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Welcome to
CS E  589 -- Applied Algorithms

Anna R. Karlin     (karlin@cs)
    Office Hours:  Wed  9:20 - 10:00 pm
                              and by appointment

TA:  Ashish Sabharwal  (ashish@cs)
                Office Hours: W 5:30-6:20pm

Adminis trivia

� ���������	

• The Algorithm Design Manual

• Steven Skiena

� �������
• Weekly problem sets  50%

• Final  50%

Course Goals

� $Q�DSSUHFLDWLRQ�IRU�DSSOLFDWLRQV�RI�DOJRULWKPLF
WHFKQLTXHV�LQ�WKH�UHDO�ZRUOG�

� $�ODUJHU�WRROER[�

� $�EHWWHU�VHQVH�RI�KRZ�WR�PRGHO�SUREOHPV�\RX
HQFRXQWHU�DV�ZHOO�NQRZQ�DOJRULWKPLF�SUREOHPV�

� $�GHHSHU�XQGHUVWDQGLQJ�RI�WKH�LVVXHV�DQG
WUDGHRIIV�LQYROYHG�LQ�DOJRULWKP�GHVLJQ�

� )81���������������%($87<����������

Other

� ,QWHUHVWHG�LQ�VXJJHVWLRQV��IHHGEDFN�
FRQVWUXFWLYH�FULWLFLVP���(�J���WRSLFV�GHSWK
YV��EUHDGWK�

� $VN�ORWV�RI�TXHVWLRQV��3DUWLFLSDWH��2IIHU
RSLQLRQV�

Plan For T oday

� �����������������	�������

� �������	��������������
• intro to “great theoretical ideas in computer

science”

• the stable marriage problem

�  �������!��"�������������������
�"��	����	�������������	�����

Algorithm Des ign Goals

� 	����	�����
� ����	���	"
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Keeping S core:
T he RAM Model of Computation

� (DFK�VLPSOH�RSHUDWLRQ�WDNHV���WLPH�VWHS�

� /RRSV�DQG�VXEURXWLQHV�DUH�QRW�VLPSOH
RSHUDWLRQV�

� (DFK�PHPRU\�DFFHVV�WDNHV�RQH�WLPH�VWHS�
DQG�WKHUH�LV�QR�VKRUWDJH�RI�PHPRU\�

)RU�D�JLYHQ�SUREOHP�LQVWDQFH�

� 5XQQLQJ�WLPH�RI�DQ�DOJRULWKP� ���5$0
VWHSV��RSV�

� 6SDFH�XVHG�E\�DQ�DOJRULWKP� ���5$0
PHPRU\�FHOOV

T ypes  of complexity

%��	������������&����������	��������
���'���

�  �����	���	�����(��"
� �����	���	�����(��"
� #!�����	���	�����(��"

Big Oh Notation

� ������
• ignore details that do not impact comparisons of algorithms
• ignore constant factors

� I�Q�� �2�J�Q���� !�FJ�Q��LV�XSSHU�ERXQG�RQ�I�Q�

��� !�7KHUH�H[LVW�F��1�V�W��IRU�Q! 1������I�Q��� �FJ�Q�

� I�Q�� �Ω(J�Q���� !�FJ�Q��LV�ORZHU�ERXQG�RQ�I�Q�

��� !�7KHUH�H[LVW�F��1�V�W��IRU�Q! 1������I�Q��! �FJ�Q�

� I�Q�� �Θ�J�Q���� !�I�Q�� �2�J�Q���DQG�I�Q�� �Ω(J�Q��

��� !�7KHUH�H[LVW�F
�
��F

�
��1�V�W��IRU�Q! 1�

�������������������������F
�
�J�Q��� �I�Q��� �F

�
J�Q�

Growth Rates, etc.

� )!���'"����������	��������	������	�
�������(	��������������*�������
��!������������*����'��'�������������
�����'��������������������
���'����������!�����&�

� +���,'���-�$������������*�����	��
��"����������������������"��������"
����'����"����	��������������	���	"
������������


CS  15-251

3URIHVVRUV

6WHYHQ�5XGLFK�DQG�%UXFH�0DJJV

&DUQHJLH�0HOORQ�8QLYHUVLW\

&6�������/HFWXUH��

• Content: An up to date grasp of
fundamental problems and solutions

• Method: Principles and techniques to solve
the vast array of unfamiliar problems that
arise in a rapidly changing field

T he future belongs to the computer
scientis t who has



�

Course Content

• A survey of fundamental theoretical ideas in
Computer Science as they occur in a variety
of important applications

• An introduction to discrete mathematics

• Effective problem solving, learning, and
communication techniques

A survey of fundamental theoretical
ideas in Computer S cience as  they

occur in a variety of important
applications

For example . . .

