi � µ�Vq�ik22
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Linear projections
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Given x1, . . . , xn 2 Rd, for q ⌧ d find a compressed representation
with �1, . . . ,�n 2 Rq such that xi ⇡ µ+Vq�i and VT

q Vq = I

min
µ,Vq,{�i}i

nX

i=1

kxi � µ�Vq�ik22

Which gives us:

VqVT
q is a projection matrix that

minimizes error in basis of size q

Fix Vq and solve for µ,�i:
µ = x̄ = 1

n

Pn
i=1 xi

�i = VT
q (xi � x̄)

0
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Linear projections
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NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

min
Vq

NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22 = min

Vq

Tr(⌃)� Tr(VT
q ⌃Vq)

VT
q Vq = Iq

Eigenvalue decomposition of        = ⌃

Ez 20 TZ

Vq maximizes Tr vEIVq
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Linear projections
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NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

min
Vq

NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22 = min

Vq

Tr(⌃)� Tr(VT
q ⌃Vq)

VT
q Vq = Iq

Eigenvalue decomposition of        = ⌃

Vq are the first q eigenvectors of ⌃

Minimize reconstruction error and capture the most variance in your data.



 7

Pictures

©2018 Kevin Jamieson

Vq are the first q eigenvectors of ⌃
⌃ :=

NX

i=1

(xi � x̄)(xi � x̄)T
Vq are the first q principal components

Vq with VT
q Vq = I maximizes Tr(VT

q ⌃Vq)
Xi I

t

i
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Pictures
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Vq are the first q eigenvectors of ⌃
⌃ :=

NX

i=1

(xi � x̄)(xi � x̄)T
Vq are the first q principal components

Vq with VT
q Vq = I maximizes Tr(VT

q ⌃Vq)

Vin L eRdx2

it

ay
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Linear projections
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where is orthonormal:

Given xi 2 Rd and some q < d consider

Vq are the first q eigenvectors of ⌃

Vq = [v1, v2, . . . , vq]

VT
q Vq = Iq

UT
q Uq = Iq

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T
Vq are the first q principal components

Principal Component Analysis (PCA) projects (X� 1x̄T ) down onto Vq

(X� 1x̄T )Vq = Uqdiag(d1, . . . , dq)
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Dimensionality reduction
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Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

X� 1x̄T
U1

U2

A
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Dimensionality reduction
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Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

Handwritten 3’s, 16x16 pixel image so that xi 2 R256

(X� 1x̄T )V2 = U2S2 2 Rn⇥2

diag(S)

o D
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Singular Value Decomposition (SVD)
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Theorem (SVD): LetA 2 Rm⇥n with rank r  min{m,n}. ThenA = USVT

where S 2 Rr⇥r is diagonal with positive entries, UTU = I, VTV = I.

ATAvi =

AATui =

I
e o ith

1 4 vn VTV Vitus

Usui Tusuthi VS VI VIVI
Se

U Ui Un
Sieve

usutfusvtyu.US'Utui
Sofie mrtrrtrn

II
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Singular Value Decomposition (SVD)
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Theorem (SVD): LetA 2 Rm⇥n with rank r  min{m,n}. ThenA = USVT

where S 2 Rr⇥r is diagonal with positive entries, UTU = I, VTV = I.

ATAvi =

AATui =

S2
i,ivi

S2
i,iui

V are the first r eigenvectors of ATA with eigenvalues diag(S)
U are the first r eigenvectors of AAT with eigenvalues diag(S)
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Linear projections
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Vq are the first q eigenvectors of ⌃

UT
q Uq = Iq

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

X� 1x̄T = USVT

Singular Value Decomposition defined as

Vq are the first q principal components

Principal Component Analysis (PCA) projects (X� 1x̄T ) down onto Vq

(X� 1x̄T )Vq = Uqdiag(d1, . . . , dq)

r nx2 22 2xd

I



Pictures, intuition!
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• Fill in the missing plots:

X XVS�1 XVS�1VT

J = I � 11T /n

JX J J

U,S,V = svd(JX)

JX = USVT

Jx X t.ITanng a F
X Ix

V Cv v usuXv5 U

0
1

TXU Iai Itv
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Kernel PCA
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Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

(X� 1x̄T )Vq = UqSq 2 Rn⇥q

JX = X� 1x̄T = USVT J = I � 11T /n

(JX)(JX)T = USUT VS UT US 2UT EIR

Tx
T TX VSUTUSvt S2 T E IRD

d

XqRn
d



©Kevin Jamieson 2018  16

PCA Algorithm
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Cool tricks with SVD
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Ridge Regression revisited
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Singular vector decomposition (SVD): X� 1x̄T = USVT

bwridge = argmin
w

||Xw � y||22 + �||w||22

bwridge = (XTX+ �I)�1XTy

ŷ = X(XTX+ �I)�1XTy

Assume data centered

Ma



Ridge Regression revisited
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Singular vector decomposition (SVD): X� 1x̄T = USVT

bwridge = argmin
w

||Xw � y||22 + �||w||22

bwridge = (XTX+ �I)�1XTy

ŷ = X(XTX+ �I)�1XTy

ŷ =
dX

i=1

uiu
T
i

s2i
s2i + �

yi

U = [u1, . . . , ud]

S = diag(s1, . . . , sd)

ok

i 9


