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CS E 589 Part II

� :KHQ�\RX�VWDUW�RQ�D�ORQJ�MRXUQH\��WUHHV�DUH�WUHHV��ZDWHU�LV
ZDWHU��DQG�PRXQWDLQV�DUH�PRXQWDLQV��$IWHU�\RX�KDYH�JRQH
VRPH�GLVWDQFH��WUHHV�DUH�QR�ORQJHU�WUHHV��ZDWHU�QR�ORQJHU

ZDWHU��PRXQWDLQV�QR�ORQJHU�PRXQWDLQV��%XW�DIWHU�\RX�KDYH
WUDYHOHG�D�JUHDW�GLVWDQFH��WUHHV�DUH�RQFH�DJDLQ�WUHHV��ZDWHU
LV�RQFH�DJDLQ�ZDWHU��PRXQWDLQV�DUH�RQFH�DJDLQ�PRXQWDLQV�
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T wo bas ic paradigms

%UHDN�SUREOHP�GRZQ�LQWR�VPDOOHU��PRUH�HDVLO\�VROYHG�SLHFHV�

� 'LYLGH�DQG�FRQTXHU

����W\SLFDOO\��VSOLW�SUREOHP�LQ�KDOI��VROYH�HDFK�KDOI�

����FRPELQH�UHVXOWV�WR�JHW�IXOO�VROXWLRQ

� '\QDPLF�SURJUDPPLQJ
• characterize structure of an optimal solution
• recursively define value of an optimal solution
• compute the value of an optimal solution in bottom-up fashion
• construct an optimal solution from computed information

Example DP Problem:
Matrix Chain Multiplication

� *LYHQ�D�VHTXHQFH�$���$��«��$Q��ZKHUH�PDWUL[�$L�KDV
GLPHQVLRQ�SL���[�SL��IXOO\�SDUHQWKHVL]H�WKH�SURGXFW
LQ�D�ZD\�WKDW�PLQLPL]HV�WKH�QXPEHU�RI�VFDODU
RSHUDWLRQV�

���Matrix-Multiply(A,B)

       for i = 1 to rows [A]

           for j = 1 to columns [B]

               C[i,j] = 0;

               for k = 1 to columns [A]

                   C[i,j] = C[i,j] + A[i,k]*B[k,j]

�$��S[T���%���T[U

�UHVXOW��&���S�[U

�UXQQLQJ�WLPH��STU

It really does make a difference

� "�#�$�#���������%��
�
• A is 10 x 100
• B is 100 x 5
• C is 5 x 50

� ��"�#�$��#���
• 10x100x5 + 10x5x50 = 7500

� �"�#��$�#����
• 10x100x50 + 100x5x50 = 75,000

Optimal parenthes ization
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Dynamic Program for Matrix Chain
Multiplication

� P>L�M@� �PLQLPXP�QXPEHU�RI�VFDODU�PXOWLSOLFDWLRQV
QHHGHG�WR�FRPSXWH�$�L��M

� 
��'�����,��-���.

� &�%�������	'����-��/.0

� ���L� �N���M1��-���.�2��-�2��/.�2�	L��	N	M3������4�/����5�

DP for Matrix Chain Multiplication

 For i:= 1 to n do

   m[i,i] = 0;

 For j := 1 to n

   for i := 1 to n

      compute m[i,i+j] using recurrence (*)

Remarks

• Optimal substructure within optimal solution is
hallmark of applicability of dynamic programming

• property of overlapping subproblems is another
hallmark of applicability of DP

• need to be careful about order in which subproblems
are computed

Example: Approximate S tring Matching
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• Substitution   ....kat.... ----> ....cat....
• Insertion        ....ct....   ----> ....cat....
• Deletion     ....caat....   ----> ....cat....