Growth Rates

Input S ize

Ti
m

e

Recurs ion

?

?

Randomization Hashing
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Reduction

=

Parallel Versus S equential Work

Dating Private Communication

Factoring / Multiplication

p, q

pq

An introduction to discrete
mathematics
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Count without counting:
Es timate, Calculate, Analyze

Induction has  many guises.
Master their interrelationship.

• Formal Arguments

• L oop Invariants

• Recurs ion

• Algorithm Des ign

• Recurrences

Map Coloring

Effective problem solving, learning,
and communication techniques

Exemplification:
T ry out a problem or

 solution on small examples.

Representation:
Understand the relationship between
different representations of the same

information or idea

1

2

3
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Modularity:
Decompose a complex problem into

s impler subproblems

Abstraction:
Abstract away the inessential

features of a problem

=

Refinement:
T he best solution comes from a process

of repeatedly refining and inventing
alternative solutions

Build your toolbox of abs tract
s tructures  and concepts . Know the
capacities  and limits  of each tool.

S imilarity:
A s ignificant form of intellectual

progress  is  to be able to class ify and
manipulate distinct objects  with regard to a

sense in which they are s imilar.

=

13 = 21 (modulo 2)

.��������������
������/��������0
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1�*���"�"����*�����������������2

Gauss

��34353


36���73��8�2

1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

2
1)(n n

  S
+=
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1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

L et’s  res tate this  argument
us ing a geometric

representation

Algebraic argument

 1     2 . . . . . . . . n

= number of white dots .1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

 1     2 . . . . . . . . n

= number of white dots

= number of yellow dots

 n  . . . . . . .  2   1

1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

 n+1   n+1    n+1     n+1   n+1

= number of white dots

= number of yellow dots

n

n

n

n

n

n

T here are n(n+1)
dots  in the grid

1 + 2 + 3 + . . . + n-1 + n = S

n + n-1 + n-2 +  . . .  + 2 + 1 = S

(n+1)  +  (n+1) +  (n+1) +     . . .      + (n+1)  + (n+1)   =    2S

n (n+1)     =    2S

 n+1   n+1    n+1     n+1   n+1

= number of white dots

= number of yellow dots

n

n

n

n

n

n

2
1)(n n

  S
+=

Gauss

$� ILUVW� JODQFH�� WKHVH� SUREOHPV� DSSHDUHG� XQUHODWHG�� EXW� D
UHSUHVHQWDWLRQDO� FKDQJH� UHYHDOHG� D� FRUUHVSRQGHQFH�� $Q
H[WHQVLRQ�RI�WKH�VLPLODULW\�SULQFLSOH�LV�WKDW�ZKHQ�ZH�FRPH�WR
XQGHUVWDQG�WKDW�VHHPLQJO\�XQUHODWHG�WKLQJV�DUH�UHODWHG��ZH
DUH�PDNLQJ�LQWHOOHFWXDO�SURJUHVV�

������������Q� �"
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Appreciate Alternative S olutions  T o
T he S ame Problem

:KHQ� SUHVHQWHG� ZLWK�PXOWLSOH� VROXWLRQV� PDQ\
VWXGHQWV� UHPHPEHU� RQO\� WKH� RQH� WKDW� WKH\
ILQG� HDVLHVW� WR� XQGHUVWDQG�� 7KH� H[SHUW
VWXGHQW� WDNHV� WKH� RSSRUWXQLW\� WR� WKLQN
WKURXJK� WKH� VLPLODULWLHV� DQG� GLIIHUHQFHV
EHWZHHQ�WKH�DSSURDFKHV��6XFK�PHGLWDWLRQV�OD\
WKH� IRXQGDWLRQV� IRU� HIIHFWLYH� OHDUQLQJ� DQG
SUREOHP�VROYLQJ�

Martial Arts  101

• The novice makes a huge motion

• The black belt makes a small motion

• The master makes a tiny motion

S canning the brains  of master
problem solvers

� 7KH�EHWWHU�WKH
SUREOHP�VROYHU��WKH
OHVV�EUDLQ�DFWLYLW\�LV
HYLGHQW��7KH�UHDO
PDVWHUV�VKRZ
DOPRVW�QR�EUDLQ

DFWLYLW\�

S imple and to the point

As ide to univers ity s tudents

� ��� ��� ������ ��� ������ ���� "��� ��
����"� �������� "���� ����"9�� *����
*���� ���� ���������� �"�� !��"
	�����	������������'�����������!���
���*�����������������������	�����(
�������������


Value S implicity

As ide to univers ity s tudents

� #� ����� ������ ���� �������� *���
������!��"� ������ �	�� ���������
��	���/�����"������
����	����������"
	�������������������������*�����	��	���
6�
�
�����������������	�7� �������������
���� ��	�
� +��� '������ ��������� ������
	������"� ��� ������ ��� ������� �����!����
������������������


Repetition Is  An Opportunity

����"���!����������	��"���������	��!��"���
�������������������*���������������
	�����������	���'��*�������������

�����������"���������"����*"�������������
�������	��!���������������������


� �����������	���"����"������"�����	�
"����'����	��!��"����&���0
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T he Master Programmer

� +��� ������ ������ �� ��������� ���� *���
���� �� ����� � �� ������ ��� 	�������
������	��� 6�
�
�� ������ ��	��
	������	����7��������'��
������,�(����$
����������� 6'�	�� '����7� *���� ����� ���
'���� ������� '�	���� ���"� ���� ���� �!�
���� �����	�� ��� ������� ������ ���������
�������


A case s tudy.

Anagram Programming Task.

You are given a 70,000 word
dictionary. Write an anagram
utility that given a word as input
returns all anagrams of that word
appearing in the dictionary.

Examples

� ��������#+
� -�������#�+���#+��+#�

� ����������)��):+�#;
� -����������+#�;):)��

Impatient Hacker
(Novice Level S olution)

� ;��������������������'���*"����
��������������������*���

<����'���"����	������������
����������*���������	�����"

<�������������������

Performance Analys is :
Counting Without Executing

On input "microphotographic"  the loop

will run though iterations.

Even at one microsecond (10  per

 iteration this will take  seconds.

This is about a decade!

(About  seconds in a nanocentury (10

-6

-9

17 3 10

3 10

14

8

!

)

))

≈ ×

×

π

“Expert” Hacker
(Black Belt Level)

� ��'��������#:#�=#�6>�?7��������
758(��(	��"�*����>����?���
�����
����*�����'"������������
�����������>����?

� ������>
� ;�����������������	�����"�*�����?

–If ANAGRAM(X,Y) output Y
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Comparing an input word with each of
70,000 dictionary entries  takes about

15 seconds.

T he hacker is  satis fied and reflects  no further

T he master keeps trying
to refine the solution.

� +��������9���������������������
�����@�AAA���	����


Master S olution

� B��9�������������	�����"���
� ������������0

� =���������������	�����"�����
�����	������*�������������������

���'�����������

S uppose the dictionary was the lis t
below.

� #�.
� B-�
� ;�=)
� �-B
� :��)
� =�;)
� �.#

After each word, write its  “s ignature”
(sort its  letters )

� #�. #.�
� B-� B�-
� ;�=) );=�
� �-B B�-
� :��) �)�:
� =�;) );=�
� �.# #.�

S ort by the s ignatures

� #�. #.�
� �.# #.�
� :��) �)�:
� B-� B�-
� �-B B�-
� ;�=) );=�
� =�;) );=�
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Master Program

� ������*���� 
� >��8������������� 
� ����'���"����	������������������
	������� �������������


About  microseconds

 .0004 seconds

log ( , )2 70 000 25×
≈

Of course, it takes about 30 seconds to
create the dictionary, but it is  perfectly fair
to think of this  as  programming time. T he
building of the dictionary is  a one-time
cost that is  part of writing the program.

