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� 7KH�FRPSXWHU�LV�XVHOHVV

� ,W�FDQ�RQO\�DQVZHU�TXHVWLRQV�

� �����������������3DEOR�3LFDVVR

Dynamic Programming S ummary

���)RUPXODWH�DQVZHU�DV�UHFXUUHQFH�UHODWLRQ�RU�UHFXUVLYH
DOJRULWKP

���6KRZ�WKDW�QXPEHU�RI�YDOXHV�RI�UHFXUUHQFH�ERXQGHG�E\�SRO\

���6SHFLI\�RUGHU�RI�HYDOXDWLRQ�IRU�UHFXUUHQFH�VR�KDYH�SDUWLDO
UHVXOWV�ZKHQ�\RX�QHHG�WKHP�

� '3�ZRUNV�SDUWLFXODUO\�ZHOO�IRU�RSWLPL]DWLRQ�SUREOHPV�ZLWK
LQKHUHQW�OHIW�WR�ULJKW�RUGHULQJ�DPRQJ�HOHPHQWV�

� 5HVXOWLQJ�JOREDO�RSWLPXP�RIWHQ�PXFK�EHWWHU�WKDQ�VROXWLRQ
IRXQG�ZLWK�KHXULVWLFV�

� 2QFH�\RX�XQGHUVWDQG�LW��XVXDOO\�HDVLHU�WR�ZRUN�RXW�IURP
VFUDWFK�D�'3�VROXWLRQ�WKDQ�WR�ORRN�LW�XS�

Readings

� ��������
• Skiena, Section 8.4.9
• CLR,  chapter 27
• Network Flows, Theory, Algorithms and Applications,

by Ahuja, Magnanti and Orlin, chapter 6 ++
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Maximum F low

� ,QSXW�GHVFULSWLRQ��D�JUDSK��QHWZRUN��*�ZKHUH�HDFK
HGJH��Y�Z��KDV�DVVRFLDWHG�FDSDFLW\�F�Y�Z���DQG�D
VSHFLILHG�VRXUFH�QRGH�V�DQG�VLQN�QRGH�W

� 3UREOHP�GHVFULSWLRQ��:KDW�LV�WKH�PD[LPXP�IORZ
\RX�FDQ�URXWH�IURP�V�WR�W�ZKLOH�UHVSHFWLQJ�WKH
FDSDFLW\�FRQVWUDLQW�RI�HDFK�HGJH"
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Max-flow outline:
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Properties  of F low:
f(v,w) -- flow on edge (v,w)

� �� �I�Y�Z��� �F�Y�Z����WKH�IORZ�WKURXJK�DQ�HGJH�FDQQRW�H[FHHG
WKH�FDSDFLW\�RI�DQ�HGJH

� IRU�DOO�Y�H[FHSW�V�W��Σ 
X
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HQWHULQJ�D�YHUWH[�LV�HTXDO�WR�WRWDO�IORZ�H[LWLQJ�YHUWH[

� WRWDO�IORZ�OHDYLQJ�V� �WRWDO�IORZ�HQWHULQJ�W�
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Notation on edges
f(v,w)/c(v,w)

Not a maximum flow!

An augmenting path with respect to a given
flow f is  a

'LUHFWHG�SDWK�IURP�V�WR�W�ZKLFK�FRQVLVWV�RI�HGJHV�IURP�*��EXW
QRW�QHFHVVDULO\�LQ�VDPH�GLUHFWLRQ��(DFK�HGJH�RQ�SDWK�LV
HLWKHU�

� IRUZDUG�HGJH���X�Y��LQ�VDPH�GLUHFWLRQ�DV�*�DQG�I�X�Y����F�X�Y��
�F�X�Y��I�X�Y��FDOOHG�VODFN��� !�KDV�URRP�IRU�PRUH�IORZ�

� EDFNZDUG�HGJH���X�Y��LQ�RSSRVLWH�GLUHFWLRQ�LQ�*��L�H����Y�X��LQ�(�
DQG�I�X�Y��!�� !�FDQ�ERUURZ�IORZ�IURP�VXFK�DQ�HGJH�
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s-w-u-v-t
augmenting path

Us ing an augmenting path to increase flow

� ,I�DOO�HGJHV�DUH�IRUZDUG� !�PRYH�IORZ�WKURXJK�DOO�RI�WKHP�
DPRXQW�RI�IORZ�FDQ�SXVK� �PLQLPXP�VODFN

� 2WKHUZLVH��SXVK�IORZ�IRUZDUG�RQ�IRUZDUG�HGJHV��GHGXFW�IORZ
IURP�EDFNZDUG�HGJHV�
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Augmenting Path T heorem:
A flow f is  maximum iff it admits  no augmenting path

