
Random variables 
and probability mass/density functions
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For a random variable X, the tails of X are the 
parts of the PMF that are “far” from its mean. 
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tail bounds

For a random variable X, the tails of X are the 
parts of the PMF that are “far” from its mean. 
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tail bounds

Often, we want to bound the probability that a 
random variable X is “extreme.”

Such a bound is called a “tail bound”.
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Markov’s inequality

Suppose we know that X is always non-negative.

Theorem:  If X is a non-negative random variable, 
then for every α > 0, we have

Equivalently

P(X ≥ cE[X]) ≤ 1/c
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Markov’s inequality

Theorem:  If X is a non-negative random 
variable, then for every α > 0, we have

Proof:

E[X] = Σx x p(x) 

= Σx<α x p(x) + Σx≥α x p(x)

≥      0        + Σx≥ααp(x)

= αP(X ≥ α)
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Variance and Chebyshev’s inequality

If we know more about a random variable, we can often 
use that to get better tail bounds.

Suppose we also know the variance.

Standard deviation = square root of variance
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Var[Y ] = E[(Y � E(Y ))2]
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Var[Y ] = E[(Y � E(Y ))2]
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Chebyshev’s inequality
If we know more about a random variable, we can often use that 
to get better tail bounds.

Suppose we also know the variance.

Theorem:  If Y is an arbitrary random variable with E[Y] = μ,  
then, for any α > 0,
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Chebyshev’s inequality

Theorem:  If Y is an arbitrary random variable 
with μ = E[Y], then, for any α > 0,

X is non-negative, so we can apply Markov’s 
inequality:

Proof: 
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Important Facts about Variance

Linearity of expectation always holds, i.e.,

Linearity of variance holds only if the random variables 
are independent. 

Also, if      is a constant, then
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Var[Y ] = E[(Y � E(Y ))2]
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<latexit sha1_base64="fpaYldA10XrrV+NcP3zWfhI0ptk=">AAACNnicbZBLSwMxFIUz9VXra9Slm2ARBKHMiKAboejGjVDBPqAdhkyatqGZzJDcEcvQX+XG3+GuGxeKuPUnmLazcFovBD7OOSG5J4gF1+A4E6uwsrq2vlHcLG1t7+zu2fsHDR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8HbqN5+Y0jySjzCKmReSvuQ9TgkYybfvO8CeIW0QNW63fBfjM9wR3Qi0gZYvPXyN8wkvF8l50vPtslNxZoOXwc2gjLKp+fZbpxvRJGQSqCBat10nBi8lCjgVbFzqJJrFhA5Jn7UNShIy7aWztcf4xChd3IuUORLwTP17IyWh1qMwMMmQwEAvelPxP6+dQO/KS7mME2CSzh/qJQJDhKcd4i5XjIIYGSBUcfNXTAdEEQqm6ZIpwV1ceRka5xXX8MNFuXqT1VFER+gYnSIXXaIqukM1VEcUvaAJ+kCf1qv1bn1Z3/NowcruHKLcWD+/uXqqIg==</latexit><latexit sha1_base64="fpaYldA10XrrV+NcP3zWfhI0ptk=">AAACNnicbZBLSwMxFIUz9VXra9Slm2ARBKHMiKAboejGjVDBPqAdhkyatqGZzJDcEcvQX+XG3+GuGxeKuPUnmLazcFovBD7OOSG5J4gF1+A4E6uwsrq2vlHcLG1t7+zu2fsHDR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8HbqN5+Y0jySjzCKmReSvuQ9TgkYybfvO8CeIW0QNW63fBfjM9wR3Qi0gZYvPXyN8wkvF8l50vPtslNxZoOXwc2gjLKp+fZbpxvRJGQSqCBat10nBi8lCjgVbFzqJJrFhA5Jn7UNShIy7aWztcf4xChd3IuUORLwTP17IyWh1qMwMMmQwEAvelPxP6+dQO/KS7mME2CSzh/qJQJDhKcd4i5XjIIYGSBUcfNXTAdEEQqm6ZIpwV1ceRka5xXX8MNFuXqT1VFER+gYnSIXXaIqukM1VEcUvaAJ+kCf1qv1bn1Z3/NowcruHKLcWD+/uXqqIg==</latexit><latexit sha1_base64="fpaYldA10XrrV+NcP3zWfhI0ptk=">AAACNnicbZBLSwMxFIUz9VXra9Slm2ARBKHMiKAboejGjVDBPqAdhkyatqGZzJDcEcvQX+XG3+GuGxeKuPUnmLazcFovBD7OOSG5J4gF1+A4E6uwsrq2vlHcLG1t7+zu2fsHDR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8HbqN5+Y0jySjzCKmReSvuQ9TgkYybfvO8CeIW0QNW63fBfjM9wR3Qi0gZYvPXyN8wkvF8l50vPtslNxZoOXwc2gjLKp+fZbpxvRJGQSqCBat10nBi8lCjgVbFzqJJrFhA5Jn7UNShIy7aWztcf4xChd3IuUORLwTP17IyWh1qMwMMmQwEAvelPxP6+dQO/KS7mME2CSzh/qJQJDhKcd4i5XjIIYGSBUcfNXTAdEEQqm6ZIpwV1ceRka5xXX8MNFuXqT1VFER+gYnSIXXaIqukM1VEcUvaAJ+kCf1qv1bn1Z3/NowcruHKLcWD+/uXqqIg==</latexit><latexit sha1_base64="fpaYldA10XrrV+NcP3zWfhI0ptk=">AAACNnicbZBLSwMxFIUz9VXra9Slm2ARBKHMiKAboejGjVDBPqAdhkyatqGZzJDcEcvQX+XG3+GuGxeKuPUnmLazcFovBD7OOSG5J4gF1+A4E6uwsrq2vlHcLG1t7+zu2fsHDR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8HbqN5+Y0jySjzCKmReSvuQ9TgkYybfvO8CeIW0QNW63fBfjM9wR3Qi0gZYvPXyN8wkvF8l50vPtslNxZoOXwc2gjLKp+fZbpxvRJGQSqCBat10nBi8lCjgVbFzqJJrFhA5Jn7UNShIy7aWztcf4xChd3IuUORLwTP17IyWh1qMwMMmQwEAvelPxP6+dQO/KS7mME2CSzh/qJQJDhKcd4i5XjIIYGSBUcfNXTAdEEQqm6ZIpwV1ceRka5xXX8MNFuXqT1VFER+gYnSIXXaIqukM1VEcUvaAJ+kCf1qv1bn1Z3/NowcruHKLcWD+/uXqqIg==</latexit>

Var[a ·X] = a2 ·Var[X]
<latexit sha1_base64="8YWzrdKn+MiazbfULtdC8tfLQwc=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCCykzRdCNUHTjsoK9wHQsZ9K0Dc1cSM6IZehLuPFV3LhQxK3gzrcxvSxq64HAl/8/h+T8QSKFRsf5sZaWV1bX1nMb+c2t7Z1de2+/puNUMV5lsYxVIwDNpYh4FQVK3kgUhzCQvB70r0d+/YErLeLoDgcJ90PoRqIjGKCRWvZpE/kjZjVQQw+arB0jbfj0ksJ9aXybsRt+yy44RWdcdBHcKRTItCot+7vZjlka8giZBK0910nQz0ChYJIP881U8wRYH7rcMxhByLWfjbca0mOjtGknVuZESMfq7EQGodaDMDCdIWBPz3sj8T/PS7Fz4WciSlLkEZs81EklxZiOIqJtoThDOTAATAnzV8p6oIChCTJvQnDnV16EWqnoGr49K5SvpnHkyCE5IifEJeekTG5IhVQJI0/khbyRd+vZerU+rM9J65I1nTkgf8r6+gV95Z8C</latexit><latexit sha1_base64="8YWzrdKn+MiazbfULtdC8tfLQwc=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCCykzRdCNUHTjsoK9wHQsZ9K0Dc1cSM6IZehLuPFV3LhQxK3gzrcxvSxq64HAl/8/h+T8QSKFRsf5sZaWV1bX1nMb+c2t7Z1de2+/puNUMV5lsYxVIwDNpYh4FQVK3kgUhzCQvB70r0d+/YErLeLoDgcJ90PoRqIjGKCRWvZpE/kjZjVQQw+arB0jbfj0ksJ9aXybsRt+yy44RWdcdBHcKRTItCot+7vZjlka8giZBK0910nQz0ChYJIP881U8wRYH7rcMxhByLWfjbca0mOjtGknVuZESMfq7EQGodaDMDCdIWBPz3sj8T/PS7Fz4WciSlLkEZs81EklxZiOIqJtoThDOTAATAnzV8p6oIChCTJvQnDnV16EWqnoGr49K5SvpnHkyCE5IifEJeekTG5IhVQJI0/khbyRd+vZerU+rM9J65I1nTkgf8r6+gV95Z8C</latexit><latexit sha1_base64="8YWzrdKn+MiazbfULtdC8tfLQwc=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCCykzRdCNUHTjsoK9wHQsZ9K0Dc1cSM6IZehLuPFV3LhQxK3gzrcxvSxq64HAl/8/h+T8QSKFRsf5sZaWV1bX1nMb+c2t7Z1de2+/puNUMV5lsYxVIwDNpYh4FQVK3kgUhzCQvB70r0d+/YErLeLoDgcJ90PoRqIjGKCRWvZpE/kjZjVQQw+arB0jbfj0ksJ9aXybsRt+yy44RWdcdBHcKRTItCot+7vZjlka8giZBK0910nQz0ChYJIP881U8wRYH7rcMxhByLWfjbca0mOjtGknVuZESMfq7EQGodaDMDCdIWBPz3sj8T/PS7Fz4WciSlLkEZs81EklxZiOIqJtoThDOTAATAnzV8p6oIChCTJvQnDnV16EWqnoGr49K5SvpnHkyCE5IifEJeekTG5IhVQJI0/khbyRd+vZerU+rM9J65I1nTkgf8r6+gV95Z8C</latexit><latexit sha1_base64="8YWzrdKn+MiazbfULtdC8tfLQwc=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCCykzRdCNUHTjsoK9wHQsZ9K0Dc1cSM6IZehLuPFV3LhQxK3gzrcxvSxq64HAl/8/h+T8QSKFRsf5sZaWV1bX1nMb+c2t7Z1de2+/puNUMV5lsYxVIwDNpYh4FQVK3kgUhzCQvB70r0d+/YErLeLoDgcJ90PoRqIjGKCRWvZpE/kjZjVQQw+arB0jbfj0ksJ9aXybsRt+yy44RWdcdBHcKRTItCot+7vZjlka8giZBK0910nQz0ChYJIP881U8wRYH7rcMxhByLWfjbca0mOjtGknVuZESMfq7EQGodaDMDCdIWBPz3sj8T/PS7Fz4WciSlLkEZs81EklxZiOIqJtoThDOTAATAnzV8p6oIChCTJvQnDnV16EWqnoGr49K5SvpnHkyCE5IifEJeekTG5IhVQJI0/khbyRd+vZerU+rM9J65I1nTkgf8r6+gV95Z8C</latexit>

a
<latexit sha1_base64="DcxH1t8VfbGREJT8ZMrfQnx14cc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrSYdlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/DX4zl</latexit><latexit sha1_base64="DcxH1t8VfbGREJT8ZMrfQnx14cc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrSYdlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/DX4zl</latexit><latexit sha1_base64="DcxH1t8VfbGREJT8ZMrfQnx14cc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrSYdlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/DX4zl</latexit><latexit sha1_base64="DcxH1t8VfbGREJT8ZMrfQnx14cc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrSYdlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/DX4zl</latexit>



Performance/estimation using repetition
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