:��0���*��������
��������������


Learning Advice

�  ����!���"�����������������"���*���
"��������������������"������������
���� ������� ��� ����� ������� ������
����*���� �����������"���*������������
���� ���� ������ ���� ��(�� ����
� :��
���� ������� ��� ���� ��� ��"� ��
�����'��


NAME: Preprocess ing

� ��� ��� ���������� �����'��� ��� �"� 
�����'���� ��������� ������	������
	��������������&��"������������	��
*"� �� ��� ���� ��� ����� ����	�����"
����
� +��� �(��� ����� ��/������ ��
������	���� 	�� '�� �������� ��� �
��������������������������


���������	��
���������������
���
�����
���������������������������

&6�������/HFWXUH��
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WARNING: T his  lecture contains
mathematical content that may be
shocking to some s tudents .

3,5,2,1,4

1

5,2,1,4,3

4,3,5,1,2

3

1,2,3,4,5

4

2,3,4,1,5

5

1

3,2,5,1,4

2

1,2,5,3,4

3

4,3,2,1,5

4

1,3,4,2,5

5

1,2,4,5,3

2

Dating S cenario

• There are n boys and n girls
• Each girl has her own ranked

preference list of all the boys
• Each boy has his own ranked

preference list of the girls
• The lists have no ties

Question: How do we pair them off?
Which criteria come to mind?

3,5,2,1,4

1

5,2,1,4,3

2

4,3,5,1,2

3

1,2,3,4,5

4

2,3,4,1,5

5

1

3,2,5,1,4

2

1,2,5,3,4

3

4,3,2,1,5

4

1,3,4,2,5

5

1,2,4,5,3

T here is  more than one notion of
what constitutes  a “good” pairing.

• Maximizing total satisfaction
•  Hong Kong and to an extent the United States

• Maximizing the minimum satisfaction
• Western Europe

• Minimizing the maximum difference in mate ranks
• Sweden

• Maximizing the number of people who get their first
choice

• Barbie and Ken Land

We will ignore the
issue of what is

“equitable”!



✑✔

Rogue Couples

� ��������*�����������������'�"����
�����
�:�*������������������'�"���
������������������	��������������
����������*�������"���������
�+��"
*����'��	������������	�����


��������
������	��������
��������
������������ �

S table Pairings

� #�����������'�"��������������	����
��'���������	����������������	������


S tability is  primary.

� #�"���������	�����������������������
�������	�������'����"
�6#����������
�������������	��������������	�����
7

� #�"������'�����������	�����������
	������������'����"�	��������


T he study of s tability will be the
subject of the entire lecture.

�  ��*����
� $QDO\]H�YDULRXV�PDWKHPDWLFDO�SURSHUWLHV
RI�DQ�DOJRULWKP�WKDW�ORRNV�D�ORW�OLNH�����·V
GDWLQJ

� 'LVFRYHU�WKH���!�"�	����	��
���
� #���DERXW�ZKLFK�VH[�KDV�WKH�URPDQWLF
HGJH

� /HDUQ�KRZ�WKH�ZRUOG·V�ODUJHVW��PRVW
VXFFHVVIXO�GDWLQJ�VHUYLFH�RSHUDWHV

Given a set of preference lis ts , how
do we find a s table pairing?
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Given a set of preference lis ts , how
do we find a s table pairing?

:DLW��7KHUH�LV�D
PRUH�SULPDU\

TXHVWLRQ�

Existence Question

�B�����!��"�������
��������	��������
�!������������
��'���������2

3,5,2,1,4

1

5,2,1,4,3

2

4,3,5,1,2

3

1,2,3,4,5

4

2,3,4,1,5

5

1

3,2,5,1,4

2

1,2,5,3,4

3

4,3,2,1,5

4

1,3,4,2,5

5

1,2,4,5,3

&DQ�\RX�DUJXH�WKDW�WKH
FRXSOHV�ZLOO�QRW��FRQWLQXH
EUHDNLQJ�XS�DQG�UHIRUPLQJ

IRUHYHU"

An Ins tructive Variant:
Roommate Problem

1

3

2,3,4

1,2,4

2

4

3,1,4

*,*,*

An Ins tructive Variant:
Roommate Problem

1

3

2,3,4

1,2,4

2

4

3,1,4

*,*,*
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An Ins tructive Variant:
Roommate Problem

1

3

2,3,4

1,2,4

2

4

3,1,4

*,*,*

An Ins tructive Variant:
Roommate Problem

3

2,3,4

1,2,4

2

4

3,1,4

*,*,*

1

Unstable roommates
in perpetual motion.

