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Abstract. The simplestsemanticsfor parallelsharedmemoryprogramsis se-
quentialconsistencyin which memoryoperationsappearto take placein theor-
derspeci�edby theprogram.But many compileroptimizationsandhardwarefea-
turesexplicitly reordermemoryoperationsor make useof overlappingmemory
operationswhich may violate this constraint.To ensuresequentialconsistency
while allowing for theseoptimizations,traditionaldatadependenceanalysisis
augmentedwith aparallelanalysiscalledcycledetection. In thispaper, wepresent
new algorithmsto enforcesequentialconsistency for thespecialcaseof theSingle
ProgramMultiple Data(SPMD)modelof parallelism.First,we presentanalgo-
rithm for thebasiccycle detectionproblem,which lowerstherunningtime from
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. Next, wepresentthreepolynomial-timemethodsthatmoreac-
curatelysupportprogramswith arrayaccesses.Theseresultsarea steptoward
makingsequentiallyconsistentsharedmemoryprogramminga practicalmodel
acrossa widerangeof languagesandhardwareplatforms.

1 Intr oduction

In a uniprocessorenvironment,compiler and hardware transformationsmust adhere
to a simpledatadependency constraint:the ordersof all pairsof con�icting accesses
(accessesto the samememorylocation,with at leastonea write) mustbe preserved.
The executionmodel for parallel programsis considerablymore complicated,since
eachthreadexecutesits own portion of the programasynchronously, andthereis no
predeterminedorderingamongaccessesissuedby differentthreadsto sharedmemory
locations.A memoryconsistency model de�nes the memorysemanticsand restricts
the possibleexecutionordersof memoryoperations.Of the variousmemorymodels
thathave beenproposed,themostintuitive is sequentialconsistency, which statesthat
a parallelexecutionmustbehave asif it is an interleaving of the serialexecutionsby
individual threads,with eachexecutionsequencepreservingthe programorder [13].
Sequentialconsistency is a naturalextensionof theuniprocessorexecutionmodeland
is violatedwhenthereorderingoperationsperformedby onethreadcanbeobservedby
anotherthread,andthuspotentiallyvisible to the user. Figure1 shows a violation of
sequentialconsistency dueto reorderingof memoryoperations.Althoughthereareno
dependenciesbetweenthetwo write operationsin onethreador thetwo readoperations
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Fig.1. Violationof SequentialConsistency: Theactualexecutionmayproduceresultsthatwould
nothappenif executionfollows programorder.

in theother, if eitherpair is reordered,asurprisingbehavior mayresult,whichdoesnot
satisfysequentialconsistency.

Despiteits advantagein makingparallelprogramseasierto understand,sequential
consistency canbeexpensive to enforce.A naive implementationwould forbid any re-
orderingof sharedmemoryoperationsby both restrictingcompile-timeoptimizations
andinsertinga memoryfencebetweenevery consecutive pair of sharedmemoryac-
cessesfrom a given thread.The fenceinstructionsareoften expensive, andthe opti-
mizationrestrictionsmaypreventcodemotion,prefetching,andpipelining[17]. Rather
thanrestrictingreorderingbetweenall pairsof accesses,amorepracticalapproachcom-
putesa subsetthat is suf�cient to ensuresequentialconsistency. This set is called a
delayset, becausethesecondaccesswill bedelayeduntil the�rst hascompleted.Sev-
eralresearchershave proposedalgorithmsfor �nding a minimaldelayset, which is the
setof pairsof memoryaccesseswhoseordermustbe preserved in orderto guarantee
sequentialconsistency [20,11,15].

The problemof computingdelaysetsis relevant to any programmingmodel that
is explicitly parallelandallows processorsto accesssharedvariables,includingserial
languagesextendedwith a threadlibrary andlanguageslike Java with a built-in notion
of threads.It is especiallyrelevant to global addressspacelanguageslike UPC [4],
Titanium[5], andCo-ArrayFortran[19], which aredesignedto run on machineswith
physicallydistributedmemory, but allow oneprocessorto readandwrite the remote
memoryonanotherprocessor. For theselanguages,theequivalentof a memorybarrier
thusmaybea round-tripevent.

In this paper, we focusonef�cient algorithmsto computethedelaysetsfor various
typesof SingleProgramMultiple Data(SPMD)programs.For example,giventhesam-
ple codein Figure1, theanalysiswould determinethatneitherpair of accessescanbe
reorderedwithoutviolatingsequentialconsistency. Ouranalysisframework is basedon
thecycledetectionproblem�rst describedby ShashaandSnir [20]; previouswork [10]
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showedthatsuchanalysisfor SPMDprogramscanbeperformedin polynomialtime.
In this paperwe substantiallyimprove both the speedandthe accuracy of the SPMD
cycle detectionalgorithmdescribedin [10]. By utilizing the conceptof stronglycon-
nectedcomponents,we improve the runningtime of theanalysisasymptoticallyfrom
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is thenumberof sharedmemoryaccessesin theprogram.We
thenpresentthreemethodsthatextendSPMDcycledetectionto handleprogramswith
array accessesby incorporatinginto our analysisdatadependenceinformation from
arrayindices.All threemethodssigni�cantly improve theaccuracy of theanalysisfor
programswith loops;eachdiffersin their relative precisionandoffersvaryingdegrees
of applicabilityandspeed,sodeveloperscanef�ciently exploit their tradeoffs.

The restof the paperis organizedas follows. We formally de�ne the problemin
Section2 andsummarizethe earlierwork on it in Section3. Section4 describesour
improvementsto theanalysis'runningtime, while Section5 presentextensionsto the
cycledetectionanalysisthatsigni�cantly improvethequalityof theresultsfor programs
with arrayaccesses.Section6 concludesthepaper.

2 Problem Formulation

Our analysisis designedfor sharedmemory(or global addressspace)programswith
an SPMD modelof parallelism.An SPMD programis speci�ed by a singleprogram
text, whichde�nesanindividual programorderfor eachthread.Threadscommunicate
by explicitly issuingreadsandwrites to sharedvariables.For simplicity, we consider
theprogramto berepresentedby its control �o w graph,
 . An executionof anSPMD
programfor

�

threadsis asetof
�

sequencesof operations,eachof which is consistent
with 
 . An executionde�nesapartialorder, � , whichis theunionof those

�

sequences.

De�nition 1 (Sequentialconsistency).Anexecutionis sequentiallyconsistentif there
existsa total order consistentwith theexecution's partial order, � , such that the total
order is a correctserial execution.

We areinterestedonly in thebehavior of thesharedmemoryoperations,andthus
restrictour attentionto thesubgraphscontainingonly suchoperations.In general,par-
allel hardwareandconventionalcompilerswill allow memoryoperationsto executeout
of orderaslongasthey preservetheprogramdependencies.We modelthisby relaxing
theprogramordersfor eachthread,andinsteadusea subsetof 
 calledthedelayset,

�

.

De�nition 2 (Suf�cient Delay Set).Givena programgraph 
 anda subgraph
�

,
�

is a suf�cient delaysetif all executionsof
�

areequivalentto a sequentiallyconsistent
executionof 
 .

All executionsmustnow observeonly theprogramdependencieswithin eachthreadand
theorderingsgivenin

�

. Intuitively, thedelaysetcontainspairsof memoryoperations
that executein order. They are implementedby preventingprogramtransformations
thatwould leadto reorderingandby insertingmemoryfencesduringcodegeneration
to ensurethatthehardwarepreservestheorder. A naivealgorithmwill take

�

to bethe
entireprogramordering 
 , forcing compilersandhardwareto strictly follow program
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order. A delayset is consideredminimal if no strict subsetis suf�cient. We arenow
readyto statetheproblemin its mostgeneralform:

Given a programgraph 
 for an SPMD parallel program,�nd a suf�cient mini-
mal delayset

�

for 
 .

3 Background
3.1 RelatedWork

Shashaand Snir [20] pioneeredthe study of correctexecutionof explicitly parallel
programsandcharacterizedthe minimal setof delaysrequiredto preserve sequential
consistency. Their resultsare for an arbitrary set of parallel threads(not necessarily
an SPMD program),but doesnot addressprogramswith branches,aliasesor array
accesses.Midkif f andPadua[17] furtherdemonstratedthat thedelaysetcomputation
is necessaryfor performinga large numberof standardcompile-timeoptimizations.
They alsoextendedShashaandSnir'scharacterizationto work for programswith array
accesses,but did notprovideapolynomial-timealgorithmfor performingtheanalysis.

KrishnamurthyandYelick [11,10] latershowedthatShashaandSnir's framework
for computingthedelaysetresultsin an intractableNP hardproblemfor MIMD pro-
gramsandproposedapolynomial-timealgorithmfor analyzingSPMDprograms.They
also improved the accuracy of the analysisby treatingsynchronizationoperationsas
specialaccesseswhosesemanticsis known to the compiler. They also demonstrated
that theanalysisenablesa numberof techniquesfor optimizingcommunication,such
asmessagepipeliningandprefetching.

Oncethedelaysethasbeencomputed,sequentialconsistency canbeenforcedby
insertingmemorybarriersinto the programto satisfythe delays.Lee andPadua[14]
presentedacompilertechniquethatreducesthenumberof fenceinstructionsfor agiven
delayset,by exploiting the propertiesof fenceandsynchronizationoperations.Their
work is complementaryto ours,asit assumesthedelaysetis alreadyavailable,while
we focuson theearlierproblemof computingtheminimal setitself.

Recentstudieshave focusedon datastructuresfor correctandef�cient application
of standardcompile-timeoptimizationsfor explicitly parallelprograms.Leeet al. [15]
introduceda concurrentCFG representationfor summarizingcontrol �o w of parallel
code,andaconcurrentSSAform thatencodessequentialdata�o w informationaswell
asinformationaboutpossiblycon�icting accessesfrom concurrentthreads.They also
showedhow severalclassicalanalysesandoptimizationscanbeextendedto workonthe
CSSAform to optimizeparallelcodewithout violating sequentialconsistency. Knoop
andSteffen [8] showedthatunidirectionalbitvectoranalysescanbeperformedfor par-
allel programsto enableoptimizationssuchascodemotionanddeadcodeelimination
without violatingsequentialconsistency.

