Quantum Computing and Information - Problem Set 1 Solutions Due Wed, Jan
19, 2011

Ezercise 1. Polarization rotation A polarizer (or polarizing filter) is understood classically to permit
one polarization of light (say, horizontal polarization) to pass through, while blocking orthogonally polarized
light. For single photons, a polarizer performs a measurement, and either absorbs or transmits the photon
depending on the outcome. More concretely, define

| Pg) = cos(#) |0) +sin(0) |1) .

One can check that {|Py) , ‘Pg+ﬂ/2>} forms an orthonormal basis for C2. A linear polarizer at angle 0 acts
on a photon by measuring in the {|Py), }Pg+ﬂ/2>} basis and either transmitting the photon (upon outcome
|Pp)) or absorbing it (upon outcome |P9+ﬁ/2>).

a) Suppose a photon is prepared in state |Py,) and is sent through a polarizer at angle 03. What is the
probability that it is transmitted (i.e. not absorbed)?

b) Now suppose we insert a polarizer at angle 03 between the photon source and the polarizer at angle
0>. Thus, the photon will first encounter the polarizer at angle 63 and then, if it is not absorbed, it
will attempt to pass through the polarizer at angle 65. What is the probabilitity that it is successfully
transmitted by both polarizers? Are there any choices of 01,02, 03 such that this is ever larger than the
probability in part (a)?

c¢) Consider a photon initially in state |0) that passes through N polarizers. The Gt polarizer will be at
angle 5 4. Show that the probability of being transmitted through all the polarizers is > 1 —c/N for

some constant c.

a) The probability of being transmitted is | (Pp, |Py,) |> = (cos(61) cos(62) — sin(6;) sin(6s))? = cos?(fy —
01).
b) The photon is transmitted through the first polarizer with probability cos?(65 — ;). Assuming it is not

absorbed, it emerges with the state |Py,). In this case, it is transmitted through the second polarizer
with probability cos?(fs — 65), so the total probability is

cos?(0y — 63) cos? (63 — 6s).

If 6 = 0,0 = w/2,03 = /4, then the probability in part (a) is 0 and the probability in part (b) is
1/4.
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The second inequality here is known as the union bound and can be stated as vazl (1—z;) > 1—2?;1 T;.
It holds whenever 0 < z; < 1 and can be proved by induction on N.

¢) This probability is cos

Ezercise 2. Qubit states and operators

The purpose of this exercise is to connect single-qubit states and unitaries to physical rotations of spin-1/2
particles.

The Pauli operators oq, 01, 02,03 on C? are defined by

1 0 01 0 —i 1 0
o9 = 0 1 01 =0, = 10 02 = 0y = i 0 03 =0, = 0 -1
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Up to an overall phase, any state |¢) € C? can be written as

) = cos (5 ) 5 10y s () e . 1)

Calculate (Y| oy |0), (Y| oy [¢) and (Y| o, ).
Show that o2 = I fori=0,1,2,3.

For j,k,l € {1,2,3}, define the antisymmetric tensor €;5; by €123 = €231 = €312 = 1, €213 = €321 =

€132 = —1, and €j;; = 0 whenever two of j,k,l are equal (i.e. all other cases). Prove that for
J,k€{1,2,3}
3
00k :5jk0’0+i26jk101. (2)
=1
For example o109 = i03, 0903 = i03, 0901 = —ios,.... Hint: Use (b) to reduce the number of

calculations. The antisymmetric tensor also appears in cross products: if ¥, € R® then (T x w); =

Dk €igkVj Wk

For a vector v € R? define - & := vi01 + va0y +v303. For operators A, B, define [A, B] := AB — BA.
Show that

(7-3)% = |7 00 (3
[0, ] =2(0 x W) - & (4

Let U be a unit vector and « a real number. Prove that
€% — cos(a)og + isin(a)v - G. (5)

Again let U be a unit vector and « a real number. Prove that
eV (- 7)e 1257 = (cos(a)w + sin(a)@ x T+ (1 — cos()) (@ - 7)7) - 7. (6)
This is the formula for rotating the vector W an angle o about the axis U.