Dynamic Program for AS T

� �-��/.�,��(���(��������9��%����6-����.���(
���������)�7���(�������/�



�

DP

 For i:= 0 to n do  D[i,0] = i

 for j:= 0 to m do  D[0,j] = j;

 For i := 1 to n

   for j := 1 to m

      D[i,j] = min( D[i-1,j-1] + matchcost(P[i],T[j]),

            D[i-1,j] + 1,  D[i,j-1] + 1)

T o recover actual alignment

� :DON�EDFNZDUGV�WKURXJK�'>L�M@�WDEOH�VWDUWLQJ�DW
'>Q�P@�

� $W�HDFK�FHOO��ORRN�DW�FRVWV�RI�WKUHH�QHLJKERUV��WR
UHFRQVWUXFW�FKRLFH�PDGH�WR�JHW�WR�JRDO�FHOO�

� 'LUHFWLRQ�RI�EDFNZDUGV�VWHS�GHWHUPLQHV�LI�LW�ZDV
DQ�LQVHUWLRQ�GHOHWLRQ�RU�PDWFK�VXEVWLWXWLRQ�

Dynamic Programming S ummary

���)RUPXODWH�DQVZHU�DV�UHFXUUHQFH�UHODWLRQ�RU�UHFXUVLYH
DOJRULWKP

���6KRZ�WKDW�QXPEHU�RI�YDOXHV�RI�UHFXUUHQFH�ERXQGHG�E\�SRO\

���6SHFLI\�RUGHU�RI�HYDOXDWLRQ�IRU�UHFXUUHQFH�VR�KDYH�SDUWLDO
UHVXOWV�ZKHQ�\RX�QHHG�WKHP�

� '3�ZRUNV�SDUWLFXODUO\�ZHOO�IRU�RSWLPL]DWLRQ�SUREOHPV�ZLWK
LQKHUHQW�OHIW�WR�ULJKW�RUGHULQJ�DPRQJ�HOHPHQWV�

� 5HVXOWLQJ�JOREDO�RSWLPXP�RIWHQ�PXFK�EHWWHU�WKDQ�VROXWLRQ
IRXQG�ZLWK�KHXULVWLFV�

� 2QFH�\RX�XQGHUVWDQG�LW��XVXDOO\�HDVLHU�WR�ZRUN�RXW�IURP
VFUDWFK�D�'3�VROXWLRQ�WKDQ�WR�ORRN�LW�XS�

Dynamic Programming Problem
S urface Reconstruction

� 3 �^S���S��«��SP`����4 ^T���T��«��TQ`

� ��������SODQDU��SDUDOOHO�SRO\JRQV�LQ��'

� $�WLOLQJ�RI�3�DQG�4�LV�D�VHW�RI�WULDQJOHV��WLOHV��RI�WKH
IRUP�^SL��SL�����TM�`��RU�^TM���TM����SL�`�

� &URVV�HGJH��WLOH�HGJH�ZLWK�YHUWH[�IURP�HDFK�SRO\JRQ

� 7LOLQJ�PXVW�VDWLVI\���SURSHUWLHV�

• every edge of each polygon is side of exactly one tile
• every cross edge is a side of 2 tiles
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Dynamic Programming Problem
S urface Reconstruction

� 3UREOHP��JLYHQ�3�4��FRQVWUXFW�WLOLQJ�RI�PLQLPXP
VXUIDFH�DUHD��WKH�VXP�RI�WKH�DUHDV�RI�DOO�WKH
WULDQJOHV�LQ�WKH�WLOLQJ�

P Q

Graphs
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� 8#��	���0
• airline flight map
• communication networks
• precedence constraints on the scheduling of jobs
• flow networks

Definitions

� $Q�XQGLUHFWHG�JUDSK�LV�D�SDLU��9�(���ZKHUH
9�LV�D�ILQLWH�VHW��DQG�(�LV�D�VHW�RI
XQRUGHUHG�SDLUV��X�Y���ZKHUH�X�GLIIHUHQW
IURP�Y�DQG�ERWK�DUH�LQ�9�

� 7HUPLQRORJ\���,I��X�Y��LV�DQ�HGJH��L�H���LQ�(�
• u and v are adjacent;  v is a neighbor of u