� $OUHDG\�VDZ�WKDW�LI�IORZ�DGPLWV�DQ�DXJPHQWLQJ�SDWK��WKHQ�LW
LV�QRW�PD[LPXP�

� 6XSSRVH�I�DGPLWV�QR�DXJPHQWLQJ�SDWK��1HHG�WR�VKRZ�I
PD[LPXP�

&XW����D�VHW�RI�HGJHV�WKDW�VHSDUDWH�V�IURP�W�

&DSDFLW\�RI�D�FXW� �VXP�RI�FDSDFLWLHV�RI�HGJHV�LQ�FXW�

3URYH�WKHRUHP�E\�VKRZLQJ�WKDW�WKHUH�LV�D�FXW�ZKRVH�FDSDFLW\� 
I�

$� �YHUWLFHV�V�W��IRU�HDFK�Y�LQ�$��WKHUH�LV�DXJPHQWLQJ�SDWK�IURP
V�WR�Y���� !�GHILQHV�D�FXW�

&ODLP��IRU�DOO�HGJHV�LQ�FXW��I�Y�Z� F�Y�Z�

 !�YDOXH�RI�IORZ� �FDSDFLW\�RI�FXW�GHILQHG�E\�$� !�PD[LPXP�
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=> Celebrated
Max-flow Min-Cut T heorem
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If the capacities of all edges in the network are

integers, then there is a maximum flow whose value
is an integer.

Res idual Graph w.r.t. flow f
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• capacity = c(v,w)-f(v,w)
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• capacity = f(v,w).
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Ford-Fulkerson Method (G,s ,t)

,QLWLDOL]H�IORZ�RQ�DOO�HGJHV�WR���

:KLOH�WKHUH�LV�D�SDWK�S�IURP�V�WR�W�LQ�UHVLGXDO�QHWZRUN�5

����δ  �PLQLPXP�FDSDFLW\�DORQJ�S�LQ�5

����DXJPHQW�δ�XQLWV�RI�IORZ�DORQJ�S�DQG�XSGDWH�5

5XQQLQJ�7LPH"
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Edmonds-Karp

� ,I�LPSOHPHQW�FRPSXWDWLRQ�RI�DXJPHQWLQJ�SDWK�XVLQJ
EUHDGWK�ILUVW�VHDUFK��L�H���LI�DXJPHQWLQJ�SDWK�LV�D
VKRUWHVW�SDWK�IURP�V�WR�W�LQ�UHVLGXDO�QHWZRUN��WKHQ
WKH�QXPEHU�RI�DXJPHQWDWLRQV�2�_9__(_��
• The shortest-path distance from v to t in R is non-decreasing.

• The number of times an edge (u,v) can become critical, i.e.,
residual capacity of (u,v) = residual capacity of augmenting
path, is O(|V|).

T he shortest path distance from v to t in R f is
non-decreas ing.

3URRI�E\�FRQWUDGLFWLRQ�
&RQVLGHU�ILUVW�WLPH�63��LQ�UHVLGXDO�JUDSK��WR�W�GHFUHDVHV�IURP

VRPH�QRGH�Y��/HW�Y�EH�WKH�FORVHVW�VXFK�QRGH�WR�W��63�LQ�I·
IURP�Y�WR�W�EHJLQV�ZLWK�HGJH��Y�Z�

v w t

G¶�Y� G¶�Z�����
&ODLP��I�Y�Z� F�Y�Z�����,I�QRW���Y�Z��LQ�5

I

��G�Y��� �G�Z����� �G¶�Z���� �G¶�Y���&RQWUDGLFWLRQ�

S hortest paths non-decreas ing, cont.

7KHUHIRUH��Z�Y��LQ�5I��DQG�LQ�RUGHU�IRU��Y�Z��LQ�5I·�
DXJPHQWLQJ�SDWK�PXVW�EH�

v w ts

=>  d(v) = d(w)-1 <= d’(w)-1 = d’(v)-2
=>  d(v) <= d’(v).
Contradiction.
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Lemma: between any two consecutive saturations  of (v,w), both d(v) and d(w)
increase by at least 2.

,Q�ILUVW�VDWXUDWLRQ��LQFUHDVLQJ�IORZ�DORQJ�DXJPHQWLQJ�SDWK��DQG

G�Y� �G�Z����

v w ts

v w ts

%HIRUH�HGJH�FDQ�EH�VDWXUDWHG�DJDLQ��PXVW�VHQG�IORZ�EDFN�IURP�Z
WR�Y�� !�G¶�Z� �G¶�Y����

,Q�QH[W�VDWXUDWLRQ��DJDLQ�KDYH�G¶¶�Y� G¶¶�Z�����
 !�G¶¶�Y� �G¶¶�Z����! �G¶�Z����! �G¶�Y����! �G�Y����

=> Running time of Edmonds-Karp is
O(m2n)
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Fastest max-flow algorithms:
preflow-push

� )ORRG�WKH�QHWZRUN�VR�WKDW�VRPH�QRGHV�KDYH�H[FHVV
RU�EXLOGXS�RI�IORZ

� DOJRULWKPV�LQFUHPHQWDOO\�UHOLHYH�IORZ�IURP�QRGHV
ZLWK�H[FHVV�E\�VHQGLQJ�IORZ�WRZDUGV�VLQN�RU�EDFN
WRZDUGV�VRXUFH�

S ome applications  of max-flow
and max-flow min-cut theorem

� 6FKHGXOLQJ�RQ�XQLIRUP�SDUDOOHO�PDFKLQHV

� %LSDUWLWH�PDWFKLQJ

� 1HWZRUN�FRQQHFWLYLW\

� 9LGHR�RQ�GHPDQG
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S cheduling on uniform parallel machines

� +DYH�D�VHW�-�RI�MREV��0�XQLIRUP�SDUDOOHO�PDFKLQHV�

� (DFK�MRE�M�KDV�SURFHVVLQJ�UHTXLUHPHQW�SM��UHOHDVH
GDWH�UM�DQG�GXH�GDWH�GM������GM�! �UM�������SM

� $�PDFKLQH�FDQ�ZRUN�RQ�RQO\�RQH�MRE�DW�D�WLPH�DQG
HDFK�MRE�FDQ�EH�SURFHVVHG�E\�DW�PRVW�RQH�PDFKLQH
DW�D�WLPH��EXW�SUHHPSWLRQV�DUH�DOORZHG�

6FKHGXOLQJ�SUREOHP��GHWHUPLQH�D�IHDVLEOH�VFKHGXOH
WKDW�FRPSOHWHV�DOO�MREV�EHIRUH�WKHLU�GXH�GDWHV�RU
VKRZ�WKDW�QR�VXFK�VFKHGXOH�H[LVWV�

Bipartite Matching

� !�	����D�ELSDUWLWH�JUDSK�* �9�(�
� -��	����/DUJHVW�VL]H�VHW�RI�HGJHV�0�IURP�(�VXFK
WKDW�HDFK�YHUWH[�LQ�9�LV�LQFLGHQW�WR�DW�PRVW�RQH
HGJH�RI�6

Network Connectivity

� :KDW�LV�WKH�PLQLPXP�QXPEHU�RI�OLQNV�LQ�WKH
QHWZRUN�VXFK�WKDW�LI�WKDW�PDQ\�OLQNV�JR�GRZQ��LW�LV
SRVVLEOH�IRU�QRGHV�V�DQG�W�WR�EHFRPH�GLVFRQQHFWHG"

� :KDW�LV�WKH�PLQLPXP�QXPEHU�RI�QRGHV�LQ�WKH
QHWZRUN�VXFK�WKDW�LI�WKDW�PDQ\�QRGHV�JR�GRZQ��LW�LV
SRVVLEOH�IRU�QRGHV�V�DQG�W�WR�EHFRPH�GLVFRQQHFWHG"

Video on Demand

� 0�VWRUDJH�GHYLFHV��H�J���GLVNV���HDFK�FDSDEOH�RI
VXSSRUWLQJ�E�VLPXOWDQHRXV�VWUHDPV�

� N�PRYLHV��RQH�FRS\�RI�HDFK�RQ���GLVNV�

� *LYHQ�VHW�RI�5�PRYLH�UHTXHVWV��KRZ�ZRXOG�\RX
DVVLJQ�WKH�UHTXHVWV�WR�GLVNV�VR�WKDW�QR�GLVN�LV
DVVLJQHG�PRUH�WKDQ�E�UHTXHVWV�DQG�WKH�PD[LPXP
QXPEHU�RI�UHTXHVWV�LV�VHUYHG"
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Other network flow problems:
1. With lower bounds on flow.

� )RU�HDFK��Y�Z�������� �OE�Y�Z��� �I�Y�Z��� �F�Y�Z�

� 1RW�DOZD\V�SRVVLEOH�
s v t(2,4)(5,10)

Other network flow problems:
2. Minimum flow
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Other network flow problems:
3. Min-cost max-flow

� ,QSXW�GHVFULSWLRQ��D�JUDSK��QHWZRUN��*�ZKHUH�HDFK
HGJH��Y�Z��KDV�DVVRFLDWHG�FDSDFLW\�F�Y�Z���DQG�D
FRVW�FRVW�Y�Z��

� 3UREOHP�GHVFULSWLRQ��:KDW�LV�WKH�PD[LPXP�IORZ�RI
PLQLPXP�FRVW�\RX�FDQ�URXWH�IURP�V�WR�W�ZKLOH
UHVSHFWLQJ�WKH�FDSDFLW\�FRQVWUDLQW�RI�HDFK�HGJH"
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Class ical application:
T ransportation Problem
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Example: F iat makes  Uno and Ferrari’s .

t

p1/Uno

Plant 2

Plant 1

p1/F500

p2/F20

p2/Uno
r1

r2/F20

r2/Uno

r1/Uno

r2/F500

s

r2

cost

cap

0

supply of plant

production cost

max production

shipping cost

capacity imposed
by dist’n channel model demand

0

t

Retailer demand

0
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Disk head scheduling

� +DYH�GLVN�ZLWK���KHDGV��DQG�VHTXHQFH�RI�UHTXHVWV
WR�UHDG�GDWD�RQ�GLVN�DW�ORFDWLRQV�O��«��OQ�

� +RZ�WR�VFKHGXOH�PRYHPHQW�RI�GLVN�KHDGV�VR�DV�WR
PLQLPL]H�WRWDO�KHDG�PRYHPHQW"