Let wy = sin(f) cos(¢), we = sin(f)sin(¢), ws = cos(f) and define ) as in Eq. (1). Show that
w- & =2|Y) (| — 1. Use this fact and Eq. (6) to interpret

1577 y)

as a 3-dimensional rotation.
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First note that cos (

(Wlo, [¥) = (cos <z) e'% (0] + sin < ) e'? <1> o <cos (Z) €'% |0) + sin <Z> e it 1>>
= (Cos (g) e™'% (0] +sin< )N <1> (cos (Z) ¢'% |1) + sin (Z) e’ |o>)

= cos(#/2) sin(0/2)e~"* 4 sin(6/2) cos(0/2)e'?
= cos(0/2) sin(0/2)2 cos(¢)
= sin(6) cos(¢).



Next

(¥loy ) = (cos (g) ™% (0] + sin (Z) e'? <1> (2 cos (Z) e'? |1) — isin (2) e—i% 0>>

= sin(6/2) cos(0/2)(ie'® — ie %)
=sin(0/2) cos(0/2)(—2sin(¢))
= —sin(6) sin(¢)

Finally (1| 0. [¢) = cos?(0/2) — sin*(0/2) = cos(6).

Together, these correspond to the (z,y,z) coordinates of a point on the sphere with latitude 6 and
longtude —¢.

This involves three direct calculations:

0 1) (0 1)y _ (1 0 0 —¢\ (0 —¢\ _(1 0 1 0y (1 0)_(10
1 0 1 0/ \0 1 i 0 1 0) \0 1 0 -1 0 -1/ \0 1
Alternatively, you can use the fact that oy0203 = iog, that af =1 and that each o; = 0‘;-[ to construct

all of the desired relations.

Given the result from (b), we still need to show

0109 = 103 (7a)
0903 = 101 (7b)
0301 = 109 (7¢)
0901 = —i03 (7d)
0309 = —i0q (7e)
0103 = —109 (7f)

One possibility is to do six matrix multiplications. Here is a slightly easier method. Start by proving
Eq. (7a) with a direct calculation

(0 1\ (0 =i\ _ (i 0\ _.
7172=11 0) i o) \o —i) 7"

Now we can leverage this using (b). Multiply both sides by o1 on the left and obtain o209y = ioj03.
Replacing 0309 = 05 and multiplying both sides by —i proves Eq. (7f). Now right-multiply Eq. (7f) by
03 to obtain 01 = 0103 = —iog03. Multiplying by i proves Eq. (7b). Next, left-multiply Eq. (7b) by
o9 to find o3 = io907, implying Eq. (7d). Right-multiply Eq. (7d) by o1 to find o301 = i09, proving
Eq. (7c). Left-multiply Eq. (7c) by o3 to obtain o1 = 40302, implying Eq. (7e). This completes the
proof.
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‘We claim this second term is zero. This is because

3 3 3

w
w
w

Thus (7 )2 = 37, v2oo = ||#]|?00.

Z V;0; Z vjo; = Z Z VU005 = Z Z vzvj 5z ]O'()—FZ ze”kak Z v; oo+t Z Z Z €ijkOk-



Next

3 3
7 &,’II;&] = ZZ’UZ"UJ]'(O'Z'UJ' 70’]'0—1')
i=1j=1
3 3 3

k=1

ViW;€ijk0k

Since (7-7)?
- d. Thus

R, o - o) k 2k
elav-o':z (lavnla-) :Z( ( 0’0+ZZ ij

n>0 k>0

Ic 2k+1

+

where we have used the Taylor expansions of e*
sin(x) = ano(—l)"x2"+1/(2n + 1)l

First expand out the exponentials using Eq. (5).

~ sin? (2 (7 3)(@-3) (@ 3)
To analyse Eq. (10), we note that the term in brackets is [(¢- &), (@0 -
we use the fact that . . .
(@-a)b-a)=1a-a,b-al+((b-a)(a

to simplify

= ||7]|?09 = 00, then for any nonnegative integer k, we have (v-&

R, R ¥ ¥ . « .. (€2 N « .. ay o
VO F)e 121’”:(cos(—)ao+181n(§)v~a> (W - &) (cos<2)00—181n<§>v~0)

QL

j ((%‘ — 8ji)o0 +1i Y _(€ijk — Gjik)0k>

7)?k = 0 and (v-5)2+! =

—

- & = cos(a)og + isin(a)v - &,

> >0 2"/l cos(z) = ano(—l)"ﬁ"/@n)! and

7)] and use Eq. (4). For Eq. (11),

) (12)

