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Abstract. The simplestsemanticor parallel sharedmemoryprogramsis se-
guentialconsistencyn which memoryoperationsappeato take placein the or-
derspeci edby theprogram But mary compileroptimizationsandhardwarefea-
turesexplicitly reordermemoryoperationsor make useof overlappingmemory
operationswhich may violate this constraint.To ensuresequentiakonsisteng
while allowing for theseoptimizations,traditional datadependencanalysisis
augmentedvith aparallelanalysiscalledcycledetectionIn thispaperwe present
new algorithmsto enforcesequentiatonsisteng for thespeciakaseof theSingle
ProgramMultiple Data(SPMD)modelof parallelism.First, we presentanalgo-
rithm for the basiccycle detectionproblem,which lowersthe runningtime from

to . Next, we presenthreepolynomial-timemethodshatmoreac-
curatelysupportprogramswith array accessesTheseresultsare a steptoward
making sequentiallyconsistensharedmemoryprogramminga practicalmodel
acrossawide rangeof languagesndhardwareplatforms.

1 Intr oduction

In a uniprocessoernvironment,compiler and hardware transformationgnust adhere
to a simple datadependeng constraintithe ordersof all pairsof con icting accesses
(accesseto the samememorylocation,with at leastone a write) mustbe presered.
The executionmodel for parallel programsis considerablymore complicated,since
eachthreadexecutesits own portion of the programasynchronouslyandthereis no
predetermine@rderingamongaccessessuedby differentthreadso sharedmemory
locations.A memory consisteng model de nes the memorysemanticsand restricts
the possibleexecutionordersof memoryoperationsOf the variousmemorymodels
thathave beenproposedthe mostintuitive is sequentiatonsistencywhich stateshat
a parallelexecutionmustbehave asif it is aninterleaving of the serial executionsby
individual threadswith eachexecutionsequencereservingthe programorder[13].
Sequentiatonsisteng is a naturalextensionof the uniprocessoexecutionmodeland
is violatedwhenthereorderingoperationperformedoy onethreadcanbe obsenedby
anotherthread,andthus potentially visible to the user Figure 1 shaws a violation of
sequentiatonsisteng dueto reorderingof memoryoperationsAlthoughthereareno
dependencielsetweerthetwo write operationsn onethreador thetwo readoperations
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Parallel Program Two lllegal Executions
Write Y Read X
Read Y Write X
1 l Time
Read X Write Y
Write X Read Y

By program order, T2 Reorderingon T1  Reordering on T2

cannot observe (x,y) = (0,1) X=0 Y =1forT2

violates SC
Fig. 1. Violation of SequentiaConsisteng: Theactualexecutionmay produceresultsthatwould
nothappenf executionfollows programorder

in theother; if eitherpairis reordereda surprisingbehaior mayresult,which doesnot
satisfysequentiatonsisteny.

Despiteits advantagein makingparallelprogramseasierto understandsequential
consisteng canbe expensve to enforce A nave implementatiorwould forbid ary re-
orderingof sharedmemoryoperationsby both restrictingcompile-timeoptimizations
andinsertinga memoryfencebetweenevery consecutre pair of sharedmemoryac-
cessedrom a giventhread.The fenceinstructionsare often expensve, and the opti-
mizationrestrictionsmay preventcodemotion, prefetchingandpipelining[17]. Rather
thanrestrictingreorderingoetweerall pairsof accessesmorepracticalapproacttom-
putesa subsetthat is sufcient to ensuresequentiakconsisteng. This setis calleda
delayset becausé¢he secondacceswill bedelayeduntil the rst hascompleted Ser-
eralresearcherbave proposedilgorithmsfor nding a minimaldelayset whichis the
setof pairsof memoryaccessewhoseordermustbe preseredin orderto guarantee
sequentiatonsisteng [20,11,15].

The problemof computingdelay setsis relevantto ary programmingmodelthat
is explicitly parallelandallows processorso accessharedvariables,ncluding serial
languageextendedwith athreadlibrary andlanguagedik e Java with a built-in notion
of threads.lt is especiallyrelevant to global addressspacelanguageslike UPC [4],
Titanium[5], andCo-Array Fortran[19], which aredesignedo run on machineswith
physically distributed memory but allow one processoto readand write the remote
memoryon anothemprocessarFor thesdanguagesthe equivalentof amemaorybarrier
thusmaybearound-tripevent.

