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Cubic Bezier Curves 

 

 

 

 

 
 

  

 

 

 

 

When does cusp/loop happen? 

Parameters at self intersection? 

Implicit Equation? 
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Dimensionality and Epsilon 
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P1 Quadratic Polynomial 
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P1 Cubic Polynomial 
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2D Cubic Polynomial Covariants 
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Hessian of cubic 
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Geometric Meaning of Hessian 
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Geometric Meaning of Discriminant 
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Discriminant Surfaces 
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Locus of Cubics with  
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Less obvious property 

Triple root line is tangent to plane at infinity 



A New Coordinate System 
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Discriminant in new system 
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Discriminant Plot in new system 

E/G

H/G

F/G

C C

C C

 

   

  

 

2
2 2

2 2 2

2 2 2 2

2
2 2

3

8 3

6
4

8 3

F E

HF E F GE FF E

F E G H

G H

 

   

 

 
 
 
 
 
 
 
















Discriminant in EFGH space 
Zeeman 1976  

Helamon Fergusen  



Another View of  Discriminant 
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Transforming Deltoid to Cardioid 
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Skew covariant 
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Terminology 
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Terminology using H 
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