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sim
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M
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p
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S
im
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p
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m
arginal

P
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i |E
=

e
)

e.g.,
P
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oG

a
s|G

a
u
g
e

=
em

pty
,L

ig
h
ts

=
on

,S
ta

rts
=

f
a
lse)

C
onjunctive

queries:
P

(X
i ,X

j |E
=

e
)

=
P

(X
i |E

=
e
)P

(X
j |X

i ,E
=

e
)

O
ptim

al
decisions:

decision
netw

orks
include

utility
inform

ation;
probabilistic

inference
required

for
P

(ou
tcom

e|a
ction

,ev
id

en
ce)

V
alue

of
inform

ation:
w

hich
evidence

to
seek

next?

S
ensitivity

analysis:
w
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E
xplanation:

w
hy

do
I
need

a
new

starter
m

otor?
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p
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fe

r
e
n
c
e

b
y

e
n
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m
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r
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n

S
lightly

intelligent
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ay

to
sum

out
variables

from
the

joint
w

ithout
actually

constructing
its

explicit
representation

S
im

ple
query

on
the

burglary
netw

ork:
B

E

J

A

M

P
(B
|j,m

)
=

P
(B

,j,m
)/P

(j,m
)

=
α
P

(B
,j,m

)
=

α
Σ

e
Σ

a
P

(B
,e,a

,j,m
)

R
ew

rite
full

joint
entries

using
product

of
C
P
T

entries:
P

(B
|j,m

)
=

α
Σ

e
Σ

a
P

(B
)P

(e)P
(a
|B

,e)P
(j|a

)P
(m
|a

)
=

α
P

(B
)
Σ

e
P

(e)
Σ

a
P

(a
|B

,e)P
(j|a

)P
(m
|a

)

R
ecursive

depth-fi
rst

enum
eration:

O
(n

)
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O
(d

n)
tim

e

C
h
a
p
te

r
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–
5
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u
m

e
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tio
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lg
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m
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n
c
tio

n
E
n
u
m
e
r
a
t
io

n
-
A

s
k

(X
,e

,bn
)
r
e
tu

r
n
s

a
distribution

over
X

in
p
u
ts:

X
,

the
query

variable

e
,
observed

values
for

variables
E

bn
,
a

B
ayesian

netw
ork

w
ith

variables
{
X
}
∪

E
∪

Y

Q
(X

)
←

a
distribution

over
X

,
initially

em
pty

fo
r

e
a
c
h

value
x

i
of

X
d
o

extend
e

w
ith

value
x

i
for

X

Q
(x

i )
←

E
n
u
m
e
r
a
t
e
-
A

l
l
(V

a
r
s[bn

],e
)

r
e
tu

r
n

N
o
r
m
a
l
iz

e
(Q

(X
))

fu
n
c
tio

n
E
n
u
m
e
r
a
t
e
-
A

l
l
(va

rs,e
)
r
e
tu

r
n
s

a
real

num
b
er

if
E
m
p
t
y
?
(va

rs)
th

e
n

r
e
tu

r
n

1.0

Y
←

F
ir

s
t
(va

rs)

if
Y

has
value

y
in

e

th
e
n

r
e
tu

r
n

P
(y
|
P

a
(Y

))
×

E
n
u
m
e
r
a
t
e
-
A

l
l
(R

e
s
t
(va

rs),e
)

e
lse

r
e
tu

r
n

∑

y
P

(y
|
P

a
(Y

))
×

E
n
u
m
e
r
a
t
e
-
A

l
l
(R

e
s
t
(va

rs),e
y )

w
here
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y
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e

extended
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Y
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y
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p
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P
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P
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P
(b)

.001

P
(e)
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P

(   e)
.998

P
(a|b,e)

.95
.06
P

(   a|b,   e)
.05
P

(   a|b,e)
.94
P

(a|b,   e)

E
num

eration
is

ineffi
cient:

rep
eated

com
putation

e.g.,
com

putes
P

(j|a
)P

(m
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)
for

each
value
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p
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in
a
tio

n

V
ariable

elim
ination:

carry
out

sum
m

ations
right-to-left,

storing
interm

ediate
results

( factors)
to

avoid
recom

putation

P
(B
|j,m

)
=

α
P

(B
)

︸
︷
︷

︸

B

Σ
e
P

(e)
︸

︷
︷

︸

E

Σ
a
P

(a
|B

,e)
︸

︷
︷

︸

A

P
(j|a

)
︸

︷
︷

︸

J

P
(m
|a

)
︸

︷
︷

︸

M

=
α
P

(B
)Σ

e P
(e)Σ

a P
(a
|B

,e)P
(j|a

)f
M

(a
)

=
α
P

(B
)Σ

e P
(e)Σ

a P
(a
|B

,e)f
J (a

)f
M

(a
)

=
α
P

(B
)Σ

e P
(e)Σ

a f
A
(a

,b,e)f
J (a

)f
M

(a
)

=
α
P

(B
)Σ

e P
(e)f

Ā
J
M

(b,e)
(sum

out
A

)
=

α
P

(B
)f

Ē
Ā

J
M

(b)
(sum

out
E

)
=

α
f

B
(b)
×

f
Ē

Ā
J
M

(b)
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V
a
r
ia

b
le

e
lim

in
a
tio

n
:

B
a
s
ic

o
p
e
r
a
tio

n
s

S
um

m
ing

out
a

variable
from

a
product

of
factors:

m
ove

any
constant

factors
outside

the
sum

m
ation

add
up

subm
atrices

in
p
ointw

ise
product

of
rem

aining
factors

Σ
x f

1
×
···
×

f
k

=
f

1
×
···
×

f
i Σ

x
f

i+
1
×
···
×

f
k

=
f

1
×
···
×

f
i ×

f
X̄

assum
ing

f
1 ,...,f

i
do

not
dep

end
on

X

P
ointw

ise
product

of
factors

f
1

and
f

2 :
f

1 (x
1 ,...,x

j ,y
1 ,...,y

k )
×

f
2 (y

1 ,...,y
k ,z

1 ,...,z
l )

=
f
(x

1 ,...,x
j ,y

1 ,...,y
k ,z

1 ,...,z
l )

E
.g.,

f
1 (a

,b)
×

f
2 (b,c)

=
f
(a

,b,c)

C
h
a
p
te

r
1
4
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V
a
r
ia

b
le

e
lim

in
a
tio

n
a
lg

o
r
ith

m

fu
n
c
tio

n
E
l
im

in
a
t
io

n
-
A

s
k

(X
,e

,bn
)
r
e
tu

r
n
s

a
distribution

over
X

in
p
u
ts:

X
,
the

query
variable

e
,
evidence

sp
ecifi

ed
as

an
event

bn
,
a

b
elief

netw
ork

sp
ecifying

joint
distribution

P
(X

1 ,...,X
n )

fa
cto

rs
←

[];
va

rs
←

R
e
v
e
r
s
e
(V

a
r
s[bn

])

fo
r

e
a
c
h

va
r
in

va
rs

d
o

fa
cto

rs
←

[M
a
k
e
-
F
a
c
t
o
r
(va

r
,e

)|fa
cto

rs]

if
va

r
is

a
hidden

variable
th

e
n

fa
cto

rs
←

S
u
m
-
O

u
t
(va

r,fa
cto

rs)

r
e
tu

r
n

N
o
r
m
a
l
iz

e
(P

o
in

t
w

is
e
-
P
r
o
d
u
c
t
(fa

cto
rs))

C
h
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p
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Ir
r
e
le

v
a
n
t

v
a
r
ia

b
le

s

C
onsider

the
query

P
(J

oh
n
C

a
lls|B

u
rg

la
ry

=
tru

e)
B

E

J

A

M

P
(J
|b)

=
α
P

(b)
∑e

P
(e)

∑a
P

(a
|b,e)P

(J
|a

)
∑m

P
(m
|a

)

S
um

over
m

is
identically

1;
M

is
ir

r
e
le

v
a
n
t

to
the

query

T
hm

1:
Y

is
irrelevant

unless
Y
∈

A
n
cestors({X

}
∪

E
)

