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What is an image?

We can think of an image asa function, £ fromRE2to
R
& Ary) givesthe intensity of a channel at position
e

* Realistically, we expect the image only to be
defined over a rectangle, with afinite ran ge:

= [eblxfe.d] = [0,1]

A colorimage is just three functions pastedtogether.
We can write this as a “vector-valued” function:

iz y)
Flxy)=|glxy)
&(x, ¥)

wWe'll focus in grayscale (scalarvalued) images for
1 oW,

Images as functions




Digital images Motivation: filtering and resizing

In computer graph ics, we usually create or Operate What if we now want to:

on digital (discrete) images: i
smooth an image?

* Sample the space on areqular grid sharpen an image?

* Quantize each sample {round to nearest
integer)

enlarge an image?
shrink an image?
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If our samples are Aapart, we can write this as: In this lecture, we will expl ore the mathematical

underpinnin gs of these operations.

fln .m] = Quantize{ “(n A m A
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Convolution Convolution in 2D
One of the most common methods for filtering a In two dimensions, convolution becomes:
function, e.g, for smoothing or sharpening, is called
convelution. glx,y)=Flx,y)=hix,v)
In 10, convolution is defined as: = | | Flx'y'ihix—x\y -y idedy'
glx)=flx)*hix) w e .
= | | flx'yhix'—x,y'= yidedy’
= | fix"Whlx — x"dx' S

. wherehix, y)=hi-x,—-v).
flacWhix'= x)dx
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where hlxl= hi-x).
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Fourier transforms

Convelution, while a bit cumbersome looking
actually has a beautiful structure when viewed in
terms of Fourier analysis.

We can represent functions as aweighted sum of
sines and cosines.

We can think of a function in two complementary
WaYs:

+ Spatiallyin the spatial demain

* Specrally in the frequency domain

The Fourier transform andits inverse convert
between these two domains:

— Fls)= [flx)e™%dx —

Spatial Frequency
daomain damain

o=

— flx)= | Fls)e™=ds
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Fourier transforms (cont'd)

Spatial
darmain

— Fis)= [f[x]e'”"“dx —

— fix)= |Fls)e™"ds

) isusually a real signal, but Fis)is generally
complex:

Fls)=Als)+ B(s]=|F(s)|? ="

where magnitude |Fs)| andphase &s) are:
Fis|- 7G5
As)=tan™'[B(s)/ Ais)]
Where dothe sines and cosines come in?
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Fourier transform example

Spatial domain Frequency domain
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More 1D Fourier examples

Spatial domain Frequency domain
S{jgbﬂ'ﬂs cos TN Sy &y
: 1 cos(anan)
L cog 2T(ot-se) —— T l - 1 o
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o Gauss(x /o) ¢ Gauss(s; o)
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Some properties of FT's vark - Verp 24
li:g,mluj nr{r}ﬁ»I—H frihe,

Fis)= I filx)e™ ™ *dx
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Amplitude scaling:

40z Kby , vt = K (
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Additivity:
£00)+gk) = FEYGLs)

Domain scaling:
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2D Fourier transform
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Fourier transforms and convolution

What is the Fourier transform ofthe convolution of
two functions? (The answer is very cool!)
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Convolution theorems

Convolution theorem: Cov i in the spatial
domain is equivalent to multiplication in the
freq uency domain.

frhe—sF H

Symmetric theorem: Convolution in the freguenc
domain is equivalent to multiplication in the spatial
domain.

f he—sF*xH

1D convolution theorem example

Spatial domain Frequency domain
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2D convolution theorem example
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Convolution properties

Convolution exhibits a numberof basic, but important
properties. . easily proy

sed in the Fourier domain.

Commutativity:

alx)=bix)=b{xi=alx)

A BEQ) = &) AL

Associativity:
e
[alx)=+=b{x fl]*;o;x I=alxi=[b{x)=clx]]

iﬁf () Eif,ﬁj‘j C(s\) = A’ﬂ%\ {E:{O C['ﬂl

Linsarity:
alxl=[k-bixl]=k [alx)=bix)]

A3 xBigy= K,]E@ -réml

alxi*{blxl+cix=alx)*bix)+alx)*cix)
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The delta function 3 : :-? jl 1=y

ot -ZTE I:' I #7.
- % C LF
j:(ﬂ:, g?‘rﬂtb J,frheDira(deItafunction[orimpulsefunction]_. Axl, qli“i\
-4 is ahandy tool for sampling theory. Y romettr

F'{D-\J = :S‘ H)‘\J}F It has zero width, infinite height, andunit area.

Can be computed as alimit of various functions, e.q.:

Sifting and shifting ‘P,\]&{x\] =5H{5)S)

For sampling, the deltafunction has two important
properties.

Sifting:
flx)dix—a)=fla)d(x—a)
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The shah/comb function The shah/comb function, cont’d

A string of deltafunctions is the key to sampling. The
resulting function is called the shah or comb
function or impulse train:

.......

We can also define an impulsa train in terms ofa
desired delta function spacing T:

Mix;T)= 3" dix—nT)

et

which looks like:

Ifwe multiply an input function by the impulse train,
we get:
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The shah/comb function, cont’d

Amazingly, the Fourier transform of the shah
function is also the shah function:

I x ) e—— 110 5)

One can also show that:

1
TG T e——=—=1II{s;1/T = 5, IIl{ 5;5, |
: T

I'F

where s =1/T.
We can visualize this as:
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For convenience, lwon't draw the deltafunctions as
scaled vertically, though mathematically, one must
keep track of these scale factors.
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Sampling

MNow, we can talk about sampling.
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The Fourier spectrum gets replicated by spatial
sampling!

How dowe recover the signal?

X

Sampling and reconstruction
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Sampling and reconstruction in 2D
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Samplingtheorem

This resultis known asthe Sampling Theorem andis
due to Claude Shannon whofirst discovered itin
1949:

A signal can be reconstructed from its samples

without loss of information, ifthe original signal Sﬂﬂ P ?"SL
has no frequencies above Y:the sampling

frequency.

For a given bandlimited function, the minimum rate
atwhich it must be sampledis the Nyquist
frequency.

Reconstruction filters

The sincfilter, while “ideal”, has two drawhbacks:

* It has large support (slow to compute)
# It introduces ringing in practice

We can choose from many other filters. ..
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Cubicfilters Reconstruction filters in 2D

Mitchell and Metravali (1988) experimented with
cubic filters, reducing them all to the following form:

{1 2-98—aC )|« + =184 2846 C)|«f +i5-28) |1
r l_xﬁ'=% =8 =6 Ci o' +i58 + 30| +i—1 28 —28C)|x[+(88 +245) 1242 2

4] otherwise

The choice of B or C trades off between beingtoo
Blurry or having too much ringing. B=C=1/3 was
their “visually best” choice.

The resulting reconstruction filter is often called the
“mitchell filter.”
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We can also perform reconstruction in 2D...

n

sinc(x) sine(y) ih- ~




Aliasing

What if we go below the Nyquist frequen cy?
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Anti-aliasing

Anti-aliasing isthe process of removing the
frequen cies before they alias.
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Anti-aliasing by analytic prefiltering

We can fill the "magic’ box with analytic pre-filtering
of the signal:
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Why may this not generally be possible?
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Filtered downsampling

Alternatively, we can sample the image at a higher
rate, and then filter that signal:
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We can now sample the signal at a lower rate. The
whole processis called filtered downsampling or
supersampling and averaging down.
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Practical upsampling

When resamplinga function (e.g. when resizing an
image). you donot need to reconstruct the complete
continuous function.

For zoomingin on afunction, you needonly use a
reconstruction filter and evaluate as neededforeach
new sample.

Here's an example usinga cubic filter:

a7

Practical upsampling

This can also beviewad as:

1. puttingthe reconstruction filter at the desired
location

2. evaluating atthe original sample positions

taking products with the sample values
themselves

[2¥]

4. summing it up

Important:filter should always be normalized!

Practical downsampling

Downsampling is similar, but filter has larger support
and smaller amplitude.

Operationally:
1. Choose reconstruction filter in downsampled

space.

2. Compute the downsampling rate, d, ratio of
new sampling rate to ol d sampling rate

3. Stretch the filter by 1/d and scale it down by d

4. Follow upsampling procedure (previous
slides) to compute new values

A
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2D resampling

We've been lookin g at separable filters:

’ED':XJY]:HD'{X)"]DW)

How might you use thisfact for efficient resampling
in 207
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