� $�GLUHFWHG�JUDSK�LV�D�SDLU��9�(���ZKHUH�9�LV
D�ILQLWH�VHW��DQG�(�LV�D�VHW�RI�RUGHUHG�SDLUV
�X�Y����X�GLIIHUHQW�IURP�Y��ERWK�LQ�9��

Representing graphs for algorithms

� $GMDFHQF\�PDWUL[��$>���Q�������Q��@�

����ZKHUH�9 ^���������Q��`�

������������$>L�M@� ���LI��L�M��LQ�(
��������������������������RWKHUZLVH

� $GMDFHQF\�OLVWV�

���/>���Q��@�DUUD\�RI�OLVWV�ZKHUH�/>L@� �^Y�_��L�Y��LQ�(`�
�������WKH�VHW��RI�QHLJKERUV�RI�L�
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More Definitions:
Assume n = |V|,  e = |E|

� 7KH�VL]H�RI�WKH�JUDSK�LV�Q�H
• An algorithm running in time O(n+e) has just time

to inspect each vertex and edge.

� $�SDWK�LQ�*�LV�D�VHTXHQFH��Y��Y������YN��RI
YHUWLFHV�VXFK�WKDW��YL��YL����LQ�(��IRU�DOO���� 
L���N���,WV�OHQJWK�LV�N�DQG�LW�LV�D�SDWK�IURP
Y��WR�YN�

� $�F\FOH�LV�D�SDWK�VXFK�WKDW�Y�� �YN�

� $Q�XQGLUHFWHG�JUDSK�LV�FRQQHFWHG�LI�DQG
RQO\�LI�WKHUH�LV�D�SDWK�EHWZHHQ�HYHU\�SDLU
RI�YHUWLFHV�

T ree (undirected)

� "��'�(�
����(��
�	��%�������0
• acyclic, i.e., has no cycles
• for every pair of vertices u,v, there is a unique, simple

path from u to v
• deleting any edge yields a disconnected graph
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More definitions

� $�VXEJUDSK�RI�D�JUDSK�* �9�(��LV�D�JUDSK�*· �9·�(·�
VXFK�WKDW�9·�LV�FRQWDLQHG�LQ�9�DQG�(·�LV�FRQWDLQHG�LQ
(�

� $�FRQQHFWHG�FRPSRQHQW�RI�DQ�XQGLUHFWHG�JUDSK�*
LV�D�PD[LPDO�FRQQHFWHG�VXEJUDSK�RI�*�

Graph S earching

� *RDO��ZDQW�WR�WUDYHUVH�WKH�HGJHV�RI�WKH�JUDSK�DQG
YLVLW�HDFK�YHUWH[�UHDFKDEOH�IURP�WKH�VWDUWLQJ
YHUWH[�

� 7ZR�LPSRUWDQW�WUDYHUVDOV
• breadth-first search

• depth-first search

� &DQ�\RX�GHWHUPLQH�LI�WKHUH�LV�D�SDWK�IURP�Y�WR�Z�LQ
OLQHDU�WLPH"

Breadth F irs t S earch  (BFS )

BreadthFirstSearch (graph G, vertex v):

   Queue Q;  (initialized empty)

   for each vertex w do Encountered(w) = false;

   Encountered(v) = true;

   Q.Enqueue(v);

   while  !Q.IsEmptyQueue() do

      w := Q.Dequeue()

      Visit(w)

      for each neighbor w’ of w do

          if !Encountered(w’) then

              Encountered(w’) := true;

              Q.Enqueue w’)
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BFS  Analys is

� 5XQQLQJ�WLPH�
• every vertex w is enqueued only once (because

Encountered(w) is true thereafter) => only dequeued and
visited once.

• Every edge is looked at tiwce.

• => total running time is

BFS  Analys is

� 5XQQLQJ�WLPH�
• every vertex w is enqueued only once (because

Encountered(w) is true thereafter) => only dequeued and
visited once.

• Every edge is looked at twice.

• => total running time is  O(n+e)

Consequences of BFS

� &DQ�GHWHUPLQH�LI�WKHUH�LV�D�SDWK�IURP�Y�WR�Z�LQ
2�Q�H���+RZ"

Consequences of BFS

� &DQ�GHWHUPLQH�LI�WKHUH�LV�D�SDWK�IURP�Y�WR�Z�LQ
2�Q�H���+RZ"

� 5XQ�%)6��Y��

� ,I�(QFRXQWHUHG�Z��LV�WUXH��WKHQ�WKHUH�LV�D�SDWK�
2WKHUZLVH��WKHUH�LVQ·W�

Consequences of BFS

� 'HILQLWLRQ��7KH�GLVWDQFH�EHWZHHQ�WZR�YHUWLFHV�Y
DQG�Z�LV�WKH�PLQLPXP�OHQJWK�RI�DQ\�SDWK�IURP�Y�WR
Z��RU�LQILQLWH�LI�WKHUH�LV�QR�VXFK�SDWK�

� &DQ�GHWHUPLQH�WKH�GLVWDQFH�IURP�Y�WR�Z�LQ�2�Q�H��
+RZ"
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Breadth F irs t S earch  (BFS )
BreadthFirstSearch (graph G, vertex v):

   Queue Q;  (initialized empty)

   for each vertex w do

      Encountered(w) = false;  d(w) = infinity;

   Encountered(v) = true;  d(v) = 0;

   Q.Enqueue(v);

   while  !Q.IsEmptyQueue() do

      w := Q.Dequeue()

      Visit(w)

      for each neighbor w’ of w do

          if !Encountered(w’) then

              d(w’) = d(w) + 1;

              Encountered(w’) := true;

              Q.Enqueue w’)

S panning T rees

� 'HILQLWLRQ��/HW�* �9�(��EH�D�FRQQHFWHG��XQGLUHFWHG�JUDSK��$
VSDQQLQJ�WUHH�RI�*�LV�D�VXEJUDSK�*·�RI�*�FRQWDLQLQJ�DOO�WKH
YHUWLFHV�RI�*��VXFK�WKDW�*·�LV�D�WUHH�

� �&DQ�ILQG�D�VSDQQLQJ�WUHH�LQ�2�Q�H���+RZ"

Breadth F irs t S earch  (BFS )
BreadthFirstSearch (graph G, vertex v):

   Queue Q;  (initialized empty)

   for each vertex w do Encountered(w) = false;

   Encountered(v) = true;

   Q.Enqueue(v);

   while  !Q.IsEmptyQueue() do

      w := Q.Dequeue()

      Visit(w)

      for each neighbor w’ of w do

          if !Encountered(w’) then

              Encountered(w’) := true;

              Parent(w’) = w;

              Q.Enqueue w’)

Depth-F irs t S earch
uses s tack ins tead of queue

DepthFirstSearch (graph G, vertex v):

   for each vertex w in G do

        Encountered(w) = false;

   RecursiveDFS(v);

procedure RecursiveDFS(vertex v):

   Encountered(v) = true;

   PreVisit(v);

   for each neighbor w of v do

      if !Encountered(w) then

          Parent(w) = v;

          RecursiveDFS(w);

   PostVisit(v);

DFS  Analys is

� 5XQQLQJ�WLPH���2�Q�H�
• call Recursive DFS on each node exactly once (afterwards

Encountered is true)

• each edge is examined twice (once from each endpoint)

� DVVXPLQJ�DGMDFHQF\�OLVW�UHSUHVHQWDWLRQ�RI�JUDSK
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Consequences of DFS

� &DQ�GHWHUPLQH�LI�WKHUH�LV�D�SDWK�IURP�Y�WR�Z�LQ�2�Q�H��

� &DQ�ILQG�D�VSDQQLQJ�WUHH�RI�D�FRQQHFWHG�JUDSK�LQ�2�Q�H��

� &DQ�EH�XVHG�WR�GHWHFW�LI�JUDSK�LV�D�WUHH�RU�LI�LW�FRQWDLQV�D
F\FOH�

� &DQ�GHWHUPLQH�LI�WKH�JUDSK�LV�FRQQHFWHG�

� &DQ�ILQG�WKH�FRQQHFWHG�FRPSRQHQWV�RI�WKH�JUDSK�

Most important property of DFS  on
undirected graphs
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Consequences of DFS  (cont.)

� 'HILQLWLRQ��D�WRSRORJLFDO�RUGHULQJ��VRUW��RI�WKH�YHUWLFHV�RI�D
GLUHFWHG�JUDSK�LV�DQ�RUGHU�Y�������YQ�VXFK�WKDW�WKHUH�LV�QR�HGJH
�YL�YM��RI�*�ZLWK�M���L�

����$SSOLFDWLRQ��WDVNV�WR�EH�SHUIRUPHG�VHTXHQWLDOO\��ZLWK
SUHFHGHQFH�FRQVWUDLQWV��LI�WKH�SDLU��7L��7M��LV�D�FRQVWUDLQW
WKHQ�WDVN�L�PXVW�EH�SHUIRUPHG�EHIRUH�WDVN�M�

����*RDO���ILQG�RUGHULQJ��VFKHGXOH��V�W��DOO�FRQVWUDLQWV�REH\HG�

Us ing DFS  to get topological sort:

� PRGLI\�PDLQ�SURFHGXUH�WR�SHUIRUP�')6�IURP�HYHU\�YHUWH[�RI
*�

� 'XULQJ�3RVW9LVLW�DVVLJQ�D�QXPEHU�WR�HDFK�YHUWH[��VWDUWLQJ�DW
Q��DQG�GHFUHPHQWLQJ�HDFK�WLPH��

Modify DFS  to solve topological sort problem

DFSTopoSort (graph G):

   for each vertex v in G do

        Enc(v) = false;

   for each vertex v do

        if Enc(v) == false then RecursiveDFS(v);

   nextnumber := n;

procedure RecursiveDFS(vertex v):

   Encountered(v) = true;

   for each neighbor w of v do

      if !Encountered(w) then RecursiveDFS(w);

   Number(v) := nextnumber;

   nextnumber --;
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Consequences of DFS  (cont.)

� /HPPD���6XSSRVH�UXQ�')67RSR6RUW�RQ�JUDSK�*�ZKLFK�LV�D
'$*��,I�1XPEHU�Y����1XPEHU�Z���WKHQ��Z�Y��QRW�LQ�(�

� 3URRI�

� 1XPEHU�Y����1XPEHU�Z�� !��5')6�Z��FRPSOHWHV�ILUVW�

� $W�WKDW�WLPH��HLWKHU�
Enc(v) = false  ---->   no edge (w,v) ; search of w would have followed it.

Enc(v) == true ---->  exploration of v in progress => path from v to w; edge (w,v)
would imply cycle.

Other Applications  of DFS

� )LQGLQJ�DUWLFXODWLRQ�SRLQWV�LQ�D�JUDSK�

� )LQGLQJ�WKH�VWURQJO\�FRQQHFWHG�FRPSRQHQWV�RI�D
GLUHFWHG�JUDSK�

� 3ODQDULW\�WHVWLQJ�

S ingle-S ource S hortest Paths
(Dijks tra’s  algorithm)

� 8VLQJ�%)6��VROYHG�SUREOHP�RI�ILQGLQJ
VKRUWHVW�SDWK�IURP�V�WR�W�

� :KDW�LI�HGJHV�KDYH�DVVRFLDWHG�FRVWV�RU
GLVWDQFHV"���%)6�SUREOHP�DVVXPHV�HGJH
FRVWV�DUH�DOO����

� $VVXPH�HDFK�HGJH��X�Y��KDV�QRQQHJDWLYH
FRVW�F�X�Y��

� 'HILQH�WKH�FRVW�RI�D�SDWK� �WRWDO�FRVWV�RI
DOO�HGJHV�RQ�SDWK�

� 3UREOHP��)LQG��IRU�HDFK�YHUWH[�Y��WKH�OHDVW
FRVW�SDWK�IURP�V�WR�Y�

Idea of Dijkstra’s  Algorithm:
� 0DLQWDLQ�

• Dist [0..n-1] where Dist (v) is the cost of best path
from s to v found so far, and

• U, set of vertices v for which Dist (v) is not yet
known to be optimal.

� ,QLWLDOO\�
• Dist (s) = 0;  Dist (v) = infinity for all v other than s.

• U = V.

� ,Q�HDFK�VWHS��UHPRYH�WKDW�Y�LQ�8�ZLWK
PLQLPXP�'LVW�Y�

�������XSGDWH�WKRVH�Z�LQ�8�V�W���Y�Z��LQ�(�DQG

����������������'LVW�Z��!�'LVW�Z����F�Y�Z��

Dijkstra’s  Algorithm
Assumption: c(u,v) = infinity if (u,v) not in E .

DijkstraShortestPaths (directed graph G, vertex s):

   Set U  (initialized to be empty)

   for each vertex v in G except s do

       Dist(v) := infinity

       U.insert(v);

   Dist(s) := 0;  U.insert(s);

   repeat |V| times

       v := any member of U with minimum Distance

       U.Delete(v);

       for each neighbor w of v do

           if U.contains(w) then

              Dist(w) := min(Dist(w), Dist(v) + c(v,w));
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Why is  this  algorithm correct?

� 7KHRUHP��$W�WKH�WHUPLQDWLRQ�RI�WKH�DOJRULWKP��'LVW�Y��LV
WKH�OHQJWK�RI�WKH�VKRUWHVW�SDWK�IURP�V�WR�Y�IRU�HDFK
YHUWH[�Y�RI�*�

� 3URRI��E\�LQGXFWLRQ�RQ�_9�8_�

� ,QGXFWLYH�K\SRWKHVLV��/HW�_9�8_ N�
• for every v in V-U, Dist(v) is length of shortest path from s to v

• the vertices in V-U are the k closest vertices to s.
• for every v in U, Dist(v) is the length of shortest path from s to v

that only goes through vertices in V-U.

At all times, for all v, Dist(v) is  the length of
shortest path from s  to v that only goes

through vertices  in V-U
� $��������0�?�,�@!1�3
� A�('������
��	0�6XSSRVH�WUXH�IRU�ILUVW�N�VWHSV��7KH

63�WR�WKH��N���VW�FORVHVW�YHUWH[���VD\�Z��FDQ�JR�WKURXJK
RQO\�YHUWLFHV�LQ�9�8��RWKHUZLVH��WKHUH�ZRXOG�EH�D�FORVHU
YHUWH[��7KHUHIRUH��VHOHFWLQJ�WKH�PLQ� !�DGG�WKH�N��VW�

6D\�Z�LV�DGGHG�

1HZ�'LVW�YDOXH�IRU�D�YHUWH[�[�LV�PLQ�RI�ROG�'LVW�YDOXH
DQG�'LVW�Z����F�Z�[�

Run T ime Analys is
� ?�(�
������(������
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�0��	
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����>'�'�
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������������

�
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� 
'		�
����	�
������0
• Insert(x)  -- insert element with key value x into set.
• FindMin() --  return value of smallest element in set
• DeleteMin()  -- delete smallest element in set.

� ��(�'�'����0
• Lookup(x)
• Delete(x)

Most priority queue implementations

� ������	������������������	�
����������=�������
�����)�
�������)���*����

� ,B��'������������)���/���
�C������
����0
� �����
�����0
� �(�����D���0
� �����'	�0
� ���(�)����������;��'��0

Running time of Dijkstra’s  algorithm:

� ��������
�����0�����=�����������������DFWXDOO\�2�Q��

� ���(�����D���0����=��������������
� �������'	�0����������=�����������������DFWXDOO\�2�H��

� ��������;��'����(�0��=��������������

� ��'����������0��=����2�����������

� ���������(��=������$����
�)�
�(������
�	��
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Minimum S panning T rees

� 
	��������
����)���!!�VXEJUDSK�RI�*�WKDW�KDV
VDPH�VHW�RI�YHUWLFHV�DV�*�DQG�LV�D�WUHH�

� D
7��)�%������(��
�	����!!�VSDQQLQJ�WUHH�RI�*
ZKRVH�HGJHV�VXP�WR�PLQLPXP�ZHLJKW

� JUHHG\�DOJRULWKPV�JLYH�RSWLPDO�VROXWLRQ

Kruskal’s  MS T  algorithm

� $VVXPH�*�LV�FRQQHFWHG�

� ,GHD�
• Sort edges in increasing order of cost
• Initialize tree T to be empty
• For each edge e in sorted order

• If T U {e}  does not contain a cycle, add e to T;

• output T;

Correctness

� 7KHRUHP��.UXVNDO·V�DOJRULWKP�RXWSXWV�DQ�067

� 3URRI�E\�LQGXFWLRQ

���WKDW�DW�DOO�WLPHV�7�LV�D�VXEVHW�RI�DQ�067�)�
Let e be the next edge chosen by Kruskal.

Claim that T U{e} is a subset of an MST.

    If e not in F,  let e’ in F connect two components of T.

    Then F - {e’} + {e} is an MST.

T o implement, use Dis joint S et ADT
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• MakeSet (x): create new singleton set consisting of x
• Union (S,T): replace sets S, T by S U T
• Find(x): return “name” of set S such that x is in S.

Kruskal’s  Algorithm
with Dis joint S et ADT

KruskalMST (undirected graph G):  set of edges in MST

   Set  T;  (initialized empty)  // set of edges in tree

   components := n; // number of connected comps of (G,E’)

   Sort edges

   for each vertex v of G do MakeSet(v);

   while  components > 1 do  // process next edge in order

       (u,w) := next edge in sorted order;

        U := Find (u);

        W := Find (w);

        if (U different from W) then

            Union(U,W);

            Insert((u,w), T);

            components := components - 1;

   return T;
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Best result
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Run-time of Kruskal’s  Algorithm
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Modeling the Problem

� $Q�DUW��EXW�NH\�WR�DSSO\LQJ�DOJRULWKP�GHVLJQ
WHFKQLTXHV�WR�UHDO�ZRUOG�SUREOHPV�

� 0RVW�DOJRULWKPV�GHVLJQHG�WR�ZRUN�RQ
ULJRURXVO\�GHILQHG�DEVWUDFW�VWUXFWXUH�

Your turn!!!!
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Problems

���6SHHFK�UHFRJQLWLRQ�SUREOHP����GLVWLQJXLVKLQJ�EHWZHHQ�ZRUGV
WKDW�VRXQG�DOLNH��H�J��WR��WZR��WRR���<RX·UH�JLYHQ�D�OLVW�RI
ZRUGV�DQG�WKH�OLNHOLKRRG�RI�WUDQVLWLRQV�EHWZHHQ�WKHP��)RU
HDFK�ZRUG�VSRNHQ�LQWR�WKH�PLFURSKRQH��\RXU�SURJUDP
GHWHUPLQHV�D�VHW�RI�ZRUGV�WKDW�VRXQG�OLNH�LW��+RZ�PLJKW�\RX
ILJXUH�RXW�ZKDW�VHQWHQFH�ZDV�VSRNHQ"

���*LYHQ�D�VHW�RI�SURFHVVHV�WKDW�QHHG�WR�EH�VFKHGXOHG��DQG
GHSHQGHQFLHV�WKDW�WHOO�\RX�ZKLFK�SURFHVVHV�QHHG�WR�EH
FRPSOHWHG�LQ�RUGHU�IRU�D�JLYHQ�SURFHVV�WR�H[HFXWH��KRZ�ZRXOG
\RX�VFKHGXOH�WKH�SURFHVVHV�VR�DV�QRW�WR�YLRODWH�DQ\�RI�WKH
GHSHQGHQFLHV"

���+RZ�ZRXOG�\RX�ILQG�\RXU�ZD\�RXW�RI�D�PD]H"
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Problems

���1HWZRUN�UHOLDELOLW\����KRZ�ZRXOG�\RX�GHWHUPLQH�LI�WKHUH�LV�D
VLQJOH�SRLQW�RI�IDLOXUH�LQ�\RXU�QHWZRUN"

���,Q�DQ�RSWLFDO�FKDUDFWHU�UHFRJQLWLRQ�V\VWHP��D�PHWKRG�IRU
VHSDUDWLQJ�OLQHV�RI�WH[W�LV�QHHGHG��$OWKRXJK�WKHUH�LV�VRPH
ZKLWH�VSDFH�EHWZHHQ�WKH�OLQHV��SUREOHPV�OLNH�QRLVH�DQG�WKH
WLOW�RI�WKH�SDJH�PDNH�WKH�VHSDUDWLRQ�GLIILFXOW�WR�ILQG��+RZ
ZRXOG�\RX�JR�DERXW�GRLQJ�OLQH�VHJPHQWDWLRQ"

���'1$�VHTXHQFHV����JLYHQ�H[SHULPHQWDO�GDWD�FRQVLVWLQJ�RI�VPDOO
IUDJPHQWV��)RU�HDFK�IUDJPHQW�I��NQRZ�WKDW�FHUWDLQ�RWKHU
IUDJPHQWV�DUH�IRUFHG�WR�OLH�WR�WKH�OHIW�RI�I��FHUWDLQ
IUDJPHQWV�IRUFHG�WR�OLH�WR�ULJKW��DQG�UHVW�HLWKHU�ZD\��+RZ�GR
\RX�ILQG�D�FRQVLVWHQW�RUGHULQJ�RI�WKH�IUDJPHQWV�IURP�OHIW�WR
ULJKW�WKDW�VDWLVILHV�DOO�WKH�FRQVWUDLQWV"

Problems

���0XOWLFDVW����+RZ�ZRXOG�\RX�GHFLGH�ZKDW�URXWHV�WR�XVH�WR�VHQG
D�PHVVDJH�WR�D�VXEVHW�RI�WKH�SURFHVVRUV�LQ�\RXU�QHWZRUN"
<RX�FDQ�DVVXPH�WKDW�\RX�KDYH�LQIRUPDWLRQ�DERXW�WKH
EDQGZLGWK�DQG�FRQJHVWLRQ�RQ�WKH�YDULRXV�OLQNV�LQ�WKH�QHWZRUN�

���+RZ�ZRXOG�\RX�GHVLJQ�QDWXUDO�URXWHV�IRU�D�YLGHR�JDPH
FKDUDFWHU�WR�IROORZ�WKURXJK�DQ�REVWDFOH�ILOOHG�URRP"

���+RZ�PLJKW�\RX�WHVW�LI�D�FHUWDLQ�VHW�RI�FRQGLWLRQV�LQ�\RXU
SURJUDP�FDQ�FDXVH�GHDGORFN"�)RU�HYHU\�SDLU�RI�SURFHVVHV��$
DQG�%��LW�LV�SRVVLEOH�WR�GHWHUPLQH�LI�$�PLJKW�HYHU�ZDLW�IRU�%�

����&LUFXLW�VLPXODWLRQ����*LYHQ�D�FLUFXLW�OD\RXW�DQG�LQSXW�RXWSXW
LQIRUPDWLRQ�IRU�HDFK�JDWH�LQ�WKH�FLUFXLW���ZKHUH�LWV�RXWSXWV
JR�DQG�ZKHUH�LWV�LQSXWV�FRPH�IURP��KRZ�ZRXOG�\RX�VFKHGXOH
WKH�VLPXODWLRQ�RI�WKH�JDWHV�LQ�WKH�FLUFXLW"