(U-&)(W-&)(v-0)=([(¢v-7), (W) + (&-3)(V-))(V-d) using Eq. (12)
=[(@-a), (@ &)(7-7) + (& - &)(7- &)(7- 7)
=[(¢-0),(W-)|(T-7)+ (& F) using Eq. (3)
=[[(7- ), (@ 7)), (7-7)] + (7 &)[(V- ), (W - )] + (¥ - &) using Eq. (12)
=[(-3), (w- 7)), (7 &) + (7 ) (T &) (w - 7) — (7 &) (- F)(7- &) + (& - &)
=[[(T-7),(W-5)],(0-0)]— (0-&)(b-5)(T-F)+ 2(& - F) using Eq. (3)
Rearranging, we find that
(17-5)(13~5)(U~5)=%[[(17-5),(117 o)), (0- &)+ - &
=i[(x W) -&,0-7]+wW-7
=2(0xW)xV)-F+w-7
=2 — (W-V)0)-d+w-&
=2W-V)0-0d—w-&



Putting this together, we find that

3T 7)e 1297 = (cos(a)w + sin(a)@ x T+ (1 — cos()) (@ - 7)7) - 7.

This is the formula for rotating the vector w an angle o about the axis v.

_ g COSQ(H) 03 + cos (Z) sin (g> (e [1) (0] +e~*?|0) (1])

=5+ 5 4 cos (5 ) s ) (eost@)(1) 0]+ 10) 1 + isin(@)(11 0] [0) (1))
R I —

I +@-F

- 2

Rearranging yields w - & = 2|¢)(¢)| — 1.
Next, let |p) = €277 |h). Then

which, by the results of (f), is the state corresponding to rotating « by an angle « about the axis v.

Ezercise 3. Entanglement

a) Prove that the state % is not equal to |a) @ |B) for any |a),|B) € C2. Here, |0,0) is shorthand
for |0) ® |0) and similarly for |1,1).
b) Let U(d) denote the set of d x d unitary matrices. The singular value decomposition states that for

any dy x do matriz A there exists a X € U(dy), Y € U(dz) and a dy x dy diagonal matriz A such that
A = XAY. The entries of A are real, nonnegative, and unique up to reordering.

Use this to prove that for any |v) € Ch9 there exists U € U(dy),V € U(dy) and nonnegative real
numbers A1, ..., A\g (with d = min(dy,ds)) such that

d

V)l => Nl (13)
i=1
c) Show that for any |¢) € Ch% there exist nonnegative real numbers Ay, ..., g and orthonormal sets
1), ..., |ag) € CHoand |B1), ..., |Ba) € C% such that
d
) = Z Ai i) @ [Bi) (14)
i=1

a) This follows from part (c), but here is a direct proof. Let |a) = ag [0) 4+ a1 |1) and |3) = bo |0) + by |1).
Let |®) := %. If |®) = |a) ® |B), then we must have agby = a1b; = 1/v/2 and agby = a1by = 0.
Thus, either ag = 0 or by = 0. This contradicts either the claim that agby # 0 or the claim that

albl # 0.



b)

We can always expand [¢) as
dl d2

W)y =Y A;;liy@j),

i=1 j=1

for some coefficients {4; ;}. Let A denote the matrix >, ; 4, ; [i) (j|. If we apply U @ V' to [¢)) then
the resulting state is

d1 d2
UeV)e)=3 > AUl VIj) (15)
i=1 j=1
d1 d2
= Z Z Ai jUkiVij k) @ |1) (16)
ik=1j,l=1
d1 d2

= D (UAVT )iy k) @ |1) (17)

k=11=1

Now use the SVD (singular value decomposition) theorem to find X, A, Y such that A = XAY with
A > 0 diagonal, X € U(dy),Y € U(dy). Set U = XT and V =Y (defined to be the complex conjugate
of Y, so that VT = YT. Then UAVT = A and (U®V) |[¢) is of the desired form. This decomposition is
known as the Schmidt decomposition. One feature that it inherits from the singular value decomposition
is that the \; are unique up to reordering and the unitaries U, V are also unique if the \; are distinct. If
some of the \; are the same, then the only freedom of U, V' corresponds to rotations on those subspaces.

Using U, V from part (b), define |a;) := UT |i) and |3;) := VT |i).