3.2 CycleDetection

Analysesin this paperarebasedon ShashaandSnir's [20] cycle detectionalgorithm,
whichwebrie�y describehere.All violationsof sequentialconsistency canbeattributed
to con�icting accesses:
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De�nition 3 (Con�icting Accesses).Two sharedmemoryoperations ����� fromdiffer-
ent threadsare said to con�ict if they accessthe samememorylocation,and at least
oneof themis a write.

Con�icting accessesare the mechanismby which parallel threadscommunicate,
andalsothemeansby which onethreadcanobserve memoryoperationsreorderedby
another. The programorder 
 de�nes a partial orderon individual threads'memory
accesses,but doesnot imposeany restrictionsonhow operationsfrom differentthreads
shouldbe interleaved,so thereis not a singleprogrambehavior againstwhich we can
de�ne correctreorderings.Instead,a happens-beforerelation for sharedmemoryac-
cessesoriginatingfrom differentthreadsis de�nedat runtimebasedonthetimeof their
occurrencesto fully capturethe essenceof a parallelexecution.Due to its nondeter-
ministic nature,eachinstanceof parallelexecutionde�nes a differenthappens-before
relation,whichmayaffectexecutionresultsdependingon how it orderscon�icting ac-
cesses.

For a given parallel execution,let
�

be the partial order on con�icting accesses
that is exhibitedat runtime,which is determinedby thevaluesreturnedby readsfrom
writes.Thegraphgivenby 
��

�

capturesall informationnecessaryto reproducethe
resultsof a parallelexecution: 
 ordersaccesseson the samethread,while

�

orders
accessesfrom differentthreadsto thesamememorylocation.If thereis a violation of
sequentialconsistency, thenfor two accesses���	� issuedby thesamethread,both

�

���	�

�

and
�

�
�	�

�

arerelatedin 
��

�

. Viewedasagraph,suchasituationoccursexactlywhen

��

�

containsacycle thatincludes
�

edges.3 Sincewe cannotpredictat compilation
time which accessin a con�icting pair will happen�rst, we approximate

�

by 
 , the
con�ict relationwhich is a supersetof

�

andcontainsall pairsof con�icting accesses.
Thecon�ict relationis irre�exive,symmetric,andnottransitive,andcanberepresented
in a graphasbidirectionaledgesbetweentwo con�icting accesses.

The goal of ShashaandSnir's analysisis thus to performcycle detectionon the
graph 
���
 of a parallelprogram.Their algorithmusesthenotionof critical cycleto
�nd theminimal delaysetnecessaryfor sequentialconsistency:

De�nition 4 (Critical Cycle). A critical cycle in 
���
 is a simplecycle with the
propertythat for anytwo non-adjacentnodes���	� in thecycle,

�

���	�

���

�


 .

In otherwords,whendetectingcycleswe alwaysattemptto �nd minimal cycles,
anda critical cycle canhave at mosttwo (successive) nodesin any thread.Shashaand
Snir proved the following theorem[20] that the 
 edgesin the setof critical cycles
form a delaysetthatguaranteessequentialconsistency:

Theorem1 (Existenceof a Minimal Delay Set for SC). Let
�

be the setof edges
�

���	�

�

in straight-line code, where
�

�����

�

�


 is part of a critical cycle. Thenany
executionorder that preservesdelay

�

is sequentiallyconsistent;furthermore, theset
�

is minimal.

Figure2 shows how a critical cycle canbeusedto computetheminimal delayset
for sequentialconsistency, for thesamplecodefrom Figure1.

3 Intrinsic cyclesin � dueto loopsareruledout.
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Fig.2. ComputingtheDelaySet

3.3 CycleDetectionfor SPMD Programs

Detectingcritical cyclesfor anarbitraryprogramorder 
 , unfortunately, is NP-hardas
the runningtime is exponentialin the numberof threads.KrishnamurthyandYelick
[10] proposeda polynomial time algorithm for the commonspecialcaseof SPMD
programs,taking advantageof the fact that all threadsexecuteidentical code.Their
algorithm,explainedin detail in [9], worksasfollows:

De�nition 5 (Con�ict Graphs for SPMDPrograms).Consider
$, � 
�- tobetwocopies
of theoriginal program 
 , so that �

,

�



, and �

-

�



- if �

�


 . De�ne 
 to bethe
setof con�icting accesses,and

.
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�
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�
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�
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�

�
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�
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�

�
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The graph 
:9 , namedthe con�ict graph, will alsobe usedin otheranalysesde-
scribedlaterin this paper. Theright sideof thecon�ict graph 


- is identicalto 
 � 
 ,
while theleft side 


, hasnointernaledgesandconnectsto theright sidevia thecon�ict
edges.KrishnamurthyandYelick describedanalgorithmthatcomputesthedelaysetby
detectinga back-pathin thetransformedgraphfor each
 edge

�

�;, ���<,

�

andprovedthe
following theoremin [10]:

Theorem2 (CycleDetectionfor SPMD Programs).For anedge
�

���	�

�

�


 , if there
existsa pathfrom �

, to �
, in 
:9 , then

�

�����

�

belongsto theminimaldelayset.Further-
more, thedelaysetcomputedis thesameastheonede�nedin Theorem1.

Basedon theabovetheorem,they claimedthatcycledetectionfor SPMDprograms
canbeperformedin

����� ���

time (Algorithm 1), where
�

is thenumberof sharedmem-
ory accessesin 
 .
4 A FasterAlgorithm for SPMD CycleDetection

In this section,weshow aslightmodi�cation of KrishnamurthyandYelick'salgorithm
that cancomputethe identicaldelaysetin

�����

�

�

time. Algorithm 1 is easyto under-
standbut inef�cient dueto thebreadth-�rstsearchrequiredfor eachnode.Instead,we
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Input : � and � of a SPMDprogram
Output : delaysetfor �

1. Construct��� following thedescriptionsin De�nition 5;
2. For every ����� � , performa breadth-�rstsearchwith thevertex asroot;
3. Checkfor every

�

�	��





� � whether � �
is reachablestartingfrom 
 �

in ��� , using
resultsfrom step2. If yes,then

�

����





belongsto thedelayset.

Algorithm 1: KrishnamurthyandYelick'sAlgorithm for SPMDCycleDetection

canimprove its runningtime by usingstronglyconnectedcomponents(SCC)to avoid
theredundantcomputationsperformedfor eachnode.Notethatproofsto theoremspre-
sentedin this paperhave beenomitteddueto spaceconstraints;interestedreaderscan
referto themin our technicalreport[2] thatcontainsthefull versionof thepaper.

Input : � and � of a SPMDprogram
Output : delaysetfor �

1. Createthegraph��
 asappearedin De�nition 5, by taking ����� ;
2. Identify thestronglyconnectedcomponentsin ��
 ;
3. For every node ��� � , �nd thestronglyconnectedcomponent������� that � 's con-
�icting accessesbelongto. (We will prove thatthey mustall bein thesameSCC.);
4. For each

�

����





� � , if thereis a pathfrom ������� to �����
� in the direct acyclic

graphof SCCs,we add
�

�	��





to thedelayset.

Algorithm 2: A
�����

�

�

Algorithm for ComputingDelaySet

Ouralgorithmis similar to theoneproposedin [12] in thatbothrely ontheconcept
of strongconnnectivity; an importantdistinction,however, is that we do not require
initializationwritesfor everyvariable.If all accessesareread-only,step3 failsdueto the
absenceof con�icts, andnoedgeswill beaddedto thedelayset.Thisdifferenceis vital
if we wantto combinethealgorithmwith synchronizationanalysisof barriers,sinceit
is commonfor SPMDvariablesto beread-onlyin somephasesof theprogram.Before
proving Algorithm 2, we �rst explain the claim in step3 that all con�icting accesses
of a nodewill belongto the samestrongly connectedcomponentin 


- . Considera
node � andany two of its con�icting accesses� � �	� � ; Sincethereexist bidirectional
edgesbetween����� � and ����� � in

.

� (the 
 edges),it is clearthatthey all belongto
thesameSCC.We cannow show thatfor a SPMDprogramthis modi�ed algorithmis
equivalentto Algorithm 1, andcalculateits runningtime:

Theorem3. Algorithm 2 returnsthe samedelay set as Algorithm 1 for any SPMD
program.

Proof. Theproof canbefoundin [2].

Theorem4. Algorithm2 runsin
�����

�

�

time, where
�

is thenumberof sharedaccesses
in 
 .

Proof. Theproof canbefoundin [2].
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5 Extending SPMD CycleDetectionfor Array Accesses

Another areain which the SPMD cycle detectionalgorithm can be improved is the
quality of the delayset for arrayaccesses.Although Theorem2 statesthat the delay
setcomputedby thealgorithmis “minimal”, theclaimholdsonly for straight-linecode
with perfectaliasinformation.Thealgorithmis thereforeoverly conservativewhenan-
alyzingarrayaccessesin loops;every 
 edgeinsidea loopcanbeincludedin thedelay
set,asa back-pathcanbe constructedusingthe loop's backedge.This hasan unde-
sirableeffect on performance,asthefalsedelayscanthwart usefulloop optimizations
suchasloop-invariantcodemotionandsoftwarepipelining.

In this section,we presentananalysisframework thatextendsSPMDcycle detec-
tion to handlearrayaccesses.After describingan existing approachthat requiresex-
ponentialtime in Section5.1,we presentthreepolynomial-timealgorithmsthatcould
signi�cantly reducethenumberof delaysinsideloops.While all threetechniquescol-
lect informationfrom arraysubscriptsto make theanalysismoreprecise,they differ in
their approachesfor representingandpropagatinginformation:classicalgraphtheory
algorithms,data-�ow analysis,andinteger programmingmethods.The choiceof the
threemethodslargely dependson theamountof informationthatcanbestaticallyex-
tractedfrom thearraysubscripts;for instance,thedata-�ow analysisapproachsacri�ces
someprecisionfor a moreef�cient algorithm,andtheintegerprogrammingtechniques
supportscomplex af�ne arrayexpressionsat thecostof increasedcomplexity.

For simplicity, we considernestedwell-behavedloops
Å

in C, whereeachdimension
of theloopis of theform �����

���

/

� ���	��

�

�

��� ��� ��
����

/��

�

1��

����� ���

���

5 , with thefollow-
ing provisions:both � and �

����� ���

���

maybedifferentfor eachthread,the loop index
�

is not modi�ed in the loop body, andarraysubscriptsareaf�ne expressionsof loop
indices.While the de�nition may seemrestrictive, in practiceloops in scienti�c ap-
plicationswith regularaccesspatternsfrequentlyexhibit this characteristic.We further
assumethat thebaseaddressof thearrayaccessis a constant,andthatdifferentarray
variablesdonotoverlap(i.e.,arraysbut notpointersin C).

5.1 Existing Approach

Midkif f etal. [18] proposeda techniquethatextendsShashaandSnir'sanalysisto sup-
port arrayaccesses.Undertheir approach,every edgeof the con�ict graph(nameda
s-level graph in their work) is associatedwith a linearconstraintthat relatesthearray
subscriptson its two nodes.A con�ict edgegeneratesanequalityconstraint,sincethe
existenceof acon�ict impliesthesubscriptsmustbeequal.Also, theconstraintof each
con�ict edgewill usea freshvariablefor theloop index, asin generalthecon�icts can
happenin differentiterations.The constraintfor a 
 edgeis only slightly morecom-
plicated.Consider

�����

�

� � �"!

�$#

� % ���"& �	!��

�


 , where
�

and
�"&

representpossiblydifferent
loop index values,and � and

%

areaf�ne functions.Fromthede�nition of 
 we could
immediatelyderive

�'&

/

�(�

� � where � � is a multiple of the loop increment,since
���

�

� � �	!

happens�rst by programorder. Theinequalityconstraintfor ��� dependsonthe
context of the 
 edge;we specify � �*)

� if it is thebackedge,and � �+)-, otherwise.
Figure3 showstheconstraintsgeneratedby eachedgein thesamplegraph.
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if (MYTHREAD == 1)
for (i = 0; i < N; i+= 3) { 

A[i] = c1;      (S1)
B[i+1] = c2;  (S2)

}
if (MYTHREAD == 2)

for (j = 2; j < N; j+=2) { 
B[j] = c3;      (S3)
A[j-2] = c4;   (S4)

}

������� �

�	�
� ���

��
���� � �

����� ��� �

� �

� 


1 -2

4

2 00

S1 -> S4:  i = j – 2 S2 -> S3:  i’ + 1 = j’
S1 -> S2:  i’ = i + 3k1, k1 >= 0 S3 -> S4:  j  = j’ + 2k2, k2 >= 0
S2 -> S1:  i = i’ + 3k1, k1 >= 1 S4 -> S3:  j’ = j + 2k2, k2 >= 1

Fig.3. Con�ict Graphwith CorrespondingConstraints

if (MYTHREAD == 1) 
for (i = 1; i < N; i++) {

A[i] = 1;  (S1)
B[i+1] = 2; (S2)

} 
if (MYTHREAD == 2) 

for (i = 1; i < N; i++) {
B[i] = 3;  (S3)
A[i-1] = 4; (S4)

}

���

�	�

���

���

�
�

�
�

1 -1 20 00

����� �!�#"

$
�#�!� ��"

Fig.4. AddingEdgeWeightsfor CycleDetection

Oncetheconstraintsarespeci�ed,thenext stepis to generateall cyclesin thegraph
thatmaycorrespondto critical cycles(De�nition 4).Midkif f etal.showedthattheprob-
lemcanbereducedto �nding solutionsto thelinearsystemformedby theconstraintsof
everyedgein thecycle;adelayis necessaryonly for edgesonacyclewith aconsistent
linearsystem.If a cycle satis�esthecriteria,a �nal �ltering stepis appliedto seeif it
canbediscardedbecauseit sharescommonsolutionswith anothersmallercycle.

While their techniquesuccessfullyincorporatesdependenceinformationto improve
accuracy of theanalysis,itsapplicabilityappearslimiteddueto two factors.First,it does
notspecifyhow to generatethecyclesin thecon�ict graph;thetotalnumberof (simple
andnon-simple)cyclesis exponentialin thenumberof nodes,soa bruteforcemethod
thatexaminesall is clearlynot practical.Anotherlimitation is thecostof solvingeach
linear system,which is equivalent to integer linear programming,a well-known NP-
completeproblem.Sincea cycle cancontain

����� �

edgesandthusconstraints,solving
the systemagainrequiresexponentialtime. As a result, in the next sectionwe will
presentseveralpolynomial-timealgorithmsthatmakecycledetectionpracticalfor pro-
gramswith loops.
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5.2 Polynomial-time CycleDetectionfor Array Accesses