3

2,3,4

1,2,4

2

4

3,1,4

*,*,*

1

Ins ight

� #�"������������	���������
����'����������������
����!��������	�����������
����������������	���������
�����������'���

Ins ight

� ���"����!����������������
*������/���"�*����������
����������'����������
�����������'����������"���
�������������/����������*
����	��������!������"�����


T he T raditional Marriage Algorithm
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T he T raditional Marriage Algorithm

S tring

Worshipping males

Female

T raditional Marriage Algorithm

� )RU�HDFK�GD\�WKDW�VRPH�ER\�JHWV�D�´1Rµ�GR�
• Morning

• Each girl stands on her balcony
• Each boy proposes under the balcony of the best girl whom he

has not yet crossed off
• Afternoon (for those girls with at least one suitor)

• To today’s best suitor: “Maybe, come back tomorrow”
• To any others: “No, I will never marry you”

• Evening

• Any rejected boy crosses the girl off his list

�
(DFK�JLUO�PDUULHV�WKH�ER\�WR�ZKRP�VKH�MXVW�VDLG�´PD\EHµ

Does the T raditional Marriage
Algorithm always  produce a s table

pairing?

Does the T raditional Marriage
Algorithm always  produce a s table

pairing?

:DLW��7KHUH�LV�D
PRUH�SULPDU\

TXHVWLRQ�

Does T MA always terminate?

• It might encounter a situation where
algorithm does not specify what to do next
(core dump error)

• It might keep on going for an infinite number
of days

T raditional Marriage Algorithm

� )RU�HDFK�GD\�WKDW�VRPH�ER\�JHWV�D�´1Rµ�GR�
• Morning

• Each girl stands on her balcony
• Each boy proposes under the balcony of the best girl whom he

has not yet crossed off
• Afternoon (for those girls with at least one suitor)

• To today’s best suitor: “Maybe, come back tomorrow”
• To any others: “No, I will never marry you”

• Evening

• Any rejected boy crosses the girl off his list

�
(DFK�JLUO�PDUULHV�WKH�ER\�WR�ZKRP�VKH�MXVW�VDLG�´PD\EHµ
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Lemma: No boy can be rejected by all
the girls

� .�����'"�	������	����

� ��������'�"�'������C�	����'"�������
�����
�#������������
• Each girl must have a suitor other than b

(Once a girl has a suitor she will always have at
least one)

• But there are n girls and only n-1 boys besides
b

Contradiction

T heorem: T he T MA always
terminates in at most n2 days

• A “master lis t” of all n of the boys  lis ts  s tarts  with  a total
of n X n = n2 girls  on it.

• E ach day that at least one boy gets  a “No”, at least one
girl gets  crossed off the master lis t

• T herefore, the number of days  is  bounded by the
original s ize of the master lis t

Great! We know that T MA will
terminate and produce a pairing.

But is  it s table?

MAYBE  L emma: In T MA if on day i a girl
says “maybe” to boy b, she is  guaranteed
to marry a husband that she likes at least
as much as b

� 6KH�ZRXOG�RQO\�OHW�JR�RI�KLP�LQ�RUGHU�WR
´PD\EHµ�VRPHRQH�EHWWHU

� 6KH�ZRXOG�RQO\�OHW�JR�RI�WKDW�JX\�IRU
VRPHRQH�HYHQ�EHWWHU

� 6KH�ZRXOG�RQO\�OHW�JR�RI�WKDW�JX\�IRU
VRPHRQH�HYHQ�EHWWHU

� $1'�62�21��������������������������

Informal Induction

� ���)RU�DOO�N������RQ�GD\�L�N�WKH�JLUO�ZLOO�VD\
´PD\EHµ�WR�D�ER\�VKH�OLNHV�DV�PXFK�DV�E�

� %$6(��N ���WUXH�E\�DVVXPSWLRQ�

� $VVXPH����LV�WUXH�IRU�N����7KXV�VKH�KDV�D
ER\�DV�JRRG�DV�E�RQ�GD\�L�N����7KH�QH[W�GD\
VKH�ZLOO�HLWKHU�NHHS�KLP�RU�UHMHFW�KLP�IRU
VRPH�EHWWHU��7KXV����LV�WUXH�IRU�N�

MAYBE  L emma: In T MA if on day i a girl
says “maybe” to boy b, she is  guaranteed
to marry a husband that she likes at least
as much as b

Formal Induction

≥

Corollary: Each girl will marry her
absolute favorite of the boys who vis it

her during the T MA



✑✙

T heorem: Let T  be the paring
produced by T MA. T  is  s table.

• Let b and g be any couple in T.
• Suppose b prefers g* to g. We will argue that g*

prefers her husband to b.
• During TMA, b proposed to g* before he proposed

to g. Hence, at some point g* rejected b for
someone she preferred. By the MAYBE lemma,
the person she married was also preferable to b.

• Thus, every boy will be rejected by any girl he
prefers to his wife. T is stable.

Opinion Poll

Who is  better off in

traditional dating,

the boys  or the

girls?

Forget T MA for a moment

� 1�*��������*���������*���*�
����*����*���"�,���
����������������'�"�'$2

%�*���#�������
�,+���������������������'9������$

T he Optimal Girl

� #�'�"9����������������������������
���������������*�����������������
��'�������������*��	������'�"�����

���


� �����������'������������	��	��	��!'�"
����������'���*����
�.�����'�"�����
������'��'��������������������������
���������'�����������������'"�+�#


T he Pess imal Girl

� #�'�"9������������������������*���
���������������*�����������������
��'�������������*��	������'�"�����

���


� �����������*�������������	�
	��	��!'�"�����������'���*����


Dating Heaven and Hell

� $�SDLULQJ�LV�PDOH�RSWLPDO�LI�HYHU\�ER\�JHWV
KLV�RSWLPDO�PDWH��7KLV�LV�WKH�EHVW�RI�DOO
SRVVLEOH�VWDEOH�ZRUOGV�IRU�HYHU\�ER\
VLPXOWDQHRXVO\�

� $�SDLULQJ�LV�PDOH�SHVVLPDO�LI�HYHU\�ER\�JHWV
KLV�SHVVLPDO�PDWH��7KLV�LV�WKH�ZRUVW�RI�DOO
SRVVLEOH�VWDEOH�ZRUOGV�IRU�HYHU\�ER\
VLPXOWDQHRXVO\�
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Dating Heaven and Hell

� #��������������������������!��"�'�"
�������������������
�+��������
����������������������"���!�����	�
'�"�����������


� �����������������������*"�
��'��2

Dating Heaven and Hell

� $�SDLULQJ�LV�IHPDOH�RSWLPDO�LI�HYHU\�JLUO
JHWV�KHU�RSWLPDO�PDWH��7KLV�LV�WKH�EHVW�RI
DOO�SRVVLEOH�VWDEOH�ZRUOGV�IRU�HYHU\�JLUO
VLPXOWDQHRXVO\�

� $�SDLULQJ�LV�IHPDOH�SHVVLPDO�LI�HYHU\�JLUO
JHWV�KHU�SHVVLPDO�PDWH��7KLV�LV�WKH�ZRUVW
RI�DOO�SRVVLEOH�VWDEOH�ZRUOGV�IRU�HYHU\�JLUO
VLPXOWDQHRXVO\�

T he Naked
Mathematical T ruth!
� +���+���������������

#����������*"�
�����	���������������
��������������������


T heorem: T MA produces a
male-optimal pairing

• Suppose, for a contradiction, that some boy gets
rejected by his optimal girl during TMA. Let t be the
earliest time at which this happened.

•  In particular, at time t, some boy b got rejected by
his optimal girl g because she said “maybe” to a
preferred b*. By the definition of t, b* had not yet
been rejected by his optimal girl.

•  Therefore, b* likes g at least as much as his
optimal.

S ome boy b got rejected by his  optimal girl g because
she said “maybe” to a preferred b*. b* likes  g at leas t
as  much as his  optimal girl.

� +�����������(�������'��������
�����*��	��'���������������

• b* wants g more than his wife in S

• g is as at least as good as his best and he does
not have her in stable pairing S

• g wants b* more than her husband in S
• b is her husband in S and she rejects him for b*

in TMA

� +�����������(�������'��������
�����*��	��'���������������

• b* wants g more than his wife in S

• g is as at least as good as his best and he does
not have her in stable pairing S

• g wants b* more than her husband in S
• b is her husband in S and she rejects him for b*

in TMA

S ome boy b got rejected by his  optimal girl g because
she said “maybe” to a preferred b*. b* likes  g at leas t
as  much as his  optimal girl.

Contradiction of the s tability of S .
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What proof technique did we just
use?

What proof technique did we just
use?

T heorem: T he T MA pairing, T , is
female-pess imal.

� :H�NQRZ�LW�LV�PDOH�RSWLPDO��6XSSRVH�WKHUH
LV�D�VWDEOH�SDLULQJ�6�ZKHUH�VRPH�JLUO�J�GRHV
ZRUVH�WKDQ�LQ�7�

� /HW�E�EH�KHU�PDWH�LQ�7�
/HW�E�EH�KHU�PDWH�LQ�6�
• By assumption, g likes b better than her mate in S
• b likes g better than his mate in S

• We already know that g is his optimal girl

• Therefore, S is not stable.

Contradiction

Advice to females

� ;�����������������������!�


T he largest, most successful
dating service in the world

uses a computer to run T MA !

“T he Match”:
Doctors  and Medical Res idencies

• Each medical school graduate submits a
ranked list of hospitals where he/she wants
to do a residency

• Each hospital submits a ranked list of newly
minted doctors

• A computer runs TMA (extended to handle
Mormon marriages)

• Until recently, it was hospital-optimal
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History

� �DAA
• Idea of hospitals having residents (then

called “interns”)

� -!���������(����*���	���
• Intense competition among hospitals for an

inadequate supply of residents
• Each hospital makes offers independently

• Process degenerates into a race. Hospitals
steadily advancing date at which they finalize
binding contracts

History

� �DEE�#'�������������
�#�����������
'���������4�"���������������0
• All parties were unhappy

• Medical schools stop releasing any
information about students before some
reasonable date

• Did this fix the situation?

History

� �DEE�#'�������������
�#�����������
'���������4�"���������������0
• All parties were unhappy

• Medical schools stop releasing any
information about students before some
reasonable date

• Offers were made at a more reasonable
date, but new problems developed

History

� �DEF��DED�G����#�����������!�
• Hospitals started putting time limits on offers

• Time limit gets down to 12 hours

• Lots of unhappy people
• Many instabilities resulting from lack of

cooperation

History

� �DFA��������&����"����
• Each hospital ranks residents

• Each resident ranks hospitals

• National Resident Matching Program
produces a pairing

:KRRSV��7KH�SDLULQJV�ZHUH�QRW�DOZD\V
VWDEOH��%\������WKH�DOJRULWKP�ZDV�WKH�70$

�KRVSLWDO�RSWLPDO��DQG�WKHUHIRUH�VWDEOH�

History Repeats Itself!
NY T IMES , March 17, 1989

� 7KH�RQFH�GHFRURXV�SURFHVV�E\�ZKLFK�IHGHUDO
MXGJHV�VHOHFW�WKHLU�ODZ�FOHUNV�KDV�GHJHQHUDWHG
LQWR�D�IUHH�IRU�DOO�LQ�ZKLFK�VRPH�RI�WKH�MXGJHV
VFUDPEOH�IRU�WKH�WRS�ODZ�VFKRRO�VWXGHQWV������

� 7KH�MXGJH�KDYH�VWHDGLO\�SXVKHG�XS�WKH�KLULQJ
SURFHVV������

� 2IIHUHG�VRPH�MREV�DV�HDUO\�DV�)HEUXDU\�RI�WKH
VHFRQG�\HDU�RI�ODZ�VFKRRO������

� 2Q�WKH�EDVLV�RI�IHZHU�JUDGHV�DQG�IOLPVLHU
HYLGHQFH������



✒�

NY T IMES
� ´/DZ�RI�WKH�MXQJOH�UHLJQV�����´

� 7KH�DVVRFLDWLRQ�RI�$PHULFDQ�/DZ�6FKRROV�DJUHHG
QRW�WR�KLUH�EHIRUH�6HSWHPEHU�RI�WKH�WKLUG�\HDU��
���

� 6RPH�H[WHQG�RIIHUV�IURP�RQO\�D�IHZ�KRXUV��D
SUDFWLFH�NQRZQ�LQ�WKH�FOHUNVKLS�YHUQDFXODU�DV�D
´VKRUW�IXVHµ�RU�D�´KROG�XSµ�

� -XGJH�:LQWHU�RIIHUHG�D�<DOH�VWXGHQW�D�FOHUNVKLS
DW�������DQG�JDYH�KHU�XQWLO�QRRQ�WR�DFFHSW�������$W
����������KH�ZLWKGUHZ�KLV�RIIHU