In this paperwe focuson ef cient algorithmsto computethe delaysetsfor various
typesof SingleProgramMultiple Data(SPMD)programsFor example giventhesam-
ple codein Figurel, theanalysiswould determinethat neitherpair of accessesanbe
reorderedvithoutviolating sequentiatonsisteng. Our analysisframeavork is basedn
thecycle detectiorproblem rst describedy ShashandSnir[20]; previouswork [10]
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shavedthat suchanalysisfor SPMD programscanbe performedin polynomialtime.
In this paperwe substantiallyimprove both the speedandthe accurag of the SPMD
cycle detectionalgorithmdescribedn [10]. By utilizing the conceptof stronglycon-
nectedcomponentsye improve the runningtime of the analysisasymptoticallyfrom

to , where isthenumberof sharednemoryaccessei theprogramWe
thenpresenthreemethodghatextend SPMD cycle detectionto handleprogramswith
array accessedy incorporatinginto our analysisdatadependencénformation from
arrayindices.All threemethodssigni cantly improve the accurag of the analysisfor
programswith loops;eachdiffersin their relative precisionandoffersvaryingdegrees
of applicabilityandspeedsodeveloperscanef ciently exploit theirtradeofs.

The restof the paperis organizedas follows. We formally de ne the problemin
Section2 and summarizethe earlierwork on it in Section3. Section4 describesur
improvementgo the analysis'runningtime, while Section5 preseniextensiongo the
cycledetectioranalysighatsigni cantly improvethequality of theresultsfor programs
with arrayaccessesSection6 concludeghe paper

2 Problem Formulation

Our analysisis designedor sharedmemory(or global addresspace)rogramswith
an SPMD modelof parallelism.An SPMD programis speci ed by a single program
text, which de nesanindividual programorderfor eachthread. Threadscommunicate
by explicitly issuingreadsandwritesto sharedvariables.For simplicity, we consider
the programto be representedy its control o w graph, . An executionof anSPMD
programfor threadss asetof sequencesf operationseachof whichis consistent
with . An executionde nesapartialorder ,whichistheunionofthose sequences.

De nition 1 (Sequentialconsistency)An executionis sequentiallyconsistentf there
existsa total order consistentvith the executions partial order, , sud thatthetotal
orderis a correctserial execution.

We areinterestecnly in the behaior of the sharedmemoryoperationsandthus
restrictour attentionto the subgraphgontainingonly suchoperationsin generalpar
allel hardwareandcorventionalcompilerswill allow memoryoperationgo executeout
of orderaslong asthey presere the programdependencie$Ve modelthis by relaxing
the programordersfor eachthread,andinsteadusea subsef calledthedelayset

De nition 2 (Suf cient Delay Set).Givena programgraph andasubgaph ,
is asufcient delaysetif all executionsof are equivalento a sequentiallyconsistent
executionof

All executionamustnow obseneonly theprogramdependenciesithin eachthreadand
theorderingsgivenin . Intuitively, the delaysetcontaingpairsof memoryoperations
that executein order They are implementedby preventing programtransformations
thatwould leadto reorderingand by insertingmemoryfencesduring codegeneration
to ensurghatthe hardwarepreserestheorder A naive algorithmwill take to bethe
entireprogramordering , forcing compilersandhardwareto strictly follow program
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order A delaysetis consideredminimal if no strict subsetis sufcient. We are now
readyto statethe problemin its mostgeneraform:

Givenaprogramgraph for an SPMD parallel program, nd a suf cient mini-
mal delayset for

3 Background
3.1 RelatedWork

Shashaand Snir [20] pioneeredthe study of correctexecutionof explicitly parallel
programsand characterizedhe minimal setof delaysrequiredto presere sequential
consisteng. Their resultsare for an arbitrary setof parallelthreads(not necessarily
an SPMD program),but doesnot addressprogramswith branchesaliasesor array
accessedMidkiff andPadua[17] further demonstratethat the delay setcomputation
is necessaryor performinga large numberof standardcompile-timeoptimizations.
They alsoextendedShashandSnir's characterizatioto work for programswith array
accessedyut did not provide a polynomial-timealgorithmfor performingthe analysis.

KrishnamurthyandYelick [11,10] later shoved that Shashaand Snir's framewvork
for computingthe delaysetresultsin anintractableNP hardproblemfor MIMD pro-
gramsandproposed polynomial-timealgorithmfor analyzingSPMD programsThey
alsoimproved the accurag of the analysisby treatingsynchronizatioroperationsas
specialaccessesvhosesemanticds known to the compiler They also demonstrated
that the analysisenablesa numberof techniquedor optimizingcommunicationsuch
asmessag@ipeliningandprefetching.

Oncethe delay sethasbeencomputed sequentiatonsisteng canbe enforcedby
insertingmemorybarriersinto the programto satisfythe delays.Lee and Padua[14]
presenteé compilertechniquahatreducegshenumberof fenceinstructiondor agiven
delayset, by exploiting the propertiesof fenceand synchronizatioroperationsTheir
work is complementaryo ours,asit assumeshe delaysetis alreadyavailable,while
we focuson the earlierproblemof computingthe minimal setitself.

Recentstudieshave focusedon datastructuresfor correctandef cient application
of standarccompile-timeoptimizationsfor explicitly parallelprogramsLeeetal. [15]
introduceda concurrentCFG representatiofior summarizingcontrol o w of parallel
code,anda concurrenSSAform thatencodesequentiatiata o w informationaswell
asinformationaboutpossiblycon icting accessefrom concurrenthreadsThey also
shavedhow sereralclassicabnalysesindoptimizationscanbeextendedo work onthe
CSSAform to optimize parallelcodewithout violating sequentiatonsisteng. Knoop
andStefen [8] shavedthatunidirectionalbitvectoranalysesanbe performedor par
allel programgo enableoptimizationssuchascodemotionanddeadcodeelimination
withoutviolating sequentiatonsisteny.

3.2 Cycle Detection

Analysesin this paperarebasedon Shashand Snir's [20] cycle detectionalgorithm,
whichwebrie y describéhere All violationsof sequentiatonsisteng canbeattributed
to con icting accesses:
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De nition 3 (Con icting Accesses)Two shaed memoryopermations from differ-
entthreadsare saidto con ict if they accesgshe samememorylocation, and at least
oneof themis a write.

Con icting accessesre the mechanisnby which parallel threadscommunicate,
andalsothe meangby which onethreadcanobsene memoryoperationgeorderedy
another The programorder  de nes a partial orderon individual threads'memory
accessedyut doesnotimposeary restrictionson how operationgrom differentthreads
shouldbeinterleaved, sothereis not a single programbehaior againstwhich we can
de ne correctreorderingsinstead,a happens-beforeelation for sharedmemoryac-
cessegriginatingfrom differentthreadds de ned atruntimebasedn thetime of their
occurrenceso fully capturethe essencef a parallel execution.Due to its nondeter
ministic nature,eachinstanceof parallelexecutionde nes a differenthappens-before
relation,which may affect executionresultsdependingon how it orderscon icting ac-
cesses.

For a given parallel execution,let  be the partial orderon con icting accesses
thatis exhibited at runtime,which is determinedoy the valuesreturnedby readsfrom
writes. The graphgivenby capturesall informationnecessaryo reproducethe
resultsof a parallelexecution: ordersaccessesn the samethread,while  orders
accessefrom differentthreadsto the samememorylocation.If thereis a violation of
sequentiatonsisteny, thenfor two accesses issuedby thesamehread both
and arerelatedin . Viewedasagraph,suchasituationoccursexactlywhen

containsacycle thatincludes edges’ Sincewe cannotpredictat compilation
time which accessn a con icting pairwill happenrst, we approximate by ,the
con ict relationwhichis asupersebf andcontainsall pairsof con icting accesses.
Thecon ict relationisirre e xive,symmetricandnottransitve,andcanberepresented
in agraphasbidirectionaledgesbetweertwo con icting accesses.

The goal of Shashaand Snir's analysisis thusto perform cycle detectionon the
graph of a parallelprogram.Their algorithmusesthe notion of critical cycleto
nd theminimal delaysetnecessarfor sequentiatonsisteng:

De nition 4 (Critical Cycle). A critical cyclein is a simplecycle with the
propertythat for anytwo non-adjacennodes  in thecycle

In otherwords,whendetectingcycleswe always attemptto nd minimal cycles,
anda critical cycle canhave at mosttwo (successie) nodesin ary thread.Shashaand
Snir proved the following theorem[20] thatthe edgesin the setof critical cycles
form adelaysetthatguaranteesequentiatonsisteng:

Theorem1 (Existenceof a Minimal Delay Setfor SC).Let bethe setof edges

in straight-line code whee is part of a critical cycle Thenany

executionorder that preserveglelay is sequentiallyconsistentfurthermoe, the set
is minimal.

Figure2 shaws how a critical cycle canbe usedto computethe minimal delayset
for sequentiatonsisteny, for the samplecodefrom Figurel.

% Intrinsiccyclesin  dueto loopsareruledout.
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3.3 Cycle Detectionfor SPMD Programs

Detectingcritical cyclesfor anarbitraryprogramorder , unfortunatelyis NP-hardas
the runningtime is exponentialin the numberof threads Krishnamurthyand Yelick
[10] proposeda polynomial time algorithm for the commonspecialcaseof SPMD
programstaking advantageof the fact that all threadsexecuteidentical code. Their
algorithm,explainedin detailin [9], worksasfollows:

De nition 5 (Conict Graphsfor SPMD Programs).Consider tobetwocopies
of the original program , sothat and if .Dene tobethe
setof con icting accessesand

(1)
(2)
(3)
(4)

Thegraph , namedthe con ict graph, will alsobe usedin otheranalysede-
scribedlaterin this paper Theright sideof thecon ict graph  is identicalto ,
whiletheleft side  hasnointernaledgesandconnectgo theright sidevia thecon ict
edgesKrishnamurthyandYelick describednalgorithmthatcomputeghedelaysetby
detectinga back-pathin thetransformedyraphfor each edge andprovedthe
following theoremin [10]:

Theorem 2 (Cycle Detectionfor SPMD Programs).For an edge , if there
existsapathfrom to in ,then belonggo theminimaldelayset.Further
more, thedelaysetcomputeds thesameastheonede nedin Theoem1.

Basedontheabove theoremthey claimedthatcycle detectiorfor SPMD programs
canbeperformedn time (Algorithm 1), where is thenumberof sharednem-
ory accessem

4 A Faster Algorithm for SPMD Cycle Detection

In this sectionwe shav a slight modi cation of KrishnamurthyandYelick's algorithm
thatcancomputethe identicaldelaysetin time. Algorithm 1 is easyto under
standbut inef cient dueto the breadth- rstsearctrequiredfor eachnode.Insteadwe
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Input: and of aSPMDprogram
Output: delaysetfor
1.Construct  following thedescriptionsn De nition 5;

2. For every , performa breadth- rstsearchwith the vertex asroot;
3. Checkfor every whether s reachablestartingfrom  in , using
resultsfrom step2. If yes,then belongsto thedelayset.

Algorithm 1: KrishnamurthyandYelick's Algorithm for SPMD Cycle Detection

canimprove its runningtime by usingstronglyconnectedcomponent¢SCC)to avoid
theredundantomputationperformedior eachnode.Notethatproofsto theoremspre-
sentedn this paperhave beenomitteddueto spaceconstraintsjnterestedeaderscan
referto themin ourtechnicalreport[2] thatcontainghefull versionof the paper

Input: and of aSPMDprogram

Output: delaysetfor

1.Createthegraph  asappearedh De nition 5, by taking
2. Identify the stronglyconnectedomponentsn

3. For every node , nd the stronglyconnecteccomponent that 'scon-
icting accessebelongto. (Wewill prove thatthey mustall bein thesameSCC.);
4. For each , if thereis a pathfrom to in the direct agyclic

graphof SCCs,we add tothedelayset.

Algorithm 2: A Algorithm for ComputingDelay Set

Our algorithmis similar to the oneproposedn [12] in thatbothrely ontheconcept
of strongconnnectiity; an importantdistinction, however, is that we do not require
initializationwritesfor everyvariable If all accesseareread-onlystep3failsduetothe
absencef con icts, andnoedgeswill beaddedo thedelayset. Thisdifferencds vital
if we wantto combinethe algorithmwith synchronizatioranalysisof barriers,sinceit
is commonfor SPMD variablegto beread-onlyin somephase®f the program Before
proving Algorithm 2, we rst explain the claimin step3 thatall con icting accesses
of a nodewill belongto the samestrongly connecteccomponentin . Considera
node andary two of its con icting accesses_  _ ; Sincethereexist bidirectional
edgesdhetween _ and _ in _ (the edges)itisclearthatthey all belongto
the sameSCC.We cannow show thatfor a SPMD programthis modi ed algorithmis
equialentto Algorithm 1, andcalculateits runningtime:

Theorem 3. Algorithm 2 returnsthe samedelay set as Algorithm 1 for any SPMD
program.

Proof. Theproofcanbefoundin [2].

Theorem4. Algorithm2 runsin time where isthenumberof shaedaccesses
in

Proof. Theproofcanbefoundin [2].
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5 Extending SPMD Cycle Detectionfor Array Accesses

Anotherareain which the SPMD cycle detectionalgorithm can be improved is the
quality of the delay setfor array accessesilthough Theorem2 statesthat the delay
setcomputedy thealgorithmis “minimal”, theclaim holdsonly for straight-linecode
with perfectaliasinformation. Thealgorithmis thereforeoverly conserative whenan-
alyzingarrayaccessem loops;every edgeinsidealoop canbeincludedin thedelay
set,asa back-pathcanbe constructedisingthe loop's backedge.This hasan unde-
sirableeffect on performanceasthe falsedelayscanthwart usefulloop optimizations
suchasloop-invariantcodemotionandsoftwarepipelining.

In this section we presentan analysisframewnork that extendsSPMD cycle detec-
tion to handlearray accessesAfter describingan existing approachthat requiresex-
ponentialtime in Section5.1, we presenthreepolynomial-timealgorithmsthat could
signi cantly reducethe numberof delaysinsideloops.While all threetechniquesol-
lectinformationfrom arraysubscriptdo make the analysismoreprecisethey differin
their approachesor representingaind propagatingnformation: classicalgraphtheory
algorithms,data- ow analysis,andinteger programmingmethods.The choiceof the
threemethoddargely dependon the amountof informationthat canbe staticallyex-
tractedfrom thearraysubscriptsfor instancethedata- ow analysisapproaclsacri ces
someprecisionfor amoreef cient algorithm,andtheintegerprogrammingechniques
supportcomplex af ne arrayexpressionstthe costof increaseadtompleity.

For simplicity, we considemestedwvell-behaedloopsin C, whereeachdimension
of theloopis of theform A - , with thefollow-
ing provisions:both and - may be differentfor eachthread the loop index

is not modi ed in the loop body, andarray subscriptsareaf ne expressionof loop
indices.While the de nition may seemrestrictive, in practiceloopsin scienti ¢ ap-
plicationswith regularaccespatterndrequentlyexhibit this characteristicWe further
assumehatthe baseaddresf the arrayaccesss a constantandthat differentarray
variablesdo not overlap(i.e., arraysbut not pointersin C).

5.1 Existing Approach

Midkiff etal. [18] proposedatechniquethatextendsShashandSnir's analysisto sup-
port array accessedJndertheir approachgevery edgeof the con ict graph(nameda
s-level graphin their work) is associatedvith a linear constraintthatrelatesthe array
subscripton its two nodes A con ict edgegeneratesin equalityconstraintsincethe
existenceof acon ict impliesthesubscriptsnustbeequal Also, theconstrainbf each
con ict edgewill useafreshvariablefor theloopindex, asin generathe con icts can
happenin differentiterations.The constraintfor a  edgeis only slightly morecom-
plicated.Consider , where and represenpossiblydifferent
loopindex valuesand and areafne functions.Fromthede nition of we could
immediatelyderive where is a multiple of the loop increment,since

happensrst by programorder Theinequalityconstrainfor ~ depend®nthe
contet of the  edge;we specify if it is thebackedge,and otherwise.
Figure3 shavsthe constraintgyeneratedby eachedgein thesamplegraph.
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if (MYTHREAD == 1)

for i=0;i<N;i+=3){
Alil=c1; (S1) N )
B[i+1] = c2; (S2) \ )/
} N
if (MYTHREAD == 2) on,’
A o 2 1 /0 2
for (j=2;j<N;j+=2){ /\\
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Fig. 3. Con ict Graphwith Correspondingonstraints

if (MYTHREAD == 1)
for i=1;i<N;i++){

Alil=1; (S1)
Bli+1] = 2; (S2) R A
\\ ,/
if (MYTHREAD == 2) o\
for (i=1;1 <N; i++){ 0 1 K0 1 2
Bli] =3; (S3) 2N
Ali-1] = 4; (S4) SN
\
} g
- —

Fig. 4. Adding EdgeWeightsfor Cycle Detection

Oncetheconstraintarespeci ed,thenext stepis to generateall cyclesin thegraph
thatmaycorrespondo critical cycles(De nition 4). Midkif f etal. shovedthattheprob-
lemcanbereducedo nding solutionsto thelinearsystenformedby theconstraintof
every edgein thecycle; adelayis necessargnly for edgeson acycle with a consistent
linearsystemlf acycle satis esthecriteria,a nal Itering stepis appliedto seeif it
canbediscardedecausét sharecommonsolutionswith anothersmallercycle.

While theirtechniquesuccessfullyncorporateslependencmformationto improve
accurag of theanalysisjts applicabilityappeardéimited dueto two factors First,it does
not specifyhow to generatéhecyclesin thecon ict graph;thetotal numberof (simple
andnon-simple)yclesis exponentialin the numberof nodes soa bruteforce method
thatexaminesall is clearly not practical.Anotherlimitation is the costof solvingeach
linear system,which is equivalentto integer linear programminga well-known NP-
completeproblem.Sincea cycle cancontain edgesandthusconstraintssolving
the systemagainrequiresexponentialtime. As a result,in the next sectionwe will
presenseveralpolynomial-timealgorithmsthatmake cycle detectiorpracticalfor pro-
gramswith loops.
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5.2 Polynomial-time Cycle Detectionfor Array Accesses

Ouranalysidramenork combinesarraydependencimformationwith thecon ict graph,
exceptthatwe assigneach edgewith aninteger weight equalto the differencebe-
tweenthe array subscriptsof its two nodes.Scalarscan be consideredas array ref-
erenceswith a zero subscript.Also, an optional preprocessingtep can apply af ne
memorydisambiguationtechniqueg16] to eliminatecon ict edgeshetweernindepen-
dentarrayaccessesrigure4 illustratesthis constructiof, wherethe two edgesn the
loop bodyreceve weightsof and , andthebackedgesareassignedhe valueof
and to re ect boththe differencebetweerthe array subscriptsandtheincrementon
theloop index variableaftereachiteration.Con ict edgesalwayshave zeroweight,as
the presencef a con ict impliesthe two arraysubscriptanustbe equal.For anedge

, the goal of the analysisis not only to detecta pathfrom to in the
con ict graph,but alsoto verify thatthe back-pathtogethemwith the edgeformsa (not
necessarilsimple)cycle with zeroweight:

Theorem5 (Cycle Detectionwith Weighted Edges).Wth theaboveconstructionan
edee is in the delay setif it satis esthe conditionsin Theoem2, and
, whee is theweightofedge .

Proof. Theproofcanbefoundin [2].

Zero Cycle Detection: If all edgeweightsarecompile-timeconstantsTheoremb
canbereducedo theproblemof nding zerocyclesin thecon ict graph.Onthesurface
the reducedproblemstill seemdif cult to solve, as nding a simplecycle with zero
totalweightis known to be NP-completeFor our purposeshowever, we areinterested
in nding zerocyclesthat neednot be simple,asa zerocycle thatvisit a nodemulti-
ple timescorveys a delaydueto con icts amongarrayaccessem differentiterations.
Severalstudieqd7, 6] have presentedecurrencequationgandlinearprogrammingech-
niguesto solve the generalform of the ZERO-CY CLE problem,which determinegor
agraph with k-dimensionalvectoredgeweightsif it containsa cycle whoseweight
sumsto the zerovector In particular Cohenand Megiddo [3] provedthatzerocycle
detectionfor a graphwith x ed canbe performedin polynomialtime; they further
shavedthatthe specialcaseof canbeansweredn time usingamaodi ed
all pairsshortespathalgorithm,where is thenumberof nodesAlgorithm 3 computes
thedelaysetbasedn this result.

As eachinvocationof the zero cycle detectionalgorithm takes time, this
algorithmunfortunatelyhasa runningtime of . Thelossin ef ciency is compen-
sated,however, by obtaininga muchmore accuratedelay set. Figure 5 demonstrates
theanalysiss bene t: while plain SPMD cycle detection(Algorithm 1) will incorrectly
includeevery edgein the delaysetdueto spuriouscyclescreatedby theloop back
edge Algorithm 3 canaccuratelyeliminatetheseunnecessargelays.Anotherbene t
of this algorithmis thatit canbe easily extendedto supportmultidimensionalarrays.
For ak-dimensionalterationspacewe simply construct  usingk-dimensionalec-
torsasits edgeweights,with eachelementcorrespondingo a loop index variable.As

4 We shaved only theright partof thecon ict graph,astheleft partremainsunchanged
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Input: and of aSPMDprogram

Output: delaysetfor

Construct  following thedescriptionsn De nition 5;
Annotateeach edgein with its correspondingveight;

foreach do
Add to , with its edgeweight;
Runthezerocycle detectiomalgorithmfrom [3] on ;
If is partof azerocycle, addit to thedelayset;
end

Algorithm 3: HandlingArray Accesse§ hroughZeroCycle Detection

for (i=0;i<N;i++)
if (cond ) {

Ali]=1; (S1) Daladutuiaded!

Blil=2; (S2)

/leach thread runs 1
/lsame code

B —

[N

—_——

Fig. 5. SPMD Codefor which Algorithm 3 Is More AccurateThanAlgorithm 1

thelevel of loopnestsn realprogramgarelyexceed4 or 5, thismorecomples scenario
canstill be solvedin the sameasymptotidime asthe scalarweightcase.

Data- o w Analysis Approximation: The majorlimitation of Algorithm 3 is that
edgeweightsin generalmay not be compile-timeconstantsfor example,it is common
in scienti ¢ codeto have a loop performingstridedarray accessewith an eitherdy-
namicor run-timeconstanstridevalue.The signsof theweights,however, areusually
statically known, and using abstractinterpretationtechniqueq1] we candeducethe
signof a cycle'sweightsum.If every edgeof the cycle hasthe samesign, it cannever
be a zerocycle; otherwisewe conseratively assumehatit may satisfythe conditions
in Theoremb. Algorithm 4 generalizeshis notionby applyingdata- ow analysiswith
thelatticeand o w equationsn Figure6 to estimatethe weightsumof eachpotential

cycle.Foreach edge , representshe possiblesignof arny pathsfrom
to ;thereforejf isreachabldrom (indicatingaback-pathand is either
or ,byde nition will notbe partof ary zerocycle.

This approachs a soundbut consenrative approximationof the zerocycle detec-
tion problem,andthusmaycomputesomefalsepositive delays While it givesthesame
resultasAlgorithm 3 for Figure4 (delays)and5 (no delays)amorecomplicatedexam-
plein Figure3 illustratestheir differencesAlthoughthe zerocycle detectioralgorithm
correctlyconcludeghatsequentiatonsisteng could never beviolatedtheredueto the
absencef zerocycles,Algorithm 4, affectedby the neggative edgefrom  to , will
consenratively placeevery  edgein the delay set. For the commoncasesof loops



12 Wei-Yu Chenetal.
T

/ \ « OUT(B) = IN(B)

+
* IN(B) = U (Sgn(P,B) U OUT(P)),
where P is a predecessor of B.

0
Fig. 6. LatticeandFlow Equationgor Algorithm 4

Input: and of aSPMD program,with weightededges

Output: delaysetfor

Construct  following thedescriptionsn De nition 5;

foreach do
Initialize to be the sign of (oneof ), and to be
for all othernodes ;
Apply data- ow analysisstartingfrom  until no nodeshave their signschanged;
If isreachabldrom and , thenadd to thedelayset.

end

Algorithm 4: HandlingArray AccessedJsingData- ow Analysis

with monotonicarraysubscriptshowever, this analysisis asaccurateasthe onein the
previoussection.

Sincethelattice hasaheightof two, thedata- ow analysisstepwill nish in atmost
time. As theanalysisstepneedsto be donefor each edge,it appearghatwe
have a algorithm.The insight here,however, is thatwheninitializing the data-
o w analysidor anedge , cantakeonly oneof thethreedifferentvaluesit thus
sufces to runthedata- ow analysighreetimesfor eachnodein the graphto coverall
possiblenitial conditionsof theanalysis So Algorithm 4 hasaworst-case time
bound.Extensionof this approacho supportnestedoopsis straightforward; we can
run the analysisseparatelffor eachdimension,andaddan edgeto the delay setonly
whenall dimensiongeturnasignof either or

Integer Programming BasedMethod: In the mostgenerakcase arraysubscripts
will be afne expressionswith arbitrary constantcoefcients and symbolicterms,so
the previous methodsare no longer applicableas neitherthe value nor sign of edge
weightsarestaticallyknown. In this casewe canstill attempto performcycle detection
by adoptingthe techniquefrom Section5.1 to corvertit into aninteger programming
problem.To avoid the exponentialcostof exhaustvely searchingor cyclesandsolving
linear systemswe cantake advantageof the propertiesof our con ict graphrepresen-

tation.A edge canbe adelayonly if it hasa back-path such
thatthe generatedycle hasa consistensystemWhile the numberof back-pathsnay
be exponential they all sharethe structurethat both and are edges

crossingoetweertheleft andright partof thegraph.If theinternalpath con-
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tainsno edgesit canbeviewedasasingle edgeandrepresentedsoneconstraint
onthesubscriptof and

We have thussigni cantly reducedhe numberof cyclesthatneedto be considered
for each edge;sincea nodecan participatein at most con icts, the number
of suchcyclesnever exceeds . Furthermoresinceeachcycle examinedcannow
have only four edgesthe costof solving a linear systemis constantindependenbf
problemsize.This techniquds in a sensea consenrative approximatiorof Section5.1,
asit ignoresthe edgesin the internal path, which resultsin additionalconstraints
that may causethe systemto becomeinconsistentSuchan approximationhowever,
is necessaryor soundnessryway, sinceit may be possibleto constructa back-path
without usinginternalcon ict edgedor loopsof pureSPMD programs.

Input: and of aSPMDprogram
Output: delaysetfor
Construct  following thedescriptionsn De nition 5;
foreach do
Let and bethesetof con ict edgedor u andyv;
foreach and do
Constructhelinearsystemassociateavith thetwo con ict edgesasmentioned
above;
If thesystemhasanintegersolution,add tothedelayset;
end
end

Algorithm 5: HandlingArray AccessesJsing Integer Programming

Algorithm 5 describeshow to computethe delay setby solving the set of linear
constraintsFor each edgewe needto verify if thereexists a back-pathwhosecor-
respondindinear systemhasa solution;the solutionof the systemgivestheiterations
thatareinvolvedin the con ict. As anexample,for the edge in Figure3 we
canidentify its only pair of con ict edges and , which generateshe
following constraints:

()
(6)

Simplearithmeticrevealsthatthe systemhasno integer solution,andwe therefore
concludethatthe edgeis not partof the delayset.In the worst casethis algorithmwiill
take a runningtime of , asthe Cartesiarproductof edgesmayhave a
cardinality Like the previous methodsthis algorithmcanalsobe adoptedto support
multidimensionalarrays;eachdimensionof the accesss handledindependentlyand
an edgeis addedto the delaysetonly if all of its dimensionshave identi ed a linear
systenthatis consistent.
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5.3 Algorithm Evaluation

We have presentedhreepolynomial-timealgorithmsin this sectionthatextendSPMD
cycle detectionanalysisto supportarray accesses-ere we comparethe threetech-
niquesusingthe following criteria: applicability, accurag, aswell asrunningtime and
implementatiordif culty . In termsof applicability, thedata- ow analysismethodis the
clearwinnerasit canbeappliedevento subscriptwith non-afne terms,providedthat
thesignof theedgeweightsarestill computablelntegerprogrammingechniqués also
generaknoughto handleary af ne arrayaccessesyhile zerocycle detectioncanonly
applyto simplesubscripexpressionsWhatthezerocycle algorithmlacksin generality
however, it compensatewith greateraccurag by computingthe correctand smallest
delay set. Integer programmingalso offers good accurag, especiallywhen the loop
boundscanbe calculatedstaticallysothatthelinear systemcanincorporatenequality
constraintdetweenoop index variablesandthe loop bounds.The data- ow analysis
methadis, as expected,the leastaccurateof the threeand not compatiblefor loops
with non-monotoni@ccespatternsjts accurag, however, caneasilybeimprovedby
introducingmoreconstantaluesinto thelattice,atthe costof increasednalysigime.

With regardsof the running time, the data- ow analysistechniqueis clearly the
mostef cient, andis alsolikely to be moreeasilyincorporatednto a compiler's opti-
mizationframework. The integer programmingmethod,on the otherhand,is the most
dif cult to implementdueto the constructionandsolving of linear systemsThis sug-
geststhe following implementationstrateyy. In normal casesdata- ow analysiswill
be the methodof choice,while the more accuratezero cycle algorithmis appliedto
hot-spotsn the progranwhereaggressie optimizationis desiredtheintegerprogram-
ming techniquds usedfor complex af ne termswhereneitherzerocycle detectiomor
data- ow analysisis applicable.

6 Conclusion

In amultiprocessoervironment moststandargequentiatompileroptimizationsould
resultin unexpectedchangeso programbehaior becauseghey may reordershared
memoryoperationsin this paper we presentedin ef cient algorithmthat computes
the minimal delay setrequiredto enforcesequentialkconsisteng for parallel SPMD
programsThis analysiscanbe usedto implementa sequentiallyconsistenprogram-
ming modelonamachinethathasawealer model.In particularimplementingaglobal
addresspacdanguageon a machinewith remotememoryaccessesanbedoneby is-
suingnonblockingmemoryoperationdy default, exceptwhenthe compilerhasdeter
minedthata delaybetweermemoryoperationss neededFor machineswith aremote
lateng of thousandef machinecycles,the ability to overlapin this fashionis critical.
Ouralgorithmis basedntheconcepdf cycle detectionandhasanasymptotiaun-
ning time of , improving onaprevious algorithm.We have alsodescribed
techniquedor combiningarrayanalysiswith the SPMD cycle detectionalgorithm;this
further minimizesthe delay setthat guaranteesequentiatonsisteng without greatly
slowing down the analysis.Theanalysesrebasedn classicalgraphalgorithms data-
o w analysesandinteger programmingmethod.In practice,we expectthe data- ow
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analysismethodto be mostapplicable The proposedalgorithmshave madecycle de-
tectionmorepracticalfor SPMD programsthusopeningthe doorfor optimizationsof
parallelprogramghatdo not violate sequentiatonsisteny.
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