H
ere,

X
=

J
oh

n
C

a
lls,

E
=
{B

u
rg

la
ry
},

and
A

n
cestors({X

}
∪

E
)

=
{A

la
rm

,E
a
rth

qu
a
k
e}

so
M

a
ry

C
a
lls

is
irrelevant

(C
om

pare
this

to
backw

ard
chaining

from
the

query
in

H
orn

clause
K

B
s)

C
h
a
p
te

r
1
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–
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Ir
r
e
le

v
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v
a
r
ia

b
le

s
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n
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D
efn:

m
oral

graph
of

B
ayes

net:
m

arry
all

parents
and

drop
arrow

s

D
efn:

A
is

m
-separated

from
B

by
C

iff
separated

by
C

in
the

m
oral

graph

T
hm

2:
Y

is
irrelevant

if
m

-separated
from

X
by

E
B

E

J

A

M

F
or

P
(J

oh
n
C

a
lls|A

la
rm

=
tru

e),
b
oth

B
u
rg

la
ry

and
E

a
rth

qu
a
k
e

are
irrelevant

C
h
a
p
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r
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4
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1
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m

p
le

x
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f
e
x
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t
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fe

r
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n
c
e

S
ingly

connected
netw

orks
(or

p
olytrees):

–
any

tw
o

nodes
are

connected
by

at
m

ost
one

(undirected)
path

–
tim

e
and

space
cost

of
variable

elim
ination

are
O

(d
kn

)

M
ultiply

connected
netw

orks:
–

can
reduce

3S
A
T

to
exact

inference
⇒

N
P
-hard

–
equivalent

to
c
o
u
n
tin

g
3S

A
T

m
odels

⇒
#

P
-com

plete

A
B

C
D

1
2

3

A
N

D

0.5
0.5

0.5
0.5

L
L

L L
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r
e
n
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e

b
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s
to

c
h
a
s
tic
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u
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tio
n

B
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idea:
1)

D
raw

N
sam

ples
from

a
sam

pling
distribution

S

C
o

in

0.5
2)

C
om

pute
an

approxim
ate

p
osterior

probability
P̂

3)
S
how

this
converges

to
the

true
probability

P

O
utline:

–
S
am

pling
from

an
em

pty
netw

ork
–

R
ejection

sam
pling:

reject
sam

ples
disagreeing

w
ith

evidence
–

L
ikelihood

w
eighting:

use
evidence

to
w
eight

sam
ples

–
M

arkov
chain

M
onte

C
arlo

(M
C
M

C
):

sam
ple

from
a

stochastic
process

w
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stationary
distribution

is
the

true
p
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p
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p
lin

g
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m
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p
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n
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P
r
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S
a
m
p
l
e
(bn

)
r
e
tu

r
n
s

an
event

sam
pled

from
bn

in
p
u
ts:

bn
,
a

b
elief

netw
ork

sp
ecifying

joint
distribution

P
(X

1 ,...,X
n )

x
←

an
event

w
ith

n
elem
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fo
r

i
=

1
to

n
d
o

x
i ←

a
random
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ple
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P

(X
i
|
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ren
ts(X
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given
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values
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P
a
ren

ts(X
i )
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x

r
e
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n

x

C
h
a
p
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S
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p
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p
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prinkler
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p
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prinkler
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E
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p
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C
loudy
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S
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G
rass

CTF
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CTF
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.50
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)

S
R

T
T

T
F

F
T

F
F
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.99

P(W
|S,R

)

P(C
)
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C
h
a
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r
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4
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–
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1
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E
x
a
m

p
le

C
loudy

R
ain

S
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 W
et

G
rass

CTF
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.20

P(R
|C

)
CTF

.10
.50

P(S|C
)

S
R

T
T

T
F

F
T

F
F
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.90

.99

P(W
|S,R

)

P(C
)

.50
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C
h
a
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r
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4
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–
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2
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E
x
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p
le

C
loudy

R
ain

S
prinkler

 W
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G
rass
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P(R
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)
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.50
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)

S
R

T
T

T
F

F
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F
F
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.99

P(W
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)

P(C
)
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C
h
a
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r
1
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–
5

2
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S
a
m

p
lin

g
fr

o
m

a
n

e
m

p
ty

n
e
tw

o
r
k

c
o
n
td

.