Ouranalysisframeworkcombinesarraydependenceinformationwith thecon�ict graph,
exceptthat we assigneach 
 edgewith an integer weight equalto the differencebe-
tweenthe array subscriptsof its two nodes.Scalarscan be consideredas array ref-
erenceswith a zero subscript.Also, an optional preprocessingstepcan apply af�ne
memorydisambiguationtechniques[16] to eliminatecon�ict edgesbetweenindepen-
dentarrayaccesses.Figure4 illustratesthis construction4, wherethe two edgesin the
loop bodyreceive weightsof � and � � , andthebackedgesareassignedthevalueof ,

and � to re�ect both thedifferencebetweenthearraysubscriptsandthe incrementon
theloop index variableaftereachiteration.Con�ict edgesalwayshavezeroweight,as
thepresenceof a con�ict implies the two arraysubscriptsmustbe equal.For anedge

�

� , �	� ,

�

�


 , the goal of the analysisis not only to detecta pathfrom � , to � , in the
con�ict graph,but alsoto verify thattheback-pathtogetherwith theedgeformsa (not
necessarilysimple)cyclewith zeroweight:

Theorem5 (CycleDetectionwith WeightedEdges).With theaboveconstruction,an
edge

�

� , �	�<,

�

�


 is in the delayset if it satis�es the conditionsin Theorem2, and
�

�

� , �	�<,

� �

�

�

���

�

�

���

��� �

�<, �	� ,

� �

/�, , where
�

�����

is theweightof edge
�

.

Proof. Theproof canbefoundin [2].

Zero Cycle Detection: If all edgeweightsarecompile-timeconstants,Theorem5
canbereducedto theproblemof �nding zerocyclesin thecon�ict graph.Onthesurface
the reducedproblemstill seemsdif�cult to solve, as�nding a simplecycle with zero
totalweightis known to beNP-complete.For ourpurposes,however, weareinterested
in �nding zerocyclesthatneednot be simple,asa zerocycle that visit a nodemulti-
ple timesconveysa delaydueto con�icts amongarrayaccessesin differentiterations.
Severalstudies[7,6] havepresentedrecurrenceequationsandlinearprogrammingtech-
niquesto solve thegeneralform of theZERO-CYCLE problem,which determinesfor
a graph 9 with k-dimensionalvectoredgeweightsif it containsa cycle whoseweight
sumsto the zerovector. In particular, CohenandMegiddo [3] proved that zerocycle
detectionfor a graphwith �x ed � canbe performedin polynomialtime; they further
showedthatthespecialcaseof � /

� canbeansweredin
���	� ���

time usinga modi�ed
all pairsshortestpathalgorithm,where

�

is thenumberof nodes.Algorithm 3 computes
thedelaysetbasedon this result.

As eachinvocationof the zero cycle detectionalgorithm takes
���	� � �

time, this
algorithmunfortunatelyhasarunningtimeof

�����
	��

. Thelossin ef�ciency is compen-
sated,however, by obtaininga muchmoreaccuratedelayset.Figure5 demonstrates
theanalysis'sbene�t: while plainSPMDcycledetection(Algorithm 1) will incorrectly
includeevery 
 edgein thedelaysetdueto spuriouscyclescreatedby the loop back
edge,Algorithm 3 canaccuratelyeliminatetheseunnecessarydelays.Anotherbene�t
of this algorithmis that it canbe easilyextendedto supportmultidimensionalarrays.
For ak-dimensionaliterationspace,wesimplyconstruct
:9 usingk-dimensionalvec-
torsasits edgeweights,with eachelementcorrespondingto a loop index variable.As

4 Weshowedonly theright partof thecon�ict graph,astheleft partremainsunchanged
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Input : � and � of a SPMDprogram
Output : delaysetfor �

Construct��� following thedescriptionsin De�nition 5;
Annotateeach� edgein ��� with its correspondingweight;
foreach

�

����





� � do
Add

�

� � ��
 �




to � � , with its edgeweight;
Runthezerocycledetectionalgorithmfrom [3] on ��� ;
If

�

��� ��
 �




is partof azerocycle,addit to thedelayset;

end

Algorithm 3: HandlingArray AccessesThroughZeroCycleDetection

for (i = 0; i < N; i++) 
if ( cond ) { 

A[i] = 1;   (S1)
B[i] = 2;   (S2)

}
//each thread runs 
//same code

���

���

���

���

���	��
���


�
����
��	


� � � �

0 0 11

Fig.5. SPMDCodefor whichAlgorithm 3 Is More AccurateThanAlgorithm 1

thelevel of loopnestsin realprogramsrarelyexceed4 or 5, thismorecomplex scenario
canstill besolvedin thesameasymptotictimeasthescalar-weightcase.

Data-�o w Analysis Approximation: Themajor limitation of Algorithm 3 is that
edgeweightsin generalmaynotbecompile-timeconstants;for example,it is common
in scienti�c codeto have a loop performingstridedarrayaccesseswith an eitherdy-
namicor run-timeconstantstridevalue.Thesignsof theweights,however, areusually
statically known, andusingabstractinterpretationtechniques[1] we candeducethe
signof a cycle's weightsum.If everyedgeof thecycle hasthesamesign,it cannever
bea zerocycle; otherwisewe conservatively assumethat it maysatisfytheconditions
in Theorem5. Algorithm 4 generalizesthis notionby applyingdata-�ow analysiswith
the latticeand�o w equationsin Figure6 to estimatetheweightsumof eachpotential
cycle.For each
 edge

�

�����

�

, �

% � ��� �

representsthepossiblesignof any pathsfrom �

to
�

; therefore,if � , is reachablefrom � , (indicatingaback-path)and �

% � �

� ,

�

is either
�

or � , by de�nition
�

���	�

�

will notbepartof any zerocycle.

This approachis a soundbut conservative approximationof the zerocycle detec-
tion problem,andthusmaycomputesomefalsepositivedelays.While it givesthesame
resultasAlgorithm 3 for Figure4 (delays)and5 (nodelays),amorecomplicatedexam-
ple in Figure3 illustratestheirdifferences.Althoughthezerocycledetectionalgorithm
correctlyconcludesthatsequentialconsistency couldneverbeviolatedtheredueto the
absenceof zerocycles,Algorithm 4, affectedby thenegativeedgefrom

���

to
���

, will
conservatively placeevery 
 edgein the delay set.For the commoncasesof loops
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T

+ -

0

• OUT(B) = IN(B)

• IN(B) = U (Sgn(P,B) U OUT(P)),
where P is a predecessor of B.

Fig.6. LatticeandFlow Equationsfor Algorithm 4

Input : � and � of a SPMDprogram,with weightededges
Output : delaysetfor �

Construct��� following thedescriptionsin De�nition 5;
foreach

�

����





� � do
Initialize ���

	 �


 �




to be thesign of �

�

�	� 





(oneof � ��� ��� ), and ���

	 �	� 


to be �

for all othernodes
�

;
Apply data-�ow analysisstartingfrom 


� until nonodeshave their signschanged;
If �

� is reachablefrom 

� and ���

	 �

�
�




�

�

� ��
 � , thenadd
�

����





to thedelayset.

end

Algorithm 4: HandlingArray AccessesUsingData-�ow Analysis

with monotonicarraysubscripts,however, this analysisis asaccurateastheonein the
previoussection.

Sincethelatticehasaheightof two, thedata-�ow analysisstepwill �nish in atmost
�����

�

�

time.As theanalysisstepneedsto bedonefor each
 edge,it appearsthatwe
have a

���	�
� �

algorithm.The insight here,however, is thatwheninitializing thedata-
�o w analysisfor anedge

�

���	�

�

, �
, cantakeonly oneof thethreedifferentvalues;it thus

suf�ces to run thedata-�ow analysisthreetimesfor eachnodein thegraphto coverall
possibleinitial conditionsof theanalysis.SoAlgorithm 4 hasaworst-case

���	� ���

time
bound.Extensionsof this approachto supportnestedloopsis straightforward;we can
run theanalysisseparatelyfor eachdimension,andaddan edgeto thedelaysetonly
whenall dimensionsreturna signof either , or

.

.

Integer Programming BasedMethod: In themostgeneralcase,arraysubscripts
will be af�ne expressionswith arbitraryconstantcoef�cients andsymbolic terms,so
the previous methodsare no longer applicableas neitherthe valuenor sign of edge
weightsarestaticallyknown.In thiscase,wecanstill attemptto performcycledetection
by adoptingthe techniquefrom Section5.1 to convert it into an integerprogramming
problem.To avoid theexponentialcostof exhaustively searchingfor cyclesandsolving
linearsystems,we cantake advantageof thepropertiesof our con�ict graphrepresen-
tation.A 
 edge

�

���	�

�

canbe a delayonly if it hasa back-path
�

�
,

�

�

�

�������

�

�

���
,

�

such
that thegeneratedcycle hasa consistentsystem.While thenumberof back-pathsmay
be exponential,they all sharethe structurethat both

�

�
,

�

�

�

�

and
� �

�

�	�
,

�

are 
 edges
crossingbetweentheleft andright partof thegraph.If theinternalpath

� �

�

������� �

�

�

�

con-
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tainsno 
 edges,it canbeviewedasasingle 
 edgeandrepresentedasoneconstraint
on thesubscriptsof

�

� and
�

� .

We havethussigni�cantly reducedthenumberof cyclesthatneedto beconsidered
for each 
 edge;sincea nodecanparticipatein at most

����� �

con�icts, the number
of suchcyclesneverexceeds

�����

�

�

. Furthermore,sinceeachcycle examinedcannow
have only four edges,the cost of solving a linear systemis constantindependentof
problemsize.This techniqueis in asensea conservativeapproximationof Section5.1,
as it ignoresthe 
 edgesin the internalpath,which resultsin additionalconstraints
that may causethe systemto becomeinconsistent.Suchan approximation,however,
is necessaryfor soundnessanyway, sinceit may be possibleto constructa back-path
without usinginternalcon�ict edgesfor loopsof pureSPMDprograms.

Input : � and � of a SPMDprogram
Output : delaysetfor �

Construct��� following thedescriptionsin De�nition 5;
foreach

�

����





� � do
Let �

�

�




and �

�







bethesetof con�ict edgesfor u andv;
foreach �

�

� �

�

�




and �

�

� �

�







do
Constructthelinearsystemassociatedwith thetwo con�ict edgesasmentioned
above;
If thesystemhasanintegersolution,add

�

�	��





to thedelayset;

end
end

Algorithm 5: HandlingArray AccessesUsingIntegerProgramming

Algorithm 5 describeshow to computethe delaysetby solving the setof linear
constraints.For each
 edgewe needto verify if thereexistsa back-pathwhosecor-
respondinglinearsystemhasa solution;thesolutionof thesystemgivesthe iterations
thatareinvolvedin thecon�ict. As anexample,for theedge

� �

� �

�

�

�

in Figure3 we
canidentify its only pair of con�ict edges

� �

� �

��� �

and
� ���

�

�

�

�

, which generatesthe
following constraints:

�

/��

� �

�

&

�

�

/��

&

�

&

/

��� �

�
� (5)

�6/��

&

�

�

�
�

�
�

) , �
�

) , (6)

Simplearithmeticrevealsthat thesystemhasno integersolution,andwe therefore
concludethattheedgeis not partof thedelayset.In theworstcasethis algorithmwill
take a runningtime of

���	�
�

�

, astheCartesianproductof 
 edgesmayhave a
���	�

�

�

cardinality. Like the previous methods,this algorithmcanalsobe adoptedto support
multidimensionalarrays;eachdimensionof the accessis handledindependently, and
an edgeis addedto the delaysetonly if all of its dimensionshave identi�ed a linear
systemthatis consistent.
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5.3 Algorithm Evaluation

We havepresentedthreepolynomial-timealgorithmsin this sectionthatextendSPMD
cycle detectionanalysisto supportarray accesses.Here we comparethe threetech-
niquesusingthefollowing criteria:applicability, accuracy, aswell asrunningtime and
implementationdif�culty . In termsof applicability, thedata-�ow analysismethodis the
clearwinnerasit canbeappliedevento subscriptswith non-af�ne terms,providedthat
thesignof theedgeweightsarestill computable.Integerprogrammingtechniqueis also
generalenoughto handleany af�ne arrayaccesses,while zerocycledetectioncanonly
applyto simplesubscriptexpressions.Whatthezerocyclealgorithmlacksin generality,
however, it compensateswith greateraccuracy by computingthecorrectandsmallest
delay set. Integer programmingalso offers good accuracy, especiallywhen the loop
boundscanbecalculatedstaticallysothatthelinearsystemcanincorporateinequality
constraintsbetweenloop index variablesandthe loop bounds.The data-�ow analysis
methodis, as expected,the leastaccurateof the threeand not compatiblefor loops
with non-monotonicaccesspatterns;its accuracy, however, caneasilybe improvedby
introducingmoreconstantvaluesinto thelattice,at thecostof increasedanalysistime.

With regardsof the running time, the data-�ow analysistechniqueis clearly the
mostef�cient, andis alsolikely to bemoreeasilyincorporatedinto a compiler's opti-
mizationframework. Theintegerprogrammingmethod,on theotherhand,is themost
dif�cult to implementdueto theconstructionandsolvingof linearsystems.This sug-
geststhe following implementationstrategy. In normal casesdata-�ow analysiswill
be the methodof choice,while the moreaccuratezerocycle algorithmis appliedto
hot-spotsin theprogramwhereaggressiveoptimizationis desired;theintegerprogram-
ming techniqueis usedfor complex af�ne termswhereneitherzerocycledetectionnor
data-�ow analysisis applicable.

6 Conclusion

In amultiprocessorenvironment,moststandardsequentialcompileroptimizationscould
result in unexpectedchangesto programbehavior becausethey may reordershared
memoryoperations.In this paper, we presentedan ef�cient algorithmthat computes
the minimal delay set requiredto enforcesequentialconsistency for parallel SPMD
programs.This analysiscanbe usedto implementa sequentiallyconsistentprogram-
mingmodelonamachinethathasaweakermodel.In particular, implementingaglobal
addressspacelanguageona machinewith remotememoryaccessescanbedoneby is-
suingnonblockingmemoryoperationsby default,exceptwhenthecompilerhasdeter-
minedthata delaybetweenmemoryoperationsis needed.For machineswith a remote
latency of thousandsof machinecycles,theability to overlapin this fashionis critical.

Ouralgorithmis basedontheconceptof cycledetection,andhasanasymptoticrun-
ning timeof

�����

�

�

, improving onaprevious
����� � �

algorithm.Wehavealsodescribed
techniquesfor combiningarrayanalysiswith theSPMDcycledetectionalgorithm;this
furtherminimizesthedelaysetthatguaranteessequentialconsistency without greatly
slowing down theanalysis.Theanalysesarebasedon classicalgraphalgorithms,data-
�o w analyses,andinteger programmingmethod.In practice,we expectthedata-�ow
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analysismethodto bemostapplicable.Theproposedalgorithmshave madecycle de-
tectionmorepracticalfor SPMDprograms,thusopeningthedoorfor optimizationsof
parallelprogramsthatdonot violatesequentialconsistency.
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