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Abstract

We continue the study of multicast cost sharing from the viewpoints of both computational
complexity and economic mechanism design. We provide fundamental lower bounds on the
network complexity of group-strategyproof, budget-balanced medanisms. We also extend a
classicalimpossibility result in game theory to shaw that no strategyproof mechanism can be
both approximately excient and approximately budget-balanced. Our results shav that one
important and natural caseof multicast cost sharing is an example of a canonical hard problem
in distributed, algorithmic medanism design;in this sensethey represen progresstoward the
developmert of a complexity theory of Internet computation.
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1 Intro duction

In the standard unicast model of Internet transmission, ead padet is sert to a single destination.
Although unicast servicehasgreat utilit y and widespreadapplicability, it cannot exciently transmit
popular content, such as movies or concerts,to a large number of receivers; the sourcewould have
to transmit a separatecopy of the cortent to ead receiver independertly. The multicast model of
Internet transmission relieves this problem by setting up a shared delivery tree spanning all the
receivers; padkets sert down this tree are replicated at branch points sothat no more than one copy
of eadh padket traversesead link. Multicast thus greatly reducesthe transmission costsinvolved
in reaching large user populations.
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The large-scale high-bandwidth multicast transmissionsrequired for movies and other potential
sourcesof reverue are likely to incur substartial transmission costs. The costs when using the
unicast transmission model are separablein that the total cost of the transmission is merely the
sum of the costs of transmissionto ead receiver. Multicast's use of a shareddelivery tree greatly
reducesthe overall transmissioncosts,but, becausehe total costis now a submaodular and nonlinear
function of the set of receivers, it is not clear how to sharethe costsamongthe receivers. A recert
seriesof papers has addressedthe problem of cost sharing for Internet multicast transmissions.
In the rst paper on the topic, Herzog, Shenler, and Estrin [HSE97], consideredaxiomatic and
implementation aspects of the problem. Subsequetly, Moulin and Shenler [MS01] studied the
problem from a purely economic point of view. Seeral more recert papers [FPS01, AFK+02,
ARO02, FGH+02] adopt the distributed algorithmic mechanism designapproacd, which augmens a
game-theoretic perspective with distributed computational concerns.In this paper, we extend the
results of [FPS01] by consideringa more generalcomputational model and approximate solutions.
We also extend a classicimpossibility [GL79] result by showing that no strategyproof mecanism
can be both approximately excient and approximately budget-balanced.

Before providing a detailed technical statemert of our results, we intro duce distributed algo-
rithmic medanism designand our model of multicast cost sharing.

1.1 Distributed Algorithmic Mechanism Design

We considerboth complexity and incertiv e issuesinherent in multicast cost sharing. This approac
is fairly new, as incentiv es have rarely beenan important consideration in traditional theoretical
computer science(TCS). Instead, users(or the computersacting on their behalf) are assumedeither
to be okedient (i.e., to follow the prescribed algorithm) or to be adversarieswho \play against”
ead other. The traditional TCS focusis on the designof computationally excient algorithms and
protocolsthat accomplishthe desiredaim in the presenceof these obediert or adversarial users.

In cortrast, the sel sh usersin gametheory are neither cooperative nor adversarial. Although
onecannot assumethat sel sh userswill obediertly follow the prescribed algorithm, one canassume
that they will respond to incentives. Thus, one need not design algorithms that achieve correct
results in the face of adversarial behavior on the part of someusers,but one doesneedalgorithms
that work correctly in the presenceof predictably sel sh behavior by all users. Achieving system-
wide goalslike Pareto etciency or fairnessin the presenceof sel sh agerts is the primary aim of
economicmedanism design(see[JO1] for a review). Howewer, this medanism-designliterature has
not typically consideredthe algorithmic etciency of mecanisms.

Thus, while the economicsliterature traditionally stressedincertivesand downplayed compu-
tational complexity, the computer-scienceliterature traditionally did the opposite. The emergence
of the Internet asa standard platform for distributed computation has changedthis state of a®airs.
Incentiv es have becomean increasingly important consideration in network-protocol design (see,



for example, [FNY89, FS97, HA88, KLO95, KS89, S88 S90, S95]). More recertly, the work of
Nisan and Ronen [NRO1] has inspired the design of algorithmic mechanismsfor, e.g., sdeduling,
load balancing, lowest-costpaths, and combinatorial auctions that satisfy both the traditional eco-
nomic de nitions of incentive compatibility and the traditional TCS de nitions of etciency. The
examplesof algorithmic mechanism designin [NRO1] use certralized computations and therefore
invoke notions of certralized complexity. More recert papers have intro duced distributed algorith-
mic mechanism design (DAMD), in which the computations are distributed and therefore require
distributed measuresof complexity. Feigerbaum, Papadimitriou, and Shenlker [FPS0]] proposea
general concept of \network complexity" that requires a distributed algorithm executed over an
interconnection network T to be modestin four respects: the total number of messageshat agers
sendover T, the maximum number of messagesert over any onelink in T, the maximum size of
a messageand the local computational burden on agerts. If a distributed algorithm requires an
excessie expenditure of any one of thesefour resourcesthen its \net work complexity” is unaccept-
able. This notion of network complexity allows the medanism designerto evaluate the feasibility
of executing the algorithmic medchanism in a decerralized setting. Network complexity is not (yet)
a precisely de ned notion, and further study of distributed algorithmic mecdhanismsis required to
formalize its de nition. Each of these four resourceshas been used as a measureof complexity
in the distributed computation literature; howewer, it is not standard to considerall four resource
constraints simultaneously.

A certral challengein the study of algorithmic mecanism designis the seard for hard prob-
lems and, more generally, the developmert of a full-°edged \complexity theory" of mecdanisms.
Super cially, a problem is hard if it cannot be solved in a manner that satis es both the incertiv e-
compatibility and the computational-tractabilit y requiremerts. There will be many problems for
which this cannot be done; NP-hard problems, for example, cannot be solved in a computationally
tractable manner (unless P=NP), and there are no etcient, strategyproof, and budget-balanced
solutions to general cost-sharing problems. However, we are not interested in hardnessper se but
rather in hardnessthat results from the interplay of incertive compatibility and computational
complexity. Thus, a more useful distinction is made by de ning a DAMD problem to be a canoni-
cal hard problent if eadh of thesetwo requiremerts can be satis ed individually , but they cannot be
satis ed simultaneously. Canonical hard problemswill help us understand the fundamertal nature
of hardnessin DAMD, asopposedto hardnessthat results solelyfrom computational issuesor solely
from incentiv e issues. When combined with earlier work in, e.g., [MS01, FPS01], the results that
we presen here shav that oneimportant and natural caseof multicast cost sharing is a canonical
hard problem; to the best of our knowledge, it is the rst such example in the literature. Like
\network complexity," \canonical hardness"is not (yet) a preciselyde ned notion; ultimately, one
would like to have well de ned network complexity classes,one or more natural notions of reduc-

In the extended abstract of this paper[FKS+02 ], these were called \representativ e hard problems." Here, we use
the term \canonical hard term" in order to be consistert with the DAMD survey paper [FS02].



tion, and canonical hard problems that are complete for someclass, but more natural examples
of good (and bad) distributed algorithmic medchanisms are neededin order to get to that point.
Further discussionof easinessand hardnessin DAMD can be found in [FS0Z.

1.2 Multicast Cost Sharing Mo del

We use the multicast-transmission model of [FPS01]: There is a user population P residing at a
set of network nodesN , which are connectedby bidirectional network links L. The multicast “ow
emanatesfrom a sourcenode ® 2 N; given any set of receivers R p P, the transmission °ows
through a multicast tree T(R) p L rooted at ®; and spansthe nodesat which usersin R reside. It
is assumedthat there is a universal tree T(P) and that, for ead subsetR u P, the multicast tree
T(R) is merely the minimal subtree of T(P) required to reach the elemens in R. This approad is
consistert with the designphilosophy embeddedin essetially all multicast-routing proposals(see,
e.g., [BFC93, DEF+96, HC99, PLB+99]).

Each link | 2 L has an assaiated cost ¢(l) , 0 that is known by the nodeson ead end, and
ead useri assignsa utilit y value u; to receiving the transmission. Note that u; is known only to
useri a priori, and henceuseri can strategize by reporting any value v;i , 0 in place of u;. A
cost-sharing mechanism determines which usersreceive the multicast transmission and how much
ead receiwer is charged. We let x; , 0 denote how much useri is charged and % denote whether
useri receivesthe transmission; 3% = 1 if the userreceivesthe multicast transmission, and 34 = 0

utilit y values exept u;. The mechanism M is then a pair of functions M (u) = (x(u); %{u)). The
practical feasibility of deploying the medanism on the Internet dependson the network complexity
of computing the functions x(u) and ¥{u). It isimportant to note that both the inputs and outputs
of thesefunctions are distributed throughout the network; that is, ead userinputs his u; from his
network location, and the outputs x;(u) and %(u) must be deliveredto him at that location.

The receiver set for a given input vector is R(u) = fi j % = 1g. A user'sindividual welfare
is given by w; = %u; i Xj. The cost of the tree T(R) reading a set of receivers R is ¢(T(R)),
and the overall welfare, or net worth, is NW(R) = ur i ¢(T(R)), whereug = ,gUu; and
c(T(R)) = P 127(r) C(1). The overall welfare measuresthe total bene't of providing the multicast
transmission (the sum of the utilities minus the total cost).

Our goal is to explore the relationship betweenincertivesand computational complexity, but,
beforewe do so,we rst commen on se\eral aspects of the model. The cost model we employ is a
poor re°ection of reality, in that transmissioncostsare not per-link; current network-pricing schemes
typically only involve usage-basedr °at-rate accesdees,and the true underlying costsof network
usage,though hard to determine, involve small incremental costs(i.e., sendingadditional pacetsis
essetially free)and large xed costs(i.e., installing alink is expensiwe). However, we are not aware
of a well-validated alternativ e cost model, and the per-link cost structure is intuitiv ely appealing,



relatively tractable, and widely used(e.g, in [AFK+02 , AR02, FGH+02, FPS01, JV01, MT02)).

We assumethat the total transmission costs are shared among the receivers. There are cer-
tainly casesin which the costswould more naturally be born by the source(e.g. broadcasting an
infomercial) or the sharing of costsis not relevant (e.g. a teleconferenceamong participants from
the sameorganization); in sud cases,our model would not apply. Howewer, we think that there
will be many cases,particularly those involving the widespreaddissemination of popular content,
in which the costswould be born by the receiwers.

There are certainly cases,suc asthe high-bandwidth broadcastof a long-lived event such asa
concert or movie, in which the bandwidth required by the transmission is much greater than that
required by a certralized cost-sharingmedanism (i.e., sendingall the link costsand utilit y values
to a certral site at which the receiver set and cost sharescould be computed). For these cases,our
feasibility concernswould be moot. Howewer, Internet protocolsare designedto be general-purpose;
what we addresshereis the designof a protocol that would sharemulticast costsfor a wide variety
of uses, not just long-lived and high-bandwidth everts. Thus, the fact that there are scenarios
(e.g., the transmission of a shuttle mission, as explained below) in which our feasibility concerns
are relevant is suxcient motivation; they neednot be relevant in all scenarios.

In comparing the bandwidth required for transmissionto the bandwidth required for the cost-
sharing medanism, one must considerseeral factors. First, and most obvious, is the transmission
rate b of the application. For large multicast groups, it will be quite likely that there will be at least
one user connectedto the Internet by a slov modem. Becausethe multicast rate must be chosen
to accommalate the slowest user, one can't assumethat b will be large. Second,the bandwidth
consumedon any particular link by certralized cost sharing mecanisms scaleslinearly with the
number of usersp = jPj, but the multicast's usageof the link is independen of the number of
users. Third, one must considerthe time increment ¢ over which the cost accourting is done. For
someeverts, such as a movie, it would be appropriate to calculate the cost sharesonce (at the
beginning of the transmission) and not allow usersto join after the transmission has started. For
other events, sud as the transmission of a shuttle mission, userswould come and go during the
course of the transmission. To share costs accurately in suc cases,the time incremert ¢ must
be fairly short. The accourting bandwidth on a single link scalesroughly as p, which must be
comparedto the bandwidth ¢ b usedover a single accourting interval. Although small multicast
groups with large ¢ and b could easily use a certralized medanism, large multicast groups with
small ¢ and b could not.

We have assumedhat budget-balancedcostsharing, wherethe sum of the chargesexactly covers
the total incurred cost, is the goal of the charging mechanism. If the charging medanism were
being designedby a monopoly network operator, then one might expect the goalto be maximizing
revenue. There have beensomerecert investigations of revenue-maximizing charging schemesfor
multicast (see,e.g. [FGH+02]), but herewe assume,asin [HSE97,MS01,FPS01,AFK+02, ARO02],
that the charging mechanism is decided by society at large (e.g. through standards bodies) or



through competition. Competing network providers could not charge more than their real costs
(or otherwise their prices would be undercut) nor lessthan their real costs (or elsethey would
lose money), and so budget balance is a reasonablegoal in such a case. For some applications,
such as big-budget movies, the bandwidth costswill be insigni cant comparedto the cost of the
content, and then di®erent charging schemeswill be needed,but for low-budget or free content
(e.g. teleconferenceshudget-balancedcost-sharingis appropriate.

Lastly, in our model it is the userswho are sel sh. The routers (represered by tree nodes),
links, and other network-infrastructure componerts are obediert. Thus, the cost-sharingalgorithm
doesnot know the individual utilities u;j, and so userscould lie about them, but oncethey report
them to the network infrastructure (e.g., by sending them to the nearestrouter or accourting
node), the algorithms for computing x(u) and ¥{u) can be reliably executedby the network. Ours
is the simplest possiblestrategic model for the distributed algorithmic medanism-designproblem of
multicast costsharing, but, evenin this simplest case,determining the inherent network complexity
of the problem is non-trivial. Alternativ e strategic models (e.g, onesin which the routers are
sel'sh, and their strategic goals may be aligned or at odds with those of their residernt users)
may also presern interesting distributed algorithmic medanism-design challenges. Preliminary
work along theselines is reported in [MT02]. Finally, we note that our framework of distributed
algorithmic medanism design includes both distributed information (inputs and outputs) and
distributed computation; there hasalsobeenwork on studying the impact of distributed information
alone on algorithmic mechanism design[MT99, NS0J.

1.3 Statement of Results

In order to state our results more precisely we needadditional notation and terminology.

A strategyproof cost-sharingmedanismis onethat satis es the property that w;(u) . wi(uj't;),
for all u, i, and 1. (Here, (uj'ti)j = uj, for j & i, and (uj'*;); = . In other words, uj'?; is
the utilit y proTe obtained by replacing uj by i in u.) Strategyproofnessdoes not preclude the
possibility of a group of userscolluding to improve their individual welfares. Any reported utilit y
pro le v can be considereda group strategy for any group S § fi j vi 6 ujg. A medanism M
is group-strategyproof (GSP) if there is no group strategy sud that at least one member of the
strategizing group improves his welfare while the rest of the members do not reducetheir welfare.
In other words, if M is GSP, the following property holds for all u;v, and S Y fiju; 6 v;g:

either wi(v) = wi(u); 8i 2 S;

or 9i 2 S sud that w;(v) < w;(u):

In general,we only considermedanismsthat satisfy four natural requiremerts?:

2The one exception is Section 4, in which we do not assumeSYM; that section contains an impossibility result,
and so not making this assumption only makesthe section stronger.



No Positiv e Transfers (NPT) : xj(u) , 0;in other words, the medanism cannot pay receivers
to receiwe the transmission.

Voluntary Participation (VP) :w;(u) , O;this implies that usersare not chargedif they do not
receive the transmission and that userswho do receiwe the transmission are not charged more than
their reported utilities.

Consumer Sovereignty (CS) : For given T(P)2 and link costsc(d), there exists some- such that
%(u) = 1if u; , -; this condition ensuresthat the network cannot excludeany agert who is willing
to pay a suzciently large amourt, regardlessof other agerts' utilities.

Symmetry 4 (SYM) : If i and j are at the samenode or are at di®erert nodes separatedby a
zero-costpath, and u; = u;, then x; = x;.

In addition to these basic requiremerts, there are certain other desirable properties that one
could expect a cost-sharingmedanism to possessA cost-sharingmedanismis said to be excient
if it maximizesthe overall welfare,and it is said to be budget-lalanced if the revenue raisedfrom the
receivers covers the cost of the transmission exactly. It is a classicalresult in gametheory [GL79]
that a strategyproof cost-sharingmecdanismthat satis esNPT, VP, and CS cannot be both budget-
balancedand excient. Moulin and Shenler [MS01] have shownn that there is only one strategyproof,
excient medhanism, called marginal cost (MC), de ned in Section4 below, that satis es NPT, VP,
and CS. They have also shavn that, while there are many GSP, budget-balancedmedanismsthat
satisfy NPT, VP, and CS, the most natural oneto consideris the Shapleyvalue (SH), de ned in
Section 2 below, becauseit minimizes the worst-caseexciency loss.

Both MC and SH also satisfy the SYM property. The egalitarian (EG) mecanism of Dutta and
Ray [DR89] is another well studied GSP, budget-balancedmedanism that satis es the four basic
requiremerts. Jain and Vazirani [JVO01] present a novel family of GSP, approximately budget-
balanced mechanisms® that satisfy NPT, VP, and CS. Each mecanism in the family is de ned
by its underlying cost-sharing function, and the resulting mecanism satis es the SYM property
wheneer the underlying function satis es it. We usethe notation JV to refer to the members of
the Jain-Vazirani family that satisfy SYM.

It is noted in [FPSO0] that, for multicast cost sharing, both MC and SH are polynomial-time
computable by certralized algorithms. Furthermore, there is a distributed algorithm given in
[FPSO01]that computesMC using only two short messageper link and two simple calculations per
node. By cortrast, [FPS01]notesthat the obvious algorithm that computesSH requires-( jPjQNj)
messagesn the worst caseand shows that, for a restricted class of algorithms (called \linear
distributed algorithms"), thereis aninnite setof instanceswith jPj = O(jNj) that require-( jNj?)

3For brevity, we often use T(P) to denote four componerts of a multicast cost-sharing problem instance: the

node-set N, the link-set L, the locations of the agerts, and the multicast-source location ®s.
4This straightforw ard de nition is lessrestrictiv e than the one given by Moulin and Shenker [MS01]. The SH, JV,

and EG mechanisms that we use as examples satisfy the more stringent de nition of symmetry in [MS01] as well.
5The medhanisms in [JVO01] actually satisfy a more stringent de nition of approximate budget balance than we

use; thus, our network-complexity lower bounds apply to them a fortiori .



messages.Jain and Vazirani [JV01] give cenralized, polynomial-time algorithms to compute the
approximately budget-balancedmecanismsin the classJV.
In this paper, we show that:

2 Any distributed algorithm, deterministic or randomized, that computes a budget-balanced,
GSP multicast cost-sharingmecanism must send-( jPj) bits over linearly many links in the
worst case. This lower bound applies, in particular, to the SH and EG mecanisms.

2 Any distributed algorithm, deterministic or randomized, that computes an approximately
budget-balanced, GSP multicast cost-sharing mecanism must send -(log (jPj)) bits over
linearly many links in the worst case. This lower bound applies, in particular, to the SH, EG,
and JV medanisms.

(In both these results, the \w orst case" is worst with respect to all possible network topologies,
link costs,and user utilities.)

In order to prove the rst of these lower bounds (i.e., the one for exact budget balance), we
“rst prove a lower bound that holds for all mecanismsthat correspond to strictly cross-monotonic
cost-sharing functions. Cross-monotonicity, a technical property de ned precisely in Section 2,
means roughly that the cost share attributed to any particular receiver cannot increaseas the
receiver set grows; the SH and EG cost-sharing functions for a broad classof multicast trees are
examplesof strictly cross-monotonicfunctions but not the only examples. Our lower bound on the
network complexity of strictly cross-monotonicmechanisms may be applicable to problems other
than multicast.

It is well known that there is no strategyproof mechanism that is both (exactly) excient and
budget-balancedon all problem instances[GL79]. This in itself does not rule out the existence
of a strategyproof mechanism that is approximately excient and approximately budget-balanced.
Howewer, we prove that this is alsoimpossible:

2 There is no strategyproof multicast cost-sharingmedanism satisfying NPT, VP, and CS that
is both approximately excient and approximately budget-balanced.

2 Exact submo dular cost sharing

In this section, we prove a basic communication-complexity lower bound that appliesto the dis-
tributed computation of many submodular cost-sharing mechanisms. We rst prove this lower
bound for all mechanismsthat satisfy \strict cross-monotonicity" aswell asthe four basic proper-
ties discussedin Section 1. We then show that, whenewer the underlying cost function is strictly
subadditive, the resulting Shapley-walue mecanism is strictly cross-monotonicand hencehas poor
network complexity. Finally, we discussthe special caseof multicast cost sharing and describe very
general conditions under which the multicast cost will be strictly subadditive. In particular, we
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preser an in nite family of instancesthat have strictly subadditive costsand shaw that, on these
instances,any cost-sharingmecdanismthat satis es the four basicrequiremerts is equivalert to SH
and must have poor network complexity.

Consider the general situation in which we want a mechanism to allow the usersto sharethe
cost of a common service. We restrict our attention to the caseof binary preferences:Useri is
either \included,” by which he attains utilit y u;, or he is \excluded" from the service, giving him
0 utilit y. A medhanism can usethe utilit y vector u asinput to compute a set R(u) of userswho
receive the service and a payment vector x(u). Further, supposethat the cost of serving a set
S 1 P of the usersis given by C(S). This cost function is called submalular if, for all S;T pu P, it
satis es:

C(S[ T)+ C(S\ T) - C(S)+ C(T):

Submodularity is often usedto model economiesof scale,in which the marginal costs decreaseas
the servicedsetgrows. One exampleof a submodular costfunction is the onepresered in Section1,
where the cost of delivering a multicast to a set R of receivers is the sum of the link costsin the
smallest subtree of the universal tree that includesall locations of usersin R.

Moulin and Shenler [M99, MS01] have shawvn that any mecanism for submaodular cost sharing
that satis es budget-balance,GSP, VP, and NPT must belongto the classof cross-monotoniccost-
sharing mechanisms A mecdhanismin this classis completely characterizedby its setof cost-sharing
functions g = fg; : 2P ! < 00. Here gi(S) is the cost that g attributes to useri if the receiver
setis S. For brevity, we will referto g = fgjg as a \cost-sharing function," rather than a set of
cost-sharing functions. We say that g is cross-monotonicif, 8i 2 S;8T u P; gi(S[ T) - gi(9).
In addition, we require that gi(S) , Oand, 8] 2 S; g (S) = 0. Then, the corresponding cross-
monotonic mecanism Mg = (¥{u); x(u)) is de ned asfollows: The receiwer set R(u) is the unique
largest set S for which gi(S) - uj, for all i. This is well de ned, because,if setsS and T eadh
satisfy this property, then cross-monotonicity implies that S| T satis esit. The cost sharesare
then set at x;(u) = gi(R(u)).

There is anatural iterativ e algorithm to compute a cross-monotoniccost-sharingmedanism[MS01,
FPSO01: Start by assuming the receiver set R® = P, and compute the resulting cost shares
x{ = gi(R%. Then drop out any userj sud that u; < x{; call the set of remaining users R*.
The cost sharesof other usersmay have increased, so we need to compute the new cost shares
x! = gi(RY) and iterate. This processultimately corverges,terminating with the receiwer set R(u)
and the nal cost sharesx;(u).

Now, we considera subclassof the cross-monotonicmedanisms:

Denition 1 A cross-monotonic cost-sharing function g = fg; : 2° ! < o9 is called strictly
cross-monotonic  if, for all S % P;i 2 S;andj 2 S, g(S[ j) < g(S). The correspnding
mechanism Mg is called a strictly cross-monotonic mechanism.

We now prove a lower bound on the communication complexity of strictly cross-monotonic
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S=11;2;¢¢¢rg

Figure 1. The set disjointness problem

cost-sharing medanisms. Our proof is a reduction from the set disjointness problem: Consider a
network consisting of two nodes A and B, separatedby a link | (seeFigure 1). Node A has a set
Sipf1;2;:::;rg, node B hasanother setS, p f1;2;:::;rg, and one must determine whether the
setsS; and S, are disjoint. It is known that any deterministic or randomized algorithm to solve
this problem must send -( r) bits between A and B. (Proofs of this and other basic results in
communication complexity can be found in [KN97].)

Theorem 1 SupmseMy is a strictly cross-monotonic mechanism corresmnding to a cost-sharing
function g and satisfying VP, CS, and NPT. Further, suppsethat the mechanism must be computed
in a network in which a link (or setof links) | is a cut and there are -( jPj) userson each side of
|. Then, any deterministic or randomizel algorithm to compute My must send-( jPj) bits acrossl|
in the worst case.

Pro of: For simplicity, assumethat the network consistsof two nodesA and B connectedby one
link | and that there arer = jPj=2 usersat ead of the two nodes. (The proof of the more general

d> O sudc that, forall S¥%P;i 2 S;j 2 S,
G(S[i)<a(Si d
For eac useri 2 P, we will de ne two possibleutilit y valuest- and t"' as follows:

2 First, the valuesfor a; and b; are

th = g, (fag;big);  t5, =th i d

th = on(fay;bug);  th =thi d
2 Similarly, the valuesfor ax and b are
th = da(faagiiachybyiibg);  th =t i d

th = b (fasaz i ac by i), th = th i d
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Now, we shov how to reducefrom the set disjointness problem to the medanism M 4. Node A

8i 2 S Uy = tf

8i 2S; Uy = t5

Similarly, node B is given set S, and constructs a utilit y vector v for the usersat B, de ned by

8i282 Vp =

|
—
o

8i2S; vy =ty

They now run medianism Mg on input (u;v) and chek whether the receiver set Rg(u;Vv) is
empty.
Claim : Rg(u;V) is empty i® S; and S; are disjoint.
Pro of of claim: To show the \if " direction, we can simulate the iterativ e algorithm to compute
the receiver set. We start with R = P. Then, becauseS; and S, are disjoint, either r 2 S; or
r 2 S,. Assume,without loss of generality, that r 2 S;. Now, us, = t5 < g (R), and hencea,
must drop out of the receiver set R. But now, becauseof strict cross-monotonicity, it follows that
o (Pi farg) > gy (P)+d> tg, and so by must also drop out of the receiver set. Repeating this

Uy = t§ = 0a(T), and va = tf = gy (T). Further, for all j < i, it follows from strict cross-
monotonicity that g, (T) < tgj © Ug, and gy (T) < th - Vg (T). Thus, the receiver set Rg(u; V) 1
T, and henceit is nonempty. 2

Theorem 1 follows from this claim and the communication complexity of set disjointness. 2

2.1 Strictly Subadditiv e Cost Functions

In this section,we show that, for a classof submodular costfunctions, the Shapley-value mecanism
(which is perhapsthe most compelling medanism from an economicpoint of view) is strictly cross-
monotonic and hencehaspoor network complexity. We alsoshaw that this is not a property peculiar
to the Shapley-value mecanism alone; for these cost functions, the poor network complexity holds
for a large classof medanisms.

Theorem 1 provides a suxcient condition, strict cross-monotonicily, for a mecanism to have
poor network complexity. However, for some submodular cost functions, it is possible that no
medanism satis es this condition: If the costs are additive, i.e., if the cost of serving a set S is
exactly the sum of the costs of serving ead of its members individually, then there is a unique
medanism satisfying the basic properties. This mecanism is de ned by:

R(u) = fijui, C(fig)g
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Xj(u) = C(fig) if i 2 R(u); and x;(u) = 0 otherwise

This medanism is very easyto compute, either certrally or in a distributed manner, becausethere
is no interaction amongthe users'utilities; in essencewe have jPj independert local computations
to perform.

We needto exclude these trivial cost functions in order to prove general lower bounds for a
classof submadular functions. This leadsus to considersubmaodular costfunctions that are strictly
sutkadditive:

8SUP;S6;; 8i2P; C(S[ fig) < C(S)+ C(fig)

For a givencostfunction C, there may be many g = f g;g for which the corresponding mecanism
Mg satis es the basic properties NPT, VP, CS, and SYM. However, Moulin and Shenler [M99,
MSO01] have shown that, for any given submadular cost function, the cross-monotonicmedanism
that minimizes the worst-caseezciency lossis the Shapley-value mecanism (SH). This is a cross-
monotonic cost-sharingmechanism corresponding to a function gS", de'ned by:
jRI!(Sji iRji 1)
jSjt

8SuP 82s; g"(S) =
Ru Sif ig

[C(R[ fig)i C(R)] (1)

The SH medanism is therefore a natural mecanism to choosefor submodular cost sharing. The
following lemma shaows that this mechanism has poor network complexity.

Lemma 1 The Shapley-valuemechanism for a strictly sukadditive cost function is strictly cross-
monotonic.

Pro of: We needto shaw that, for all setsS, for alli 2 S;j 2 S, g°H(S[ fjg) < g°H(S). The
proof follows directly from the de nition of g (S) in Equation 1.  We use MC;(R) to denote
[C(R[ fig)i C(R)], the marginal cost of servingi in setR. ConsiderasetS u P fjgandauser
i 2S. Letr = jRj;s=jS].

: X ri(sj r)!
(S fig = L MCi(R
g (S[ fig) st o e s+ D) (R)
X ri(si r)! _ (r+1si ri 1 R
Ry Sif ig WMCI(R)-'- (s+ 1) MCi(R[ fig)
_ X arlsiori ) s r+1 s
= N IS! [ S_"_ 1MCi(R)+ o 1MCi(R[ fjg) 2)
Ru Sif ig

It follows from submadularity of coststhat, for all R, MC;(R[ fjg) - MC;(R). Further, strict
subadditivity implies that, for R = ;, MC;(R[ fjg) < MC;(R). Thus, Equation 2 yields
ri(sj rij 1)

SH i
g’ (S[ fjg) < o

MCi(R)
Ru Sif ig

g (s fig < ¢"(s)
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Corollary 1 For a strictly sukadditive cost function, any algorithm (deterministic or randomizetd)
that computesthe SH mechanism in a network must communicate -( jPj) bits acrossany cut that
has £( jPj) userson each side of the cut. 2

Note that the network may consistof a root node ®; with no residert users,a node A with j%j
residert users,another node B with “%j residert users,a link from ®; to A, and a path from A to
B consistingof jNjj 3 nodes,ead with no residert users. Each link in the path from A to B isa
cut with £( jPj) userson ead side, and thus -( jPj) bits must be sert acrosslinearly many links.
In what follows, we call thesethe path instances

2.2 Multicast cost sharing

We now return to the special caseof multicast cost sharing. Recall that the cost function assai-
ated with an instance of the multicast cost-sharingproblem is determined by the structure of the
universalmulticast tree T, the link costs,and the locations of the usersin the tree; sothe cost C(S)
of servingusersetS p P is i 127(s) (1), where T(S) is the smallestsubtree of T that includes all
nodes at which usersin S reside. It is not hard to show that there are many instancesthat give
rise to strictly subadditive functions C. In fact, we have the following lemma:

Lemma 2 Consider any instance of multicast cost sharing in which, for every two potential re-
ceiversi and j, there existsa link | 2 T(fig)\ T(fjg) suchthat c(l) > 0. The cost function
assaiated with this instance is strictly sukadditive.

Pro of: GivenSpu P i, pickanyj 2 S. Let | beany link in T(fjg)\ T(fig) with c(l) > 0. Then,
C(S[ fig) - C(S)+ C(fig)j c(l) < C(S) + C(fig). 2

For example, wheneer the sourceof the multicast has only onelink from it, and this link has
non-zero cost, the assaiated cost function is strictly subadditive. One sud family of instances
(parametrized by p = jPj) is shavn in Figure 2. There are three nodes, ®s, A, and B, and p

users. There are (p=2) usersat eat of B and A, with utilities uq;uz;:::; up and vi;vyp;:i: Ve,
respectively. The link 1; between®; and A costsC, while the link |, betweenA and B is free (has
0 cost).

It follows immediately from Corollary 1 that the Shapley-value medanism for this family of
trees requires-( jPj) bits of communication acrosslinearly many links. In addition, we now showv
that any medhanism that satis es the basic properties, such as EG, must be identical to the SH
mecanism on instancesof the type shawvn in Figure 2; thus, the lower bound extendsto all suc
medanisms.

Lemma 3 Consider multicast cost-sharing instances of the type shownin Figure 2. Let M4 be a
cross-monotonic cost-sharing mechanism that satis es SYM, corresmnding to a cost-sharing func-
tion g= fgig. Then, g (and My) are completely determined on theseinstances by

C

8SUP;82S gl(S)= J§J
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2

Figure 2: Multicast tree with strictly subadditive costs

Pro of: For any receiver set S, if the utilit y valuesof all usersin S areincreasedto somesuzciently
large value, the receiver setwill still be S. Becausethe medanism satis es SYM, this implies that
gi(S) = g (S) for any pair i; j in this set. The budget-balancerequiremert then forcesg;(S) = J%J
for all i in setS. 2

It follows from Lemma 3 that any such medcanism must be strictly cross-monotonicon this
family of instances. Thus, Theorem 1 and Lemma 3 imply the following lower bound for multicast
cost sharing. The worst-caseinstancesinclude the path instancesde ned in Section 2.1, with cost
C on the link from ®; to A and cost 0 on all the other links; theseinstancesare identical to the
onesin Figure 2, exceptthat they contain a zero-costpath of length jNji 2 from A to B instead

of a single zero-costlink.

Theorem 2 Any distributed algorithm, deterministic or randomized, that exactly computesa budget-
balanced, GSP multicast cost-sharing mechanism that satis es the four basic properties must send
-( jPj) bits over linearly many links in the worst case. 2

Note that this lower bound appliesto the EG medanism for multicast cost-sharingde ned in
Section 1.

3 Network complexit y of appro ximately budget-balanced mecha-
nisms

In view of the lower bounds presened in Section2, it is natural to askwhether one can approximate
a budget-balanced, GSP mechanism in a communication-excient manner. In this case,we do not
have a cleananalogueof Corollary 1, becausecross-monotoniccost functions no longer characterize
the classof feasible mechanisms. Howewer, for the special caseof multicast cost sharing, we can
still prove a result similar to Theorem 2 that provides a lower bound on the network complexity of
approximately budget-balanced, GSP mecanisms.

14



First, we recall the de nition of an\approximately budget-balanced" medanism. As explained
at length in, e.g, [NROO, AFK+02], one cannot de ne an approximation of a cost-sharing mec-
anism (¥%x) simply as a pair (3£ x9 sud that 34 and x° approximate ¥ and x, respectively, as
functions. Such an approact may destroy the game-theoreticproperties of (¥%;x), e.g., the resulting
\mechanism" (3% x9 may not be strategyproof! For our purposesin this section, a - -approximately
budget-lalanced mechanism, where - > 1 is a constart, is a mecanism (%x) with the following
properties: VP, NPT, CS, SYM, and

8c(®; T(P); andu: (1=-) ¢c(T(R(w))) - * Xi(u) - - ¢c(T(R(u))):
i2R(u)

An approximation to a speci ¢ budget-balancedmedanism sudch as SH or EG would have to
satisfy at least one additional (non-strategic) condition. For example, becauseSH is the GSP,
budget-balanced mechanism that minimizes worst-case exciency loss, an approximation to SH
would have to comewithin a constart factor of SH's exciency lossin the worst case.

We extend the lower-bound technique of the previoussectionsothat it appliesto - -approximately
budget-balancedmedanisms, when - is upper-bounded away from 2,i.e.,when- - 2; 2, for
some xed 2 > 0. As before, we want to reduce from the set-disjointness problem where node A
hasasetS; u f1;2;:::;rg, node B has another set S; p f1;2;:::;rg, and one must determine
whether the setsS; and S, are disjoint. We again construct the multicast tree shown in Figure 2

We rst prove somebasiclemmasabout group-strategyproof mecanismsfor this multicast cost
sharing problem.

Lemma 4 Let M be a - -approximately budgetbalanced mechanism for the multicast cost sharing
problemin Figure 2 that satis es GSP. Then, if 1 is a utility pro le of the p userssuchthat

9h, 1lsuchthat8i 2f1;2:::;hg ;> -C=h
then the receiver set R(*) speci ed by this mechanism is nonempty.

Pro of: Let ! be suc a utilit y prole, and considerany value of h for which the given condition
holds. Let ! ;s be the bound for which the CS condition holds, ice:, if 1; , 1s) i 2 R(Y). Let
S=1f1,2::::hg. Dene autility prole 1S by

1

2 s 8i2S
1S 1, 8i2S

By the CS condition, S p R(*S). Further, by the SYM condition, we must have 8i;j 2
S; xi(*S) = xj(*5). Further, becausethe NPT condition implies that xj(*S) , 0, for alli 2 S,
and the approximate budget-balance condition requiresthat the reverue be bounded by -C , we
must have x;(: S) - -C =h, foralli 2 S.
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It followsthat 8i 2 S, x;(*S) < ;. Now supposethat R(*) is empty. Then, at utility proTe !,
the coalition S could strategize to report a utilit y proTe tS; then, for ead i 2 S, i would receive
the transmission and pay lessthan *; for it. This would constitute a successfulgroup strategy,
which contradicts the assumptionthat M is group-strategyproof. 2

Lemma 5 Let M be a - -approximately budgetbalanced mechanism for the multicast cost sharing
problemin Figure 2 that satis es GSP. Then, if t is a utility prole suchthat

g, Yo, i1, 'y and
®h ., 1suchthat 1y, C=(-h)

then the receiver set R(*) speci ed by this mechanismis empty.

Pro of: Let ! be such a utility prole, and let S = R(*). Supposethat S 6 ;. Let h =
maxfiji 2 Sg, which impliesthat 8i 2 S; *; , !}. By the conditions of the lemma,* < C=(-h);

I s

thus, the approximate budget-balance condition combined with VP implies that 9 2 S such
that x;(*) > xp(*). It then follows that *; > *y. (If *; = 1y, then by SYM we would have
Xj (1) = xn(*).)

Now, de ne the utilit y proTe *9by

1 = 1

0 )
h — J
0 1, 8i6h

1

If h 2 R(*9, then at utilit y proTe * © h could strategizeto report  , and get transmission with
payment Xy(*); this would be a successfulstrategy becausexn(*) < xj(t) - *j =1 ﬁ. Mechanism
M is strategyproof, sowe must have h 2 R(* 9. Further, we must also have x,(* 9 = xn(*) for the
samereason: If xy(*9 > x,(*), then h could strategizeat 1 © and, if x,(*) > xn(* 9, then h could
strategizeat *.

Now, by applying the SYM condition at * % we must havej 2 R(*9 and x; (* 9 = xn(* 9. This
implies that X; (9 = xp(*) < Xj(*). But now, h and | could collude and strategize at * to report
10 this strictly increasesj's welfare (as her paymert is strictly reduced), and leaves h's welfare
unchanged, and henceit would be a successfulgroup strategy. This contradicts the fact that M
satis es GSP. 2

The ordering condition *;, , >, :::, 1, in Lemma5 is only included for simplicity of the
exposition; we can always relabel the agens sud that it holds.

Theorem 3 Any distributed algorithm, deterministic or randomizel, that computesa - -approximately
budget-lalanced, GSP multicast cost-sharing mechanism, where - - 2i 2 for some xed 2 > 0,

must send-( "ng“,j‘) bits of communication over linearly many links in the worst case.
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Pro of: It is more cornveniernt to work with an alternativ e represenation of the input utilit y vectors.
We useonly a restricted set of the possibleutilit y vectorsu and v for the userslocated at nodesB
and A respectively, where (u; v) satis es the following conditions:

2 Let = 3(- + H2=(2j (- + H?), where+> 0is an arbitrarily small constart only required
to make the inequalities strict. Restrict the set of allowable utilities to T = f0;t—.1;:::;t—0,
where

__ (+HC
t ;i - Z_T .

2 Each of u and v is (internally) sorted, i.e., i < j ) uj, ujandv; , Vvj. There is no
restriction on the relationship betweenu; and v;.

Consider node B. De ne ng(q) to be the number of usersat node B who have utilit y at least

For this classof utilit y pