
1

Fourier analysis and
sampling theory

2

Reading

Required:

Shirley, Ch. 4

Recommended:

Ron Bracewell, The Fourier Transform and Its 
Applications, McGraw-Hill.

Don P. Mitchell and Arun N. Netravali,
“Reconstruction Filters in Computer Computer 
Graphics ,” Computer Graphics, (Proceedings of 
SIGGRAPH 88). 22 (4), pp. 221-228, 1988.
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What is an image?

We can think of an image as a function, f, from R2 to 
R:

f(x,y) gives the intensity of a channel at position 
(x,y) 
Realistically, we expect the image only to be 
defined over a rectangle, with a finite range:

• f: [a,b]x[c,d] [0,1]

A color image is just three functions pasted together.  
We can write this as a “vector-valued” function:

We’ll focus in grayscale (scalar-valued) images  for 
now.
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Images as functions
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Digital images

In computer graphics, we usually create or operate 
on digital (discrete) images:

Sample the space on a regular grid

Quantize each sample (round to nearest 
integer)

If our samples are Δ apart, we can write this as:

f [n ,m] = Quantize{ f (n Δ, m Δ) }
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Motivation: filtering and resizing

What if we now want to:

smooth an image?

sharpen an image?

enlarge an image?

shrink an image?

In this lecture, we will explore the mathematical 
underpinnings of these operations.
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Convolution

One of the most common methods for filtering a 
function, e.g., for smoothing or sharpening, is called 
convolution.

In 1D, convolution is defined as:
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Convolution in 2D

In two dimensions, convolution becomes:
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Fourier transforms

Convolution, while a bit cumbersome looking, 
actually has a beautiful structure when viewed in 
terms of Fourier analysis.

We can represent functions as a weighted sum of 
sines and cosines.

We can think of a function in two complementary 
ways:

Spatially in the spatial domain

Spectrally in the frequency domain

The Fourier transform and its inverse convert 
between these two domains:
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Fourier transforms (cont’d)

f(x) is usually a real signal, but F(s) is generally 
complex: 

where magnitude |F(s)| and phase θ(s) are:

Where do the sines and cosines come in?
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Some properties of FT’s

Real functions:

Symmetric, real functions:
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Some properties of FT’s

Amplitude scaling:

Additivity:

Domain scaling:

( ) ( )

π

π π

∞
−

−∞

∞ ∞

−∞ −∞

=

= −

∫

∫ ∫

2( ) ( )

( )cos 2 ( )sin 2

i sxF s f x e dx

f x sx dx i f x sx dx



13

1D Fourier examples
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Box and sinc functions
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2D Fourier transform
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2D Fourier examples

Spatial 
domain

Frequency 
domain

( , )x yF s s( , )f x y
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Fourier transforms and convolution

What is the Fourier transform of the convolution of 
two functions?  (The answer is very cool!)

∗ ←⎯→??f h
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Convolution theorems

Convolution theorem: Convolution in the spatial
domain is equivalent to multiplication in the 
frequency domain.

Symmetric theorem: Convolution in the frequency
domain is equivalent to multiplication in the spatial
domain.

f h F H∗ ←⎯→ ⋅

f h F H⋅ ←⎯→ ∗
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1D convolution theorem example
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2D convolution theorem example

*

f(x,y)

h(x,y)

g(x,y)

|F(sx,sy)|

|H(sx,sy)|

|G(sx,sy)|
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Convolution properties

Convolution exhibits a number of basic, but important 
properties…easily proved in the Fourier domain.

Commutativity:

Associativity:

Linearity:

∗ ∗ = ∗ ∗[ ( ) ( )] ( ) ( ) [ ( ) ( )]a x b x c x a x b x c x

( ) ( ( ) ( )) ( ) ( ) ( ) ( )a x b x c x a x b x a x c x∗ + = ∗ + ∗

∗ = ∗( ) ( ) ( ) ( )a x b x b x a x

∗ ⋅ = ⋅ ∗( ) [ ( )] [ ( ) ( )]a x k b x k a x b x
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The delta function

The Dirac delta function, δ(x), is a handy tool for 
sampling theory.  

It has zero width, infinite height, and unit area. 

Can be computed as a limit of various functions, e.g.:

It is usually drawn as:
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Sifting and shifting

For sampling, the delta function has two important 
properties.

Sifting:

Shifting:

( ) ( ) ( ) ( )f x x a f a x aδ δ− = −

( ) ( ) ( )f x x a f x aδ∗ − = −
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The shah/comb function

A string of delta functions is the key to sampling.  The 
resulting function is called the shah or comb
function or impulse train:

which looks like:

We can also define an impulse train in terms of a 
desired delta function spacing, T:

which looks like: 
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The shah/comb function, cont’d

If we multiply an input function by the impulse train, 
we get:

III( ) ( ; ) ( ) ( )
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The shah/comb function, cont’d

Amazingly, the Fourier transform of the shah 
function is also the shah function:

One can also show that:

where so = 1/T. 

We can visualize this as:

For convenience, I won’t draw the delta functions as 
scaled vertically, though mathematically, one must 
keep track of these scale factors.
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Now, we can talk about sampling.

The Fourier spectrum gets replicated by spatial 
sampling!

How do we recover the signal?

Sampling

28

Sampling and reconstruction
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Sampling and reconstruction in 2D
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Sampling theorem

This result is known as the Sampling Theorem and is 
due to Claude Shannon who first discovered it in 
1949:

A signal can be reconstructed from its samples 
without loss of information, if the original signal 
has no frequencies above ½ the sampling 
frequency.

For a given bandlimited function, the minimum rate 
at which it must be sampled is the Nyquist
frequency. 
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Reconstruction filters

The sinc filter, while “ideal”, has two drawbacks:

It has large support (slow to compute)

It introduces ringing in practice

We can choose from many other filters…
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Cubic filters

Mitchell and Netravali (1988) experimented with 
cubic filters, reducing them all to the following form:

The choice of B or C trades off between being too 
blurry or having too much ringing.  B=C=1/3 was 
their “visually best” choice.  

The resulting reconstruction filter is often called the 
“Mitchell filter.”
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Reconstruction filters in 2D

We can also perform reconstruction in 2D…

34

Aliasing

What if we go below the Nyquist frequency?
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Anti-aliasing

Anti-aliasing is the process of removing the 
frequencies before they alias.

36

We can fill the “magic” box with analytic pre-filtering 
of the signal:

Why may this not generally be possible?

Anti-aliasing by analytic prefiltering
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Filtered downsampling

Alternatively, we can sample the image at a higher 
rate, and then filter that signal:

We can now sample the signal at a lower rate.  The 
whole process is called filtered downsampling or 
supersampling and averaging down.
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Practical upsampling

When resampling a function (e.g., when resizing an 
image), you do not need to reconstruct the complete 
continuous function.

For zooming in on a function, you need only use a 
reconstruction filter and evaluate as needed for each 
new sample.

Here’s an example using a cubic filter:
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Practical upsampling

This can also be viewed as:

1. putting the reconstruction filter at the desired 
location

2. evaluating at the original sample positions

3. taking products with the sample values 
themselves

4. summing it up

Important: filter should always be normalized!
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Practical downsampling

Downsampling is similar, but filter has larger support 
and smaller amplitude.

Operationally: 

1. Choose reconstruction filter in downsampled
space.

2. Compute the downsampling rate, d, ratio of 
new sampling rate to old sampling rate

3. Stretch the filter by 1/d and scale it down by d

4. Follow upsampling procedure (previous 
slides) to compute new values
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2D resampling

We’ve been looking at separable filters:

How might you use this fact for efficient resampling
in 2D?

=2 1 1( , ) ( ) ( )D D Dr x y r x r y



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