P
robability

that
P
r
io

r
S
a
m
p
l
e

generates
a

particular
event

S
P

S (x
1
...x

n )
=

Π
ni
=

1 P
(x

i |pa
ren

ts(X
i ))

=
P

(x
1
...x

n )
i.e.,

the
true

prior
probability

E
.g.,

S
P

S (t,f
,t,t)

=
0.5
×

0.9
×

0.8
×

0.9
=

0.324
=

P
(t,f

,t,t)

L
et

N
P

S (x
1
...x

n )
b
e

the
num

b
er

of
sam

ples
generated

for
event

x
1 ,...,x

n

T
hen

w
e

have

lim
N
→
∞

P̂
(x

1 ,...,x
n )

=
lim

N
→
∞

N
P

S (x
1 ,...,x

n )/N

=
S

P
S (x

1 ,...,x
n )

=
P

(x
1
...x

n )

T
hat

is,
estim

ates
derived

from
P
r
io

r
S
a
m
p
l
e

are
consistent

S
horthand:

P̂
(x

1 ,...,x
n )
≈

P
(x

1
...x

n )

C
h
a
p
te

r
1
4
.4

–
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2
2

R
e
je

c
tio

n
s
a
m

p
lin

g

P̂
(X
|e

)
estim

ated
from

sam
ples

agreeing
w

ith
e

fu
n
c
tio

n
R

e
j
e
c
t
io

n
-
S
a
m
p
l
in

g
(X

,e
,bn

,N
)
r
e
tu

r
n
s

an
estim

ate
of

P
(X
|e

)

lo
c
a
l
v
a
r
ia

b
le

s:
N

,
a

vector
of

counts
over

X
,
initially

zero

fo
r

j
=

1
to

N
d
o

x
←

P
r
io

r
-
S
a
m
p
l
e
(bn

)

if
x

is
consistent

w
ith

e
th

e
n

N
[x]←

N
[x]+

1
w

here
x

is
the

value
of

X
in

x

r
e
tu

r
n

N
o
r
m
a
l
iz

e
(N

[X
])

E
.g.,

estim
ate

P
(R

a
in
|S

prin
k
ler

=
tru

e)
using

100
sam

ples
27

sam
ples

have
S
prin

k
ler

=
tru

e
O

f
these,

8
have

R
a
in

=
tru

e
and

19
have

R
a
in

=
f
a
lse.

P̂
(R

a
in
|S

prin
k
ler

=
tru

e)
=

N
o
r
m
a
l
iz

e
(〈8,19〉)

=
〈0.296,0.704〉

S
im

ilar
to

a
basic

real-w
orld

em
pirical

estim
ation

procedure

C
h
a
p
te

r
1
4
.4

–
5

2
3

A
n
a
ly

s
is

o
f
r
e
je

c
tio

n
s
a
m

p
lin

g

P̂
(X
|e

)
=

α
N

P
S (X

,e
)

(algorithm
defn.)

=
N

P
S (X

,e
)/N

P
S (e

)
(norm

alized
by

N
P

S (e
))

≈
P

(X
,e

)/P
(e

)
(prop

erty
of

P
r
io

r
S
a
m
p
l
e
)

=
P

(X
|e

)
(defn.

of
conditional

probability)

H
ence

rejection
sam

pling
returns

consistent
p
osterior

estim
ates

P
roblem

:
hop

elessly
exp

ensive
if

P
(e

)
is

sm
all

P
(e

)
drops

off
exp

onentially
w

ith
num

b
er

of
evidence

variables!

C
h
a
p
te

r
1
4
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–
5

2
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L
ik

e
lih

o
o
d

w
e
ig

h
tin

g

Idea:
fi
x

evidence
variables,

sam
ple

only
nonevidence

variables,
and

w
eight

each
sam

ple
by

the
likelihood

it
accords

the
evidence

fu
n
c
tio

n
L
ik

e
l
ih

o
o
d
-
W

e
ig

h
t
in

g
(X

,e
,bn

,N
)
r
e
tu

r
n
s

an
estim

ate
of

P
(X
|e

)

lo
c
a
l
v
a
r
ia

b
le

s:
W

,
a

vector
of

w
eighted

counts
over

X
,
initially

zero

fo
r

j
=

1
to

N
d
o

x
,w
←

W
e
ig

h
t
e
d
-
S
a
m
p
l
e
(bn

)

W
[x

]←
W

[x
]+

w
w

here
x

is
the

value
of

X
in

x

r
e
tu

r
n

N
o
r
m
a
l
iz

e
(W

[X
])

fu
n
c
tio

n
W

e
ig

h
t
e
d
-
S
a
m
p
l
e
(bn

,e
)
r
e
tu

r
n
s

an
event

and
a

w
eight

x
←

an
event

w
ith

n
elem

ents;
w
←

1

fo
r

i
=

1
to

n
d
o

if
X

i
has

a
value

x
i
in

e

th
e
n

w
←

w
×

P
(X

i =
x
i
|
pa

ren
ts(X

i ))

e
lse

x
i ←

a
random

sam
ple

from
P

(X
i
|
pa

ren
ts(X

i ))

r
e
tu

r
n

x
,
w
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F
F

.90
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P(W
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w
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0.1
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L
ik

e
lih

o
o
d

w
e
ig

h
tin

g
a
n
a
ly

s
is

S
am

pling
probability

for
W

e
ig

h
t
e
d
S
a
m
p
l
e

is

S
W

S (z,e
)

=
Π

li
=

1 P
(z

i |pa
ren

ts(Z
i ))

N
ote:

pays
attention

to
evidence

in
a
n
c
e
sto

r
s

only
C

loudy

R
ain

S
prinkler

 W
et

G
rass

⇒
som

ew
here

“in
b
etw

een”
prior

and
p
osterior

distribution

W
eight

for
a

given
sam

ple
z,e

is
w

(z,e
)

=
Π

mi
=

1 P
(e

i |pa
ren

ts(E
i ))

W
eighted

sam
pling

probability
is

S
W

S (z,e
)w

(z,e
)

=
Π

li
=

1 P
(z

i |pa
ren

ts(Z
i ))

Π
mi
=

1 P
(e

i |pa
ren

ts(E
i ))

=
P

(z,e
)

(by
standard

global
sem

antics
of

netw
ork)

H
ence

likelihood
w
eighting

returns
consistent

estim
ates

but
p
erform

ance
still

degrades
w

ith
m

any
evidence

variables
b
ecause

a
few

sam
ples

have
nearly

all
the

total
w
eight

C
h
a
p
te

r
1
4
.4

–
5

3
3

A
p
p
r
o
x
im

a
te

in
fe

r
e
n
c
e

u
s
in

g
M

C
M

C

“S
tate”

of
netw

ork
=

current
assignm

ent
to

all
variables.

G
enerate

next
state

by
sam

pling
one

variable
given

M
arkov

blanket
S
am

ple
each

variable
in

turn,
keeping

evidence
fi
xed

fu
n
c
tio

n
M

C
M

C
-
A

s
k

(X
,e

,bn
,N

)
r
e
tu

r
n
s

an
estim

ate
of

P
(X
|e

)

lo
c
a
l
v
a
r
ia

b
le

s:
N

[X
],

a
vector

of
counts

over
X

,
initially

zero

Z
,
the

nonevidence
variables

in
bn

x
,
the

current
state

of
the

netw
ork,

initially
copied

from
e

initialize
x

w
ith

random
values

for
the

variables
in

Y

fo
r

j
=

1
to

N
d
o

fo
r

e
a
c
h

Z
i
in

Z
d
o

sam
ple

the
value

of
Z

i
in

x
from

P
(Z

i |m
b(Z

i ))

given
the

values
of

M
B

( Z
i )

in
x

N
[x

]←
N

[x
]+

1
w

here
x

is
the

value
of

X
in

x

r
e
tu

r
n

N
o
r
m
a
l
iz

e
(N

[X
])

C
an

also
choose

a
variable

to
sam

ple
at

random
each

tim
e

C
h
a
p
te

r
1
4
.4

–
5

3
4

T
h
e

M
a
r
k
o
v

c
h
a
in

W
ith

S
prin

k
ler

=
tru

e,W
etG

ra
ss

=
tru

e,
there

are
four

states:

C
loudy

R
ain

S
prinkler

 W
et

G
rass

C
loudy

R
ain

S
prinkler

 W
et

G
rass

C
loudy

R
ain

S
prinkler

 W
et

G
rass

C
loudy

R
ain

S
prinkler

 W
et

G
rass

W
ander

ab
out

for
a

w
hile,

average
w

hat
you

see

C
h
a
p
te

r
1
4
.4

–
5

3
5

M
C

M
C

e
x
a
m

p
le

c
o
n
td

.

E
stim

ate
P

(R
a
in
|S

prin
k
ler

=
tru

e,W
etG

ra
ss

=
tru

e)

S
am

ple
C

lou
d
y

or
R

a
in

given
its

M
arkov

blanket,
rep

eat.
C
ount

num
b
er

of
tim

es
R

a
in

is
true

and
false

in
the

sam
ples.

E
.g.,

visit
100

states
31

have
R

a
in

=
tru

e,
69

have
R

a
in

=
f
a
lse

P̂
(R

a
in
|S

prin
k
ler

=
tru

e,W
etG

ra
ss

=
tru

e)
=

N
o
r
m
a
l
iz

e
(〈31,69〉)

=
〈0.31,0.69〉

T
heorem

:
chain

approaches
stationary

distribution:
long-run

fraction
of

tim
e

sp
ent

in
each

state
is

exactly
prop

ortional
to

its
p
osterior

probability

C
h
a
p
te

r
1
4
.4

–
5

3
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M
a
r
k
o
v

b
la

n
k
e
t

s
a
m

p
lin

g

M
arkov

blanket
of

C
lou

d
y

is
C

loudy

R
ain

S
prinkler

 W
et

G
rass

S
prin

k
ler

and
R

a
in

M
arkov

blanket
of

R
a
in

is
C

lou
d
y
,
S
prin

k
ler,

and
W

etG
ra

ss

P
robability

given
the

M
arkov

blanket
is

calculated
as

follow
s:

P
(x
′i |m

b(X
i ))

=
P

(x
′i |pa

ren
ts(X

i ))Π
Z

j ∈
C

h
ild

ren
(X

i ) P
(z

j |pa
ren

ts(Z
j ))

E
asily

im
plem

ented
in

m
essage-passing

parallel
system

s,
brains

M
ain

com
putational

problem
s:

1)
D

iffi
cult

to
tell

if
convergence

has
b
een

achieved
2)

C
an

b
e

w
asteful

if
M

arkov
blanket

is
large:

P
(X

i |m
b(X

i ))
w
on’t

change
m

uch
(law

of
large

num
b
ers)

C
h
a
p
te

r
1
4
.4

–
5

3
7

S
u
m

m
a
r
y

E
xact

inference
by

variable
elim

ination:
–

p
olytim

e
on

p
olytrees,

N
P
-hard

on
general

graphs
–

space
=

tim
e,

very
sensitive

to
top

ology

A
pproxim

ate
inference

by
LW

,
M

C
M

C
:

–
LW

does
p
oorly

w
hen

there
is

lots
of

(dow
nstream

)
evidence

–
LW

,
M

C
M

C
generally

insensitive
to

top
ology

–
C
onvergence

can
b
e

very
slow

w
ith

probabilities
close

to
1

or
0

–
C
an

handle
arbitrary

com
binations

of
discrete

and
continuous

variables

C
h
a
p
te

r
1
4
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–
5

3
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