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Bayes Filter Reminder
e Prediction

l;l(xt) — Ip(xt | utaxt—l) bel(xt—l) dxt—l

® Correction

bel(x,) =7 p(z, | x,)bel(x,)



Properties of Gaussians

X ~N(u,0%)

— Y ~N(au+b,a’c”
Y=aX +b } . )




Properties of Gaussians
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Properties of Gaussians

X~ N(ﬂl’o-lz)
X, ~N(u,,0,")
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Multivariate Gaussians

X ~N(u,2)
Y=AX +B

} = Y~N(Au+B,AzA")

X, ~N(,2) > > 1
Xl N 1 21 }Dp(Xl)-p(X2)~N( 2 M+ 1 Hys 1 _1)
, ~N(u,,Z,) X +2, X+, L +Z,

® Marginalization and conditioning in Gaussians results in Gaussians

and perform only linear transformations.



Discrete Kalman Filter

Estimates the state x of a discrete-time

controlled process that is governed by the
linear stochastic difference equation

xt 0 ‘ATxt—l +Btut +gt

with a measurement

z, =Cx,+0,
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Components of a Kalman Filter

A Matrix (nxn) that describes how the state
4 evolves from ¢/ to ¢ without controls or

noise.

B Matrix (nxl) that describes how the control ,
t|  changes the state from ¢ to 1.

C Matrix (kxn) that describes how to map the
t| state x, to an observation z..

Random variables representing the process

t and measurement noise that are assumed to
S be independent and normally distributed

t with covariance R, and O, respectively.




Kalman Filter Updates
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Kalman Filter Updates in 1D

( t — _t+Kt(Zt__t) G
bel(_xt)=< # 2“ _f with Kt= — o 5
O, =(1_Kt)o-t G, +0,,,
=@ +K.(z—CJL) _ _
bel(x)=4{ = ' e with K,=X,C"'(C,Z.C' +Q,)"
>, =(-KC)Z

azs
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Kalman Filter Updates in 1D
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K, =au,_ +bu,
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Kalman Filter Updates
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Kalman Filter Algorithm

1.

B W

O N O U

Algorithm Kalman_filter(u._ .2, ,.4,.2):

Prediction:

flt = At/ut—l +Btut
Zo= A, AT +R

Correction:

K =%.C'(CEC+0)"
Ho=p,+K,(z,—C,p,)

>, =(I-K,C)%

Return 4 3



Kalman Filter Summary
e Highly efficient: Polynomial in
measurement dimensionality k and

state dimensionality n:
O(k2.376 + nZ)

e Optimal for linear Gaussian systems!

® Most robotics systems are nonlinear!



Going non-linear

EXTENDED KALMAN
FILTER
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Linearity Assumption Revisited

6 6
p{y)= N y;am+h,a’e?) —y-ax+h
®  ean of ply) = Meanp
5 5
oy s 0
2 2
1 . . . 1 ,
0 05 1 1.5 0 0.5 1
6 |
pE) = N( %, o7
#= Mean of p(x)
_ 4
=
0 )

[a] NnNgK 1



Non-linear Function

6 6
piy) = Function g(x)
— Gaussian of p(y) 4= Meanp
41 X Mean of py) 4 O uw
2
b =
0 T 0
2 -2
4l -4
0 0204 06 0.8 0 0.5
: Px)
= Meanp
_ 4
=
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EKF Linearization (1)

6 6
Py — Function gix)
— Gaussian of p(y) — Taylor approx.
4 )| — EFK Gaussian 4 4= Meanp
O sw
2
x =4
0 T 0
-2 -2
g4l -4
0 020406 08 0 0.5
6 p(x)
= Meanp
_4
=
2
0 2




EKF Linearization (2)

—— EFK Gaussian

6
) o
— Gaussian of p(y
4

0 0.5

¥=4()

— Function g(x)
— Taylor approx.
4= Meanp

Q

Px)
= Meanp




EKF Linearization (3)

Py
— Gaussian of p(y)
—— EFK Gaussian

0 05 1 15

¥=4()
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— Function g(x)
— Taylor approx.
4= Meanp

Q

Px)
= Meanp




EKF Algorithm

1. Extended_Kalman_filter, .2, .4,z ):

2. Prediction:
3. H, = g(ut,,uH) ;lt = Anut—l +Bu,
4. %, =G3_G'+R > =A% A" +R,
5. Correction:
6. Kt =§thT(HtithT +Qt)_1 — Kt =gtCtT(CtitCtT +_Qt)_1
/. H, = /_lt +Kt(Zt __h(ﬁt)) H = H, +Kt(Zt__Ctlut)
8. 2, =(I-KH,)Z 2, = -K,C)%
9. Return gy > m

He> 2y Ht — ah(:ut) Gt — ag(uﬁﬂt—l)

Oox axt—l

t



Localization

“Using sensory information to locate the robot
in its environment is the most fundamental
problem to providing a mobile robot with
autonomous capabilities.” [Cox "91]

e Given
e Map of the environment.
e Sequence of sensor measurements.

e Wanted
e Estimate of the robot’ s position.

e Problem classes
e Position tracking
e Global localization
e Kidnapped robot problem (recovery)



Landmark-based Localization




1. EKF_localization (u_.X, _ ,u,.z ):

Prediction:
3. G — ag(ut’/ut—l) —
t ox,
5. y - BWA) _
aut
6 _ ay’ +a,0’
' 0

/. ﬁt:g(utalut—l)
G +VMy;

8. fit==(;§:

t—t-1

ox' ox' ox'
a/ut—l,x a:ut—l,y a:ut—l,é‘
o' o' o'
alut—l,x a:ut—l,y aﬂt—l,a
00' 00' 06
a:ut—l,x a:ut—l,y a:ut—lﬁ
ox' ox'
ov, Ow,
o' o
ov, O,
00 o0
ov, 0o,

0
v +o,0’

Jacobian of g w.r.t location

Jacobian of g w.r.t control

Motion noise

Predicted mean
Predicted covariance



1. EKF_localization (y,_ .= _ .u,,z ):

Prediction:
0= pt—1,0
1 0 —ﬁ cosO—{— i’ cos(0+tht)
Ge=| 0 1 —Ztsinf+ 2t sm(0 + wiAt)
0 O 1
— 8in 0+4sin(0+w¢ At) v¢ (sin 60— sm(O—}—tht)) i v¢ cos(0+wi At) At
wt w wt
Vi = cos G—COZ(t9+tht) _ vi(cos 6— c:))s(e—}—tht)) s vt sm(e-iu-):)tAt)At
t
0 At
2 2
( Q1V; + Qawy 0 )
My = 2 2
0 a3V + Qawy

%L sinf + 2t sin(f + weAt)
Bt = pt—1 + o cosf — Zk cos(f + wiAt)
tht

6. 3, =GX GT+VMVT Predicted covariance

t=t-1



EKF Prediction Step
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1. EKF_localization (4,242 ):

Correction:

3. ;= \/(mx‘ﬁt,x)sz(my—ﬁt,y)z Predicted measurement mean
atan 2 m, _,Et,yamx _/Et,x _/7;,9
o, o, o,
5 m = oh(l,,m) _ o, oM, O, g Jacobian of h w.r.t location
’ ox, 99, 99, 99,
aal'_tt,x al'_tt,y aﬁt,e
o’ 0
6 Q= 0 o,
7 S, =Ht§thT +0, Pred. measurement covariance
8. K, =X HS Kalman gain
9 W =u+K/(z,-2) Updated mean

10. =, =(I-KH) Updated covariance



EKF Observation Prediction / Correction Step
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Estimation Sequence (1
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Estimation Sequence (2)




Comparison to GroundTruth
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EKF Summary

e Highly efficient: Polynomial in
measurement dimensionality k and
state dimensionality n:

O(k2.376 + nZ)

e Not optimal!
® Can diverge if nonlinearities are large!

® \Works surprisingly well even when all
assumptions are violated!
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