
Module 10: Finite State Machines with 
Gene Regulatory Networks 

CSE 590: Molecular programming and neural 
computation 

Guest Lecture: Kevin Oishi 



Living Systems Perform Discrete Computation 

Amorphous Computing (1996) 
•  Growing Point Language 
•  Origami Shape Language 
•  Morphogenesis Language 

Lindenmeyer Systems  
(1968) 
 
Variables: A,B 
Start: A 
Rules: AàAB, BàA 

Cellular Automata (1940s) 
Conway’s Game of Life 



Motivation 

Nondeterminis+c	  pushdown	  
automata	  

Cellular	  Automata	   Turing	  Machine	  
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Pushdown	  
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Objective:  
Design traffic light controllers LR 
and LH that use sensors S1 and S2 
to give a green light to highway 
traffic unless there are cars 
waiting to cross from the minor 
road. 
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Example: Traffic Light Controller 
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LR 

What are the rest of the state 
transitions? 
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Example: Traffic Light Controller 
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Example: Yeast-based Ultrasensitive Detector 

Objective: Use yeast to detect a very small number of a particular type 
of molecule (eg. protein markers in the early stages of an infection). 

Analyte detected. 

Analyte not detected. 

Finite State Machines 



Example: Yeast-based Ultrasensitive Detector 

This is an engineered yeast strain USD001. 

USD001 can produce and sense a small diffusible 
molecule, AHL. 

USD001 can also sense a single protein associated 
with an infectious disease. 

USD001 can express a green fluorescent protein. 

Finite State Machines 



Example: Yeast-based Ultrasensitive Detector 

✏

✏

Finite State Machines 



Syntax Semantics 

Input:	  w	  =	  σ1σ2…σn	  	  	  	  	  Σ*	  
Output:	  Accept	  or	  Not	  Accept	  
	  
The	  machine	  begins	  in	  state	  q0.	  
	  
At	   each	   step	   i	   an	   input	   symbol	   σi	   is	  
taken	  from	  the	  head	  of	  the	  input	  w.	  
	  
The	  next	  state	  of	  the	  machine	  is	  	  
qi	  =	  δ(qi-‐1,σi)	  
	  
The	  input	  w	  is	  accepted	  if	  and	  only	  if	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  qn 2 F

Symbol Meaning

Q set of states

⌃ set of input symbols

� : Q⇥ ⌃ ! Q state transition function

q0 2 Q initial state

S ✓ Q set of accepting states

M = (Q,⌃, �, q0, S)

F

F 2

Q0

start

Q1B

A

B
A0 1 
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Syntax Semantics 

Input:	  w	  =	  σ1σ2…σn	  	  	  	  	  Σ*	  
Output:	  Accept	  or	  Not	  Accept	  
	  

Symbol Meaning

Q set of states

⌃ set of input symbols

� : Q⇥ ⌃ ! Q state transition function

q0 2 Q initial state

S ✓ Q set of accepting states

M = (Q,⌃, �, q0, S)

F

F

What strings does this 
machine accept? 
 
A 
BBBB 
BABABA 
AAAABBBBA 
 
This machine accepts strings 
that end in “A”, i.e. the 
regular expression (A*B*)*A. 

2

Q0
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Q1B

A

B
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Syntax 

Sb

Sa

a Ta0 Ta1

b Tb1Tb0

R0 R1

START

G = (V, U,Er, Hr)

Symbol Meaning

V Set of gene products

U Set of inducers

Er ⇢ V ⇥ V repression relation

Hr ⇢ U ⇥ Er inducible repression relation

Gene Regulatory Networks 



Semantics Syntax 

Sb

Sa

a Ta0 Ta1

b Tb1Tb0

R0 R1

START

Boolean Network Dynamics 
(Kauffman, 1969) 

Gene Regulatory Networks 

Let Yt be a time-varying state 
vector and Ut be a time-varying 
input vector, i.e., 

U t =
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Y t = f(Y t�1, U t)

G = (V, U,Er, Hr)
Symbol Meaning

V Set of gene products

U Set of inducers

Er ⇢ V ⇥ V repression relation

Hr ⇢ U ⇥ Er inducible repression relation
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Symbol Meaning

Q set of states

⌃ set of input symbols

� : Q⇥ ⌃ ! Q state transition function

q0 2 Q initial state

S ✓ Q set of accepting states

M = (Q,⌃, �, q0, S)

F

F

Q0

start

Q1B

A

B
A0 1 

Objective: 
Given a FSM M as a specification, 
construct a GRN g(M) that encodes 
the behavior the FSM. 

GRN General Construction Method 
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Figures (make hard refs and remove this later)
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Figure 1: Simple two-state machine described as (A) a directed graph representation of a finite state machine,
(B) a gene regulatoy network made of repressing transcription factors and inducers, and (C) a biomolecular
realization of the same GRN using the parts described in Figure 2. In the GRN representation orange circles
denote transition species, purple circles denote state species, and green circles denote sensor species. In the
GRN and biomolecular realization, the gene network is in state i when species Ri is at a low level expression,
and following transition �(q,�) when transition species T�q is at a high level of expression.
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For each q in Q, let Rq be a singly 
regulated state gene, and “wire” START to 
Rq0 
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For each (q,σ,q’) in Q x Σ x Q, such that 
δ(q,σ) q’, let Tσq be a doubly regulated 
transition gene. 
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at time t+1? 
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Exactly one inducer or the START gene is active at any particular time. The START gene is on for two
time steps (i.e. from t = 0 through t = 1). Immediately following the START pulse, each inducer �

ci (for
i = 1, 2, . . . ,m) is on in sequence for two time steps. An example trajectory is shown in Figure 4, and
discussed later in detail.

DDE Model of the General Construction

Similarly, the dynamics of a biomolecular realization of sensor and transition genes can be writen as a system
of DDEs. Where �(t) is the concentration of inducer � at time t, and S
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q

(t), and START (t)
are the concentrations of sensor, transition, state, and “start” transcription factors respectively,
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Let hBN(w,t) be the input trajectory to g(M) 
where w=σc1σc2…σcm, 
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Input trajectories for the 
BN Model of g(M) 
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Theorem.  Given a finite state machine M, the GRN 
g(M) simulates M when modeled as a Boolean 
network. 
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Theorem.  Assuming a Boolean network model, GRNs 
are computationally equivalent to FSMs. 
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Representations of the Two-State 
Machine 
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Q = {0, 1}

Σ = {a, b}
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q0 = 0

δ(0, a) !→ 1

δ(0, b) !→ 0

δ(1, a) !→ 1

δ(1, b) !→ 0
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Component
Type

GRN Boolean Network
Equations

Delay Differential EquationsBiomolecular
Realization

Constituitive
Gene Y Y t = on

d

dt
Y (t) = Vmax − βY (t)

Y
Y

Doubly
Regulated
Gene U

1

U
2

Y
Y t+1 = ¬(U t

1 ∨ U t

2)U
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Y

I
III

U
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I
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Y
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Regulated
Gene

U Y Y t+1 = ¬U t
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U I
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a
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a
St

a
= ¬at

Y t+1 = ¬St

a
Ø
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I
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Y

S
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Y
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Gene expression levels are 
NOT generally binary. 
 
Continuous time model. 
 
Study the effects of: 

 production rate 
 degradation rate 
 dilution rate 
 binding affinity 

Transcriptionally

Unregulated Gene

Delay Differential Equations Model 



Semantics 

G = (V,Er, Ea)

Syntax 

Sb

Sa

a Ta0 Ta1

b Tb1Tb0

R0 R1

START

Symbol Meaning

V set of gene products

or inducers

Er ⇢ V ⇥ (V [ Er [ Ea) repression relation

Ea ⇢ V ⇥ (V [ Er [ Ea) activation relation

Delay Differential Equations 

Delay Differential Equations Model 

Let Y(t) be a time-varying state 
vector and U(t) be a time-varying 
input vector, i.e., 

d
dtY (t) = f(Y (t� ⌧), U(t))

Y t =

2

66666666664

R0(t)
R1(t)
Sa(t)
Sb(t)
Ta,0(t)
Tb,0(t)
Ta,1(t)
Tb,1(t)

3

77777777775

U(t) =


a(t)
b(t)

�
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dt
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(t) = V
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a(t))S
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Production Degradation 

Can you interpret this as a 
chemical reaction network? 
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Input trajectories for the 
DDE Model of g(M) 

Let hDDE(w, Δt, t) be the input 
trajectory to DDE model of g(M) 
with pulse width Δt, where 
w=σc1σc2…σcm, 

As with the Boolean network model, an input sequence to the FSM is encoded as an input trajectory
u(t) = h

DDE

(w,�t, t) for t 2 R and pulse width �t 2 R, defined as,

h
DDE

(w, t) =

2

666664

START (t/�t)
�1(t/�t)
�2(t/�t)

...
�
n

(t/�t)

3

777775
(46)

(47)

where,

START (t) =

(
1, t 2 [0, 1)

0, otherwise
(48)

(49)

and for each �
j

with j 2 {1, 2, . . . , n}

�
j

(t) =

(
1, 9c

i

s.t. j = c
i

and t 2 [2i, 2i+ 1)

0, otherwise.
(50)

As with the Boolean network model, exactly one inducer or the START gene is active at any given time.
Here, �t controls for the inducer pulse width, typically taken to be �t � ⌧ . In Figure 4, the pulse width
�t = ⌧ , making the sample input trajectory for the DDE model match the input to the Boolean network.

Example: Two-State Machine as a Boolean Network

As an example, Figure 1A depicts a simple two-state FSM represented as a directed graph, along with a
GRN implementation and a biomolecular realization of the same machine. This machine has two states,
Q = {0, 1}. The FSM begins in state q0 = 0, and from here two transitions a possible. If the next input
symbol is an “a”, then the machine moves to state 1; however, if the next input symbol is a “b”, then the
machine stays in state 0. Conversely, from state 1, an “a” leaves the machine in state 1, while a “b” moves
the machine back to state 0. Since the set of accepting states F consists only of state 1, this FSM accepts
all sequences of “a” and “b” that end in an “a”.

In the GRN implementation in Figure 1B, the state 0 is represented by the low expression of gene R0, and
the state 1 is represented by the low expression of gene R1. Modeled as a Boolean network, the equations
describing the dynamics of this GRN are,

Rt+1
0 = ¬

�
T t

b,0 _ T t

b,1 _ STARTt

�
(51)

Rt+1
1 = ¬

�
T t

a,0 _ T t

a,1

�
(52)

T t+1
a,0 = at ^ ¬Rt

0 (53)

T t+1
b,0 = bt ^ ¬Rt

0 (54)

T t+1
a,1 = at ^ ¬Rt

1 (55)

T t+1
b,1 = bt ^ ¬Rt

1. (56)

Figure 4 shows the Boolean network and DDE trajectories for this GRN given the input sequence “aabba”.
In the Boolean network, the initial high expression of START at time t = 0 through t = 1 results in a
low expression of R0 during time t = 1 through t = 2, denoting the state q0 = 0 in the FSM. Since every
transition gene T�q is repressed by both state gene Rq and sensor gene S�, low expression of Rq at time t
means that the expression level of T�q at time t + 1 is sensitive to inducer � at time t. Specifically, from
Equations (51–56), when R0 is off,

T t+1
a,0 = at (57)

T t+1
b,0 = bt. (58)
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Example II: Modulo-Two Pulse 
Counter 
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Example II: Modulo-Two Pulse 
Counter 
Comparing the DDE and BN 
Models 

could be approximated by washing media across cells in a microfluidic device. For the other parameters,
k1/2 = 0.2, k

p

= 200, and V
max

, �, and n were varied.
In Figure 4 the DDE simulations qualitatively track the trajectories of the Boolean network model.

Initially both DDE simulations track quite well. However by time t = 6 the behavior of the DDE model for
n = 2 and V

max

= � = 20 appears to lag compared to the ideal Boolean network model, and by time t = 12,
the DDE model appears to be lagging by nearly a half time unit. Additionally, the maximum amplitude of
the gene expression levels decreases over time, and this is particularly evident with the transition genes. By
comparison, the DDE model for V

max

= � = 100 and n = 2.5 tracks the Boolean network model without
significant lag or change in maximum amplitude of expression. This is not surprising, and for various methods
for improving this behavior exist. One possible solution is to re-engineer the finite state machine. Other
FSMs may accept the same language, and result in a different GRN that is more robust to the same input.
In general, we would like to know, given a FSM and GRN implementation of that FSM, how robust is the
GRN implementation to changes in the parameters V

max

, �, n, k1/2, and ⌧ .

DDEs Approximate the Behavior of the Boolean Network

One method for examining how well the behavior of the DDE model approximates the ideal Boolean network
model is to simply compare the state of each model after applying a prescribed input. To illustrate this
method, we introduce a new example, the modulo two pulse counter. The finite state machine encoding the
modulo two pulse counter is shown in Figure 5A. There are two input symbols to this machine, ⌃ = {a, ✏},
and the machine accepts all sequences of input symbols that end in an ✏. Viewed another way, any accepted
input sequence can be split into a sequence of contiguous a symbols interrupted by sequences of contiguous
“✏” symbols. In this way, an accepted input sequence consisting of an even number of contiguous a sequences
will end in state 0, while an accepted input sequence consisting of an odd number of continuous a sequences
will end in state 2. The GRN implementation of this machine is shown in Figure 5B. If we imagine a
biomolecular implementation where inducer ✏ is available except in the presence of inducer a, this machine
counts discrete pulses of inducer a modulo two.

The Boolean network model of the GRN in Figure 5B simulates the FSM shown in Figure 5A. Initially,
inducer a absent and inducer ✏ is present. All state genes are on, and all transition genes are o↵ . At time
t = 0, the START gene is on, leading to the repression of R0 at time t = 1. The machine then transitions
between states 0 through 3 according to the prescribed pulses of inducer a. Figure 5C illustrates a few sample
trajectories of the DDE model against the trajectory produced by the ideal Boolean network model for an
input of five pulses of equal duration of inducer a followed by inducer ✏. In these trajectories, � = V

max

,
⌧ = 1, k1/2 = 0.2, and V

max

and n were varied.
Intuitively, for a fixed ⌧ , increasing V

max

and � will improve the dynamic response of the DDE model,
and increasing the Hill coefficient n results in a sharper sigmoidal response. This is reflected in Figure 5C
where the DDE model for V

max

= � = 100 and n = 2.5 track the ideal Boolean network trajectory more
closely than the model where V

max

= � = 20 and n = 2. Additionally, varying k1/2 affects the sensitivity of
expression to upstream transcription factors. The duration of the input pulse may also be increased relative
to ⌧ . For example, the control input shown in Figure 5C applies START followed by five pulses of inducer
a according to a square wave with pulse width of �t = 2. A precise value for ⌧ may not be known, and
in networks like the modulo two pulse counter, more reliable performance may be achieved by allowing the
network to settle into a periodic orbit before changing inputs.

To quantitatively measure the effects of these parameters, the following two metrics compare the state of
gene expression at a fixed time after applying a control input in a DDE model to the ideal Boolean network.
Where ˆR

q

(t) and R
q

(t) are the values of expression for gene Rq in the DDE model and Boolean network
model respectively,

e
avg
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q2Q
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q

(t)|dt (65)
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Equation 65 describes error e
avg

, which is the L1 norm on the average error between the DDE model and
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could be approximated by washing media across cells in a microfluidic device. For the other parameters,
k1/2 = 0.2, k

p

= 200, and V
max

, �, and n were varied.
In Figure 4 the DDE simulations qualitatively track the trajectories of the Boolean network model.

Initially both DDE simulations track quite well. However by time t = 6 the behavior of the DDE model for
n = 2 and V

max

= � = 20 appears to lag compared to the ideal Boolean network model, and by time t = 12,
the DDE model appears to be lagging by nearly a half time unit. Additionally, the maximum amplitude of
the gene expression levels decreases over time, and this is particularly evident with the transition genes. By
comparison, the DDE model for V

max

= � = 100 and n = 2.5 tracks the Boolean network model without
significant lag or change in maximum amplitude of expression. This is not surprising, and for various methods
for improving this behavior exist. One possible solution is to re-engineer the finite state machine. Other
FSMs may accept the same language, and result in a different GRN that is more robust to the same input.
In general, we would like to know, given a FSM and GRN implementation of that FSM, how robust is the
GRN implementation to changes in the parameters V

max

, �, n, k1/2, and ⌧ .

DDEs Approximate the Behavior of the Boolean Network

One method for examining how well the behavior of the DDE model approximates the ideal Boolean network
model is to simply compare the state of each model after applying a prescribed input. To illustrate this
method, we introduce a new example, the modulo two pulse counter. The finite state machine encoding the
modulo two pulse counter is shown in Figure 5A. There are two input symbols to this machine, ⌃ = {a, ✏},
and the machine accepts all sequences of input symbols that end in an ✏. Viewed another way, any accepted
input sequence can be split into a sequence of contiguous a symbols interrupted by sequences of contiguous
“✏” symbols. In this way, an accepted input sequence consisting of an even number of contiguous a sequences
will end in state 0, while an accepted input sequence consisting of an odd number of continuous a sequences
will end in state 2. The GRN implementation of this machine is shown in Figure 5B. If we imagine a
biomolecular implementation where inducer ✏ is available except in the presence of inducer a, this machine
counts discrete pulses of inducer a modulo two.

The Boolean network model of the GRN in Figure 5B simulates the FSM shown in Figure 5A. Initially,
inducer a absent and inducer ✏ is present. All state genes are on, and all transition genes are o↵ . At time
t = 0, the START gene is on, leading to the repression of R0 at time t = 1. The machine then transitions
between states 0 through 3 according to the prescribed pulses of inducer a. Figure 5C illustrates a few sample
trajectories of the DDE model against the trajectory produced by the ideal Boolean network model for an
input of five pulses of equal duration of inducer a followed by inducer ✏. In these trajectories, � = V

max

,
⌧ = 1, k1/2 = 0.2, and V

max

and n were varied.
Intuitively, for a fixed ⌧ , increasing V

max

and � will improve the dynamic response of the DDE model,
and increasing the Hill coefficient n results in a sharper sigmoidal response. This is reflected in Figure 5C
where the DDE model for V

max

= � = 100 and n = 2.5 track the ideal Boolean network trajectory more
closely than the model where V

max

= � = 20 and n = 2. Additionally, varying k1/2 affects the sensitivity of
expression to upstream transcription factors. The duration of the input pulse may also be increased relative
to ⌧ . For example, the control input shown in Figure 5C applies START followed by five pulses of inducer
a according to a square wave with pulse width of �t = 2. A precise value for ⌧ may not be known, and
in networks like the modulo two pulse counter, more reliable performance may be achieved by allowing the
network to settle into a periodic orbit before changing inputs.

To quantitatively measure the effects of these parameters, the following two metrics compare the state of
gene expression at a fixed time after applying a control input in a DDE model to the ideal Boolean network.
Where ˆR
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(t) and R
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(t) are the values of expression for gene Rq in the DDE model and Boolean network
model respectively,
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