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CS E 589 Part IV

� 0RUH�WKDQ�DQ\�WLPH�LQ�KLVWRU\�PDQNLQG�IDFHV�D
FURVVURDGV��2QH�SDWK�OHDGV�WR�GHVSDLU�DQG�XWWHU
KRSHOHVVQHVV��WKH�RWKHU�WR�WRWDO�H[WLQFWLRQ��/HW�XV
SUD\�WKDW�ZH�KDYH�WKH�ZLVGRP�WR�FKRRVH�FRUUHFWO\�

� �����������������:RRG\�$OOHQ

Readings
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L inear Programming

� 7KH�SURFHVV�RI�PLQLPL]LQJ�D�OLQHDU�REMHFWLYH
IXQFWLRQ�VXEMHFW�WR�D�ILQLWH�QXPEHU�RI�OLQHDU
HTXDOLW\�DQG�LQHTXDOLW\�FRQVWUDLQWV�

� ([DPSOH�DSSOLFDWLRQV�
• airline crew scheduling
• manufacturing and production planning

• portfolio selection

• telecommunications network design

� ´)HZ�SUREOHPV�VWXGLHG�LQ�FRPSXWHU�VFLHQFH�KDYH
JUHDWHU�DSSOLFDWLRQ�LQ�WKH�UHDO�ZRUOG�µ

Big Bucks!

´$PHULFDQ�$LUOLQHV�HPSOR\V�PRUH�WKDQ��������SLORWV�DQG�IOLJKW�DWWHQGDQWV
WR�IO\�LWV�IOHHW�RI�RYHU�����DLUFUDIW��&UHZ�FRVW�LV�RYHU�����ELOOLRQ�GROODUV
SHU�\HDU�LV�VHFRQG�RQO\�WR�IXHO�FRVW��,Q�LWV�HIIRUW�WR�EHWWHU�XWLOL]H�FUHZ
UHVRXUFHV�$$�VSHQW�DERXW������KRXUV�RI�&38�WLPH�GXULQJ��������
UXQQLQJ�LWV�FUHZ�SDLULQJ�FRGH«�(VWLPDWHG�VDYLQJV�JHQHUDWHG�E\�UXQQLQJ
WKLV�FRGH�GXULQJ�WKH�SDVW���\HDUV�DUH�LQ�H[FHVV�RI����PLOOLRQ�GROODUV�SHU
\HDU�

$�FUHZ�SDLULQJ�LV�D�VHTXHQFH�RI�IOLJKWV�WKDW�VWDUWV�DQG�HQGV�DW�D�FUHZ�EDVH
DQG�W\SLFDOO\�ODVWV�����GD\V��$�FUHZ�PHPEHU�ZRUNV�����SDLULQJV�SHU
PRQWK��7KH�PRVW�LPSRUWDQW�SDUW�RI�HIILFLHQW�FUHZ�XWLOL]DWLRQ�LV�PDNLQJ
XS�SDLULQJV�WKDW�FRYHU�DOO�IOLJKW�OHJV�DQG�PLQLPL]H�H[FHVV�FRVW��7KLV
SUREOHP�LV�FDOOHG�FUHZ�SDLULQJ�RSWLPL]DWLRQ�µ

And more...

'HOWD�$LU�/LQHV�IOLHV�RYHU�������GRPHVWLF�IOLJKW�OHJV�HYHU\�GD\�
XVLQJ�DERXW�����DLUFUDIW�IURP����GLIIHUHQW�IOHHWV��7KH�IOHHW
DVVLJQPHQW�SUREOHP�LV�WR�PDWFK�DLUFUDIW�WR�IOLJKW�OHJV�VR�WKDW
VHDWV�DUH�ILOOHG�ZLWK�SD\LQJ�SDVVHQJHUV��5HFHQW�DGYDQFHV�LQ
PDWKHPDWLFDO�SURJUDPPLQJ�DOJRULWKPV�DQG�FRPSXWHU
KDUGZDUH�PDNH�LW�SRVVLEOH�WR�VROYH�RSWLPL]DWLRQ�SUREOHPV�RI
WKLV�VFRSH�IRU�WKH�ILUVW�WLPH��'HOWD�LV�WKH�ILUVW�DLUOLQH�WR
VROYH�WR�FRPSOHWLRQ�RQH�RI�WKH�ODUJHVW�DQG�PRVW�GLIILFXOW
SUREOHPV�LQ�WKLV�LQGXVWU\��8VH�RI�WKH�&ROGVWDUW�PRGHO�LV
H[SHFWHG�WR�VDYH�'HOWD�$LU�/LQHV������PLOOLRQ�RYHU�WKH�QH[W
WKUHH�\HDUV�

Feas ible S et
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An example: T he diet problem

� 7U\LQJ�WR�GHFLGH�RQ�ORZHVW�FRVW�GLHW�WKDW�SURYLGHV
VXIILFLHQW�DPRXQW�RI�SURWHLQ��ZLWK�WZR�FKRLFHV�
• steak: 2 units of protein/pound, $3/pound

• peanut butter: 1 unit of protein/pound, $2/pound

� ,Q�SURSHU�GLHW��QHHG���XQLWV�SURWHLQ�GD\�

*RDO���PLQLPL]H���[����\

VXEMHFW�WR�FRQVWUDLQWV�

���[����\�! ��

���[�� ���SRXQGV�SHDQXW�EXWWHU�GD\�LQ�RSWLPDO�GLHW�! �

���\�� ���SRXQGV�VWHDN�GD\�LQ�RSWLPDO�GLHW�! �

Visually…
x= peanut butter, y = s teak

x+2y=4

x=0

y=0

feasible set

Optimal vector occurs  at corner of feas ible
set!

x+2y=4

x=0

y=0

feasible set

2x+3y=6
2x+3y=0

Optimal vector occurs  at corner of feas ible
set!

x=0

y=0

feasible set

General Form of a L inear Program.

0LQLPL]H�E�\����E�\���«��EP\P
VXEMHFW�WR�Σ��� L� �P�DLM\L�! �FM�������M ���Q
��������������������������������\L�! ���������L ���P

RU
0D[LPL]H�F�[����F�[���«��FQ[Q

VXEMHFW�WR�Σ��� M� �Q�DLM[M�� �EM�������L ���P
��������������������������������[M! ���������M ���Q

T he Feas ible S et

� ,QWHUVHFWLRQ�RI�D�VHW�RI�KDOI�VSDFHV��FDOOHG�D
SRO\KHGURQ�

� ,I�LW·V�ERXQGHG�DQG�QRQHPSW\��LW·V�D�SRO\WRSH

��FDVHV�

� IHDVLEOH�VHW�LV�HPSW\

� FRVW�IXQFWLRQ�LV�XQERXQGHG�RQ�IHDVLEOH�VHW�

� FRVW�KDV�D�PLQLPXP��RU�PD[LPXP��RQ�IHDVLEOH�VHW�

)LUVW�WZR�FDVHV�YHU\�XQFRPPRQ�IRU�JHQXLQH�SUREOHPV
LQ�HFRQRPLFV�DQG�HQJLQHHULQJ�



�

T he S implex Method

� 3KDVH�,����ORFDWH�D�FRUQHU�RI�WKH�IHDVLEOH�VHW�
• corner = intersection of n different planes (in n dimensions)

� 3KDVH�,,���PRYH�IURP�FRUQHU�WR�FRUQHU�DORQJ�WKH
HGJHV�RI�WKH�IHDVLEOH�VHW����DOZD\V�JR�DORQJ�DQ�HGJH
WKDW�LV�JXDUDQWHHG�WR�GHFUHDVH�WKH�FRVW�
• Edge = intersection of n-1 different planes

� :KHQ�UHDFK�D�ORFDO�PLQLPXP��PD[LPXP���\RX·YH
IRXQG�WKH�RSWLPXP�

S implex Algorithm: An Example in 3D

0D[LPL]H��[����\����]

VXEMHFW�WR���[���\���]�� ��

�����������������[���\����]�� ���

�����������������[����\����]�� ��

����������������[�\�]�! ��

6WHS����FRQYHUW�LQHTXDOLWLHV�LQWR�HTXDOLWLHV�E\�LQWURGXFLQJ�VODFN
YDULDEOHV�D�E�F�

'HILQH�����D� ����[��\�]��������� !�D�! �

��������������E� �����[�\��]������� !�E�! �

��������������F� �����[��\��]������ !�F��! �

��������������)� ��[��\����]����REMHFWLYH�IXQFWLRQ

Example of S implex Method, continued.

6WHS����)LQG�LQLWLDO�IHDVLEOH�VROXWLRQ�

[ ��\ ��] ����� !�����D ���E ����F ��� !�) ��

6WHS����)LQG�IHDVLEOH�VROXWLRQ�ZLWK�KLJKHU�YDOXH�RI�)

)RU�H[DPSOH��FDQ�LQFUHDVH�[��WR�JHW�) �[�

+RZ�PXFK�FDQ�ZH�LQFUHDVH�["
����������D� ����[��\�]�! ����� !�����[�� ���������PRVW�VWULQJHQW

����������E� �����[�\��]�! ���� !�����[�� �����

����������F� �����[��\��]�! ��� !�����[�� ����

 !�LQFUHDVH�[�WR����� !) ��������D ���E ���F ���

Example of S implex Method, continued.

:DQW�WR�NHHS�GRLQJ�WKLV��QHHG�WR�JHW�EDFN�LQWR�VWDWH
ZKHUH�[�E�F�RQ�O�K�V��RI�HTXDWLRQV�

D� ����[��\�]�� !�����[ �����������\������]��������D����
�

6XEVWLWXWLQJ��
��LQWR�RWKHU�HTXDWLRQV�
����������E� �����[�\��]�! ���� !��E� ������\����D

����������F� �����[��\��]�! ��� !��F� �����������\������]�������D

����������)� ��[��\����]��������� !��) ������������\�������]�������D

,Q�RUGHU�WR�LQFUHDVH�)�DJDLQ��VKRXOG�LQFUHDVH

Example of S implex Method, continued.

+RZ�PXFK�FDQ�ZH�LQFUHDVH�]"

[ �����������\������]��������D����� !�]�� ��

E� ������\����D����������������������� !�QR�UHVWULFWLRQ

F� �����������\������]�������D��� !�]�� ����PRVW�VWULQJHQW��A�

6HWWLQJ�]� ���\LHOGV

[ ���\ ���] ���D ���E� ����F� ���

) ������������\�������]�������D���� !��) ����

$JDLQ��FRQVWUXFW�V\VWHP�RI�HTXDWLRQV�

)URP��A������]� �����\����D����F�

Example of S implex Method, continued.

6XEVWLWXWLQJ�EDFN�LQWR�RWKHU�HTXDWLRQV�
�]� �����\����D����F�

�[ �����������\������]��������D������� !�[� ����\��D���F

�E� ������\����D������������������������� !�E �������\����D

�)� ������������\�������]�������D��� !�)� �������\��D���F

$QG�ZH·UH�GRQH�
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T he S implex Method

� 3KDVH�,����ORFDWH�D�FRUQHU�RI�WKH�IHDVLEOH�VHW�
• corner = intersection of n different planes (in n dimensions)

� 3KDVH�,,���PRYH�IURP�FRUQHU�WR�FRUQHU�DORQJ�WKH
HGJHV�RI�WKH�IHDVLEOH�VHW����DOZD\V�JR�DORQJ�DQ�HGJH
WKDW�LV�JXDUDQWHHG�WR�GHFUHDVH�WKH�FRVW�
• Edge = intersection of n-1 different planes

� :KHQ�UHDFK�D�ORFDO�PLQLPXP��PD[LPXP���\RX·YH
IRXQG�WKH�RSWLPXP�

What were we doing?

� (DFK�WLPH�ZH�KDG�D�IHDVLEOH�VROXWLRQ�ZH�ZHUH�DW�D
FRUQHU�  �D�PHHWLQJ�SRLQW�RI���GLIIHUHQW�SODQHV�
:H�FKRVH���YDULDEOHV�DQG�VHW�WKHP�WR����DQG�PDGH
VXUH�UHPDLQLQJ�FRQVWUDLQWV�ZHUH�VDWLVILHG�

� 7KHQ�ZH�PRYHG�DORQJ�DQ�HGJH�  �D�PHHWLQJ�SRLQW�RI
��GLIIHUHQW�SODQHV�REWDLQHG�IURP�FRUQHU�E\
UHPRYLQJ�RQH�HTXDWLRQ��0RYHG�DORQJ�DVVRFLDWHG
HGJH�XQWLO�DUULYHG�DW�D�QHZ�FRUQHU�

T he S implex Algorithm and beyond….

� ,Q�SUDFWLFH��TXLWH�IDVW����W\SLFDOO\�RQO\�2�P��SLYRWV
�ZKHUH�P�LV�WKH�QXPEHU�RI�FRQVWUDLQWV�

� ,Q�ZRUVW�FDVH��H[SRQHQWLDO�

� )RU�D�ORQJ�WLPH��LW�ZDVQ·W�NQRZQ�LI�WKHUH�ZDV�D
SRO\QRPLDO�WLPH�DOJRULWKP�XQWLO«�

� .KDFKLDQ·V�DOJRULWKP�´7KH�0DWKHPDWLFDO�6SXWQLN�RI�����µ

• exterior-point method

� $QG�WKHQ�WKHUH�ZDV�.DUPDNDU�������«
• interior-point method

• competes viably with simplex algorithm on real-world
problems.

A Central Result of LP T heory
Duality T heorem

� (YHU\�OLQHDU�SURJUDP�KDV�D�GXDO

� ,I�WKH�RULJLQDO�LV�D�PLQLPL]DWLRQ��WKH�GXDO�LV�D
PD[LPL]DWLRQ�DQG�YLFH�YHUVD

� 6ROXWLRQ�RI�RQH�OHDGV�WR�VROXWLRQ�RI�RWKHU

3ULPDO���0LQLPL]H��F[��VXEMHFW�WR�$[�! �E���[! �

'XDO���0D[LPL]H��\E��VXEMHFW�WR�\$�� F���\! �

,I�RQH�KDV�RSWLPDO�VROXWLRQ�VR�GRHV�RWKHU��DQG
WKHLU�YDOXHV�DUH�WKH�VDPH�

Primal: Minimize  cx  subject to Ax >= b,  x>=0
Dual: Maximize  yb  subject to yA <=c,  y>=0

� ,Q�WKH�SULPDO��F�LQ�FRVW�IXQFWLRQ�DQG�E�ZDV�LQ�WKH
FRQVWUDLQW��,Q�WKH�GXDO��UHYHUVHG�

� ,QHTXDOLW\�VLJQ�LV�FKDQJHG�DQG�PLQLPL]DWLRQ�WXUQV�WR
PD[LPL]DWLRQ�

� ([DPSOH��PLQLPL]H��[����\�VXEMHFW�WR

�����[��\! �����[����\�! ����[����\�! �����[! ���\! �

� 'XDO�SUREOHP��PD[LPL]H�����S��T����U����VXEMHFW�WR

����S��T���U�� �����S��T���U�� �����S�T�U�! �

An example: T he diet problem

� 7U\LQJ�WR�GHFLGH�RQ�ORZHVW�FRVW�GLHW�WKDW�SURYLGHV
VXIILFLHQW�DPRXQW�RI�SURWHLQ��ZLWK�WZR�FKRLFHV�
• steak: 2 units of protein/pound, $3/pound
• peanut butter: 1 unit of protein/pound, $2/pound

� ,Q�SURSHU�GLHW��QHHG���XQLWV�SURWHLQ�GD\�
*RDO���PLQLPL]H���[����\
VXEMHFW�WR�FRQVWUDLQWV�
���[����\�! ��
���[�� ���SRXQGV�SHDQXW�EXWWHU�GD\�LQ�RSWLPDO�GLHW�! �
���\�� ���SRXQGV�VWHDN�GD\�LQ�RSWLPDO�GLHW�! �
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S imple Example

� 'LHW�SUREOHP���PLQLPL]H��[����\�VXEMHFW�WR

�������������������������������������[��\! ����[! ���\! �

� 'XDO�SUREOHP��PD[LPL]H�����S�����VXEMHFW�WR

�������������������������������������S� ����S�� ���S! �

� 'XDO��WKH�SUREOHP�IDFHG�E\�D�GUXJJLVW�ZKR�VHOOV�V\QWKHWLF
SURWHLQ��WU\LQJ�WR�FRPSHWH�ZLWK�SHDQXW�EXWWHU�DQG�VWHDN

� +H�ZDQWV�WR�PD[LPL]H�WKH�SULFH�S��VXEMHFW�WR�FRQVWUDLQWV�
• synthetic protein must not cost more than protein
• price must be non-negative or he won’t sell any
• revenue to druggist will be 4p

� 6ROXWLRQ���S� ������ !��REMHFWLYH�IXQFWLRQ� ��S� ��

� 1RW�FRLQFLGHQFH�WKDW�LW·V� �PLQLPDO�FRVW�LQ�RULJLQDO�SUREOHP�

More general diet problem

0LQLPXP�SUREOHP�KDV�Q�XQNQRZQV��Q�IRRGV�WR�EH�HDWHQ�LQ�DPRXQWV�[��«���[Q

P�FRQVWUDLQWV�UHSUHVHQW�P�UHTXLUHG�YLWDPLQV

� HQWU\�DLM�LV�DPRXQW�RI�L�WK�YLWDPLQ�LQ�M�WK�IRRG�

� L�WK�URZ�RI�$[�! E�IRUFHV�WKH�GLHW�WR�LQFOXGH�WKDW�YLWDPLQ�LQ�DW�OHDVW�WKH
DPRXQW�EL�

� F�[����«����FQ[Q� �FRVW�RI�GLHW��FM�LV�FRVW�RI�M�WK�IRRG��

'XDO����GUXJJLVW�VHOOLQJ�YLWDPLQ�SLOOV�UDWKHU�WKDQ�IRRG�

� 3ULFHV�DGMXVWDEOH�DV�ORQJ�DV�QRQQHJDWLYH�
� .H\�FRQVWUDLQW����RQ�HDFK�IRRG�FDQ·W�FKDUJH�PRUH�WKDQ�JURFHU�

� 6LQFH�IRRG�M�FRQWDLQV�YLWDPLQV�LQ�DPRXQW�DLM���WKH�GUXJJLVW·V�SULFH�IRU�WKH
HTXLYDOHQW�LQ�YLWDPLQV�FDQ·W�H[FHHG�FM��� !��\$�� �F�

� &DQ�WKHQ�VHOO�DPRXQW�EL�RI�HDFK�YLWDPLQ�IRU�D�WRWDO�LQFRPH�RI�\�E�����
\PEP

Example

0LQLPL]H��F�VW��[�VW����F�SE��[�SE���VXEMHFW�WR

� SURW�VW��[�VW����SURW�SE��[�SE��! �T�SURW�

� FDUER�VW��[�VW����FDUER�SE��[�SE��! �T�FDUER�

� [�VW���[�SE��! ��

� F�Q�� �SHU�XQLW�FRVW�RI�IRRG�Q��[�Q��TXDQWLW\�RI�IRRG�Q�WR�SXUFKDVH�SHU
GD\��SURW�Q�� �XQLWV�SURWHLQ�SHU�XQLW�RI�IRRG�Q��FDUER��Q�� �XQLWV�FDUER
SHU�XQLW�Q�T�SURW�� �SURWHLQ�XQLWV�SHU�GD\�QHHGHG��T�FDUER�� �FDUER�XQLWV
SHU�GD\

'XDO����GUXJJLVW�VHOOLQJ�V\QWKHWLF�SURWHLQ�DQG�FDUERK\GUDWH�SLOOV

PD[LPL]H��T�SURW��\�V�SURW����T�FDUER��\�V�FDUER��VXEMHFW�WR

� \�V�SURW��SURW�VW����\�V�FDUER��FDUER�VW��� �F�VW�

� \�V�SURW��SURW�SE����\�V�FDUER��FDUER�SE��� �F�SE�

� \�V�SURW���\�V�FDUER��! ��

� &DQ�WKHQ�VHOO�DPRXQW�T�SURW��RI�SURWHLQ�SHU�GD\�DQG�T�FDUER��RI�FDUER
SHU GD\

What’s  going on?

� 1RWLFH��IHDVLEOH�VHWV�FRPSOHWHO\�GLIIHUHQW�IRU�SULPDO�DQG
GXDO��EXW�QRQHWKHOHVV�DQ�LPSRUWDQW�UHODWLRQ�EHWZHHQ�WKHP�

� 'XDOLW\�WKHRUHP�VD\V�WKDW�LQ�WKH�FRPSHWLWLRQ�EHWZHHQ�WKH
JURFHU�DQG�WKH�GUXJJLVW�WKH�UHVXOW�LV�DOZD\V�D�WLH�

� 2SWLPDO�VROXWLRQ�WR�SULPDO�WHOOV�SXUFKDVHU�ZKDW�WR�GR�

� 2SWLPDO�VROXWLRQ�WR�GXDO�IL[HV�WKH�QDWXUDO�SULFHV�DW�ZKLFK
HFRQRP\�VKRXOG�UXQ�

� 7KH�GLHW�[�DQG�YLWDPLQ�SULFHV�\�DUH�RSWLPDO�ZKHQ
• grocer sells zero of any food that is priced above its vitamin equivalent.
• druggist charges 0 for any vitamin that is oversupplied in the diet.

Duality T heorem

� 'UXJJLVW·V�PD[�UHYHQXH� �3XUFKDVHUV�PLQ�FRVW

2QH�GLUHFWLRQ�RI�GXDOLW\�HDV\���IRU�DQ\�IHDVLEOH�[��\�

����T�SURW��\�V�SURW����T�FDUER��\�V�FDUER���� �[�VW��F�VW�����[�SE��F�SE�

6LQFH�HDFK�IRRG�FDQ�EH�UHSODFHG�E\�LWV�YLWDPLQ�HTXLYDOHQW��ZLWK�QR�LQFUHDVH
LQ�FRVW��DOO�DGHTXDWH�GLHWV�PXVW�EH�DW�OHDVW�DV�H[SHQVLYH�DV�DQ\�SULFH�WKH
GUXJJLVW�ZRXOG�FKDUJH�

For [x(s t), x(pb)] and
[y(s -prot), y(s -carbo)] feas ible =>

>SURW�VW��[�VW����SURW�SE��[�SE�@�\�V�SURW��! �T�SURW��\�V�SURW�

>FDUER�VW��[�VW����FDUER�SE��[�SE�@�\�V�FDUE��! �T�FDUER��\�V�FDUE�

6XP�WZR�LQHTXDOLWLHV� !

T�SURW��\�V�SURW����T�FDUER��\�V�FDUER��� 

�������������>SURW�VW��[�VW����SURW�SE��[�SE�@�\�V�SURW����

�������������>FDUER�VW��[�VW����FDUER�SE��[�SE�@�\�V�FDUER�

��������� ��[�VW��>\�V�SURW��SURW�VW����\�V�FDUER��FDUER�VW��@��

�������������[�SE��>\�V�SURW��SURW�SE����\�V�FDUER��FDUER�SE�@
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Practical Use of Duality

� �� �
� ����� ���9�������
� �3����
���
������
� �5�.�����$��/��
������
����$���
���
���
������ ��


� "������$����
����$�����.�/�����$�����/�� 
��
� ������$
���


� � ���
��
�� ���	�
�����/����	��� ��
�


Formulate as  LP

� :DQW�WR�LQYHVW�������LQ���VWRFNV���� ������SHU

� ����������������������SULFH�VKDUH��������GLYLGHQGV�\HDU

� VWRFN�$�������������������������������������������

� VWRFN�%������������������������������������������

� VWRFN�&��������������������������������������������

� VWRFN�&�KDV�SURE�����RI�DSSUHFLDWLQJ�WR�����LQ�D
\HDU��RU��SURE������VWD\LQJ�VDPH�

� :KDW�DPRXQW�RI�HDFK�VWRFN�VKRXOG�EH�ERXJKW�WR
PD[LPL]H�GLYLGHQGV���H[SHFWHG�DSSUHFLDWLRQ�RYHU
D�\HDU"

Application:
Optimal Pipeline
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• oi -- overhead of i-th stage

• bi -- bandwidth of i-th stage (bits/sec)
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S ummary of L inear Programming

� 2I�JUHDW�SUDFWLFDO�LPSRUWDQFH�WR�VROYH�OLQHDU
SURJUDPV�
• they model important practical problems

• production, approximating the solution of inconsistent equations,
manufacturing, network design, flow control, resource allocation.

• solving an LP is often an important component of solving or
approximating the solution to an integer linear
programming problem.

� 7KH�VLPSOH[�DOJRULWKP�ZRUNV�YHU\�ZHOO�LQ�SUDFWLFH�

� 2QH�SUREOHP�ZKHUH�\RX�UHDOO\�GR�QRW�ZDQW�WR�UROO
\RXU�RZQ�FRGH�


