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Easy vs . Hard Problems

� 7KH�VWDQGDUG�GHILQLWLRQ�RI�D�WUDFWDEOH�SUREOHP�LV�RQH�WKDW
FDQ�EH�VROYHG�LQ�WLPH�WKDW�LV�SRO\QRPLDO�LQ�WKH�VL]H�RI�WKH
LQSXW��:K\"
• Very few practical problems require time which is high-degree polynomial
• equivalent on different models of computation
• nice closure properties

� 7KLV�FODVV�RI�SUREOHPV�FDOOHG�3�

� 13����FODVV�RI�SUREOHPV�ZKRVH�VROXWLRQ�FDQ�EH�YHULILHG�LQ
SRO\QRPLDO�WLPH��)UDPHG�DV�´GHFLVLRQ�SUREOHPVµ�

� 0DQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\
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Hardest problems in NP are NP-complete
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Most notorious  hard graph problem

� ��������	
�������
������
• Input description: A weighted graph G, B >= 0

• Output description: Is there a  cycle going through
each of the vertices once of total cost at most B?
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Essence of NP-completeness
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Polynomial T ime Reductions

� /HW�5�DQG�4�EH�WZR�SUREOHPV��:H�VD\�WKDW�5�LV
SRO\QRPLDOO\�UHGXFLEOH�WR�4�LI�WKHUH�LV�D
SRO\QRPLDO�WLPH�DOJRULWKP�WKDW�FRQYHUWV�HDFK
LQSXW�U�WR�5�WR�DQRWKHU�LQSXW�T�WR�4�VXFK�WKDW�U�LV
D�\HV�LQVWDQFH�RI�5�LI�DQG�RQO\�LI�T�LV�D�\HV�
LQVWDQFH�RI�4�

7KHRUHP���,I�5�LV�SRO\QRPLDOO\�UHGXFLEOH�WR�4�DQG
WKHUH�LV�D�SRO\QRPLDO�WLPH�DOJRULWKP�IRU�4��WKHQ
WKHUH�LV�D�SRO\QRPLDO�WLPH�DOJRULWKP�IRU�5�

2WKHU�)DFWRLG��3RO\QRPLDO�UHGXFLELOLW\�LV�WUDQVLWLYH�

Definitions, etc.
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• Q belongs to NP

• Q is NP-hard

Proving a Problem is  NP-complete
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• show Q is in NP

• show R is polynomially reducible to Q, for some NP-
complete problem R.

Remarkable T heorem of S teve Cook (1971)
Proved that there exist NP-complete problems

� 7KH�6DWLVILDELOLW\�SUREOHP�LV�13�FRPSOHWH�
� 6DWLVILDELOLW\��*LYHQ�D�ERROHDQ�IRUPXOD�LQ�FRQMXQFWLYH

QRUPDO�IRUP��DQG�RI�RUV���LV�WKHUH�DQ�DVVLJQPHQW�RI�WKH
YDULDEOHV�WR��·V�DQG��·V��VR�WKDW�WKH�UHVXOWLQJ�IRUPXOD
HYDOXDWHV�WR��"

� ([DPSOH�

(y1 + y3 + y4) (y2 + y3 + y4)(y2 + y3 + y4)(y1 + y2 + y4)

Idea of Proof

� ,Q�13���HDV\�

� ,I�D�SUREOHP�LV�LQ�13��WKHUH�LV�D�QRQGHWHUPLQLVWLF
7XULQJ�PDFKLQH�WKDW�UHFRJQL]HV�\HV�LQVWDQFHV�

� $�7XULQJ�PDFKLQH�DQG�DOO�LWV�RSHUDWLRQV�RQ�D�JLYHQ
LQSXW�FDQ�EH�GHVFULEHG�E\�D�%RROHDQ�H[SUHVVLRQ
VXFK�WKDW�

� ([SUHVVLRQ�LV�VDWLVILDEOH�LI�DQG�RQO\�LI�WKH�7XULQJ
PDFKLQH�ZLOO�WHUPLQDWH�DW�DQ�DFFHSWLQJ�VWDWH�IRU
JLYHQ�LQSXW�

���� !�DQ\�13�DOJRULWKP�FDQ�EH�GHVFULEHG�E\�DQ
LQVWDQFH�RI�6$7

S ome NP-complete Problems
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S atis fiability

� ���(�����	������$�*LYHQ�D�ERROHDQ�IRUPXOD�LQ
FRQMXQFWLYH�QRUPDO�IRUP
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DVVLJQPHQW�IRU�WKH�YDULDEOHV�WKDW�FDXVHV�WKH
IRUPXOD�WR�HYDOXDWH�WR���

� 6SHFLDO�FDVH�ZKHUH�HYHU\�FODXVH�LV�GLVMXQFWLRQ�RI
H[DFWO\���OLWHUDOV�DOVR�13�FRPSOHWH��FDOOHG���6$7�
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T raveling S alesman Problem
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Clique
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Vertex Coloring
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YHUWLFHV��RI�WKH�JUDSK�XVLQJ�DW�PRVW�N�FRORUV�VXFK
WKDW�IRU�HDFK�HGJH��L�M��LQ�(��YHUWLFHV�L�DQG�M�KDYH
GLIIHUHQW�FRORUV
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Independent S et
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• Identifying location for a new franchise service such that no

two locations are close enough to compete with each other.

• Highest capacity code for given communication channel.

Hamiltonian Cycle

� ���(�����	������$�2�!��
�7%/8�+0
� ����������	������$�����
�����������!���

�
������	����(	
��
�����:�	��������	�����
�
�������!����	����	������������!�����
��	
�����*�������������*�	������	� 

� +*�����$
����7ULDQJOH�VWULS�SUREOHP�



✔

Graph Partition

� ���(�����	������$�$�ZHLJKWHG�JUDSK�* �9�(��DQG
LQWHJHUV�M�N
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WKH�YHUWLFHV�LQWR�WZR�VXEVHWV�VXFK�WKDW�HDFK
VXEVHW�KDV�VL]H�DW�PRVW�M��DQG�WKH�ZHLJKW�RI�HGJHV
FRQQHFWLQJ�WKH�WZR�VXEVHWV�LV�DW�PRVW�N�
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S teiner T ree
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Integer Linear Programming
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YDULDEOHV�[�WKDW�FDQ�WDNH�RQ�RQO\�LQWHJHU�YDOXHV��VD\
��RU����D�YDOXH�9�
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FRQVWUDLQWV�VXFK�WKDW�WKH�OLQHDU�IXQFWLRQDO�F[��� �9�

� 2SWLPL]DWLRQ�YHUVLRQ��PLQLPL]H�9�

� ([DPSOH��DEVROXWHO\�HYHU\WKLQJ

How you prove a problem Q is  NP-complete.
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Remember
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Let’s  do some NP-completeness  proofs
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• 3SAT

• Hamiltonian Cycle
• Vertex Cover
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Let’s  show the following problems are NP-
complete
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Comments  on NP-completeness proofs

• hardest part -- choosing a good problem from which
to do reduction

• must do reduction from arbitrary instance
• common error -- backwards reduction. Remember

that you are using your problem as a black box for
solving known NPC problem

• freedom in reduction: if problem includes parameter,
can set it in a convenient way

• size of problem can change as long as it doesn’t
increase by more than polynomial

Comments  cont.
• if problem is generalization of known NP-complete

problem, reduction is usually easy.
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• given U, set of elements, and collection S1, S2,.., Sn

of subsets of U, and an integer k
• determine if there is a subset W of U of size at most k

that intersects ever set Si
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• U set of vertices

• Si  is ith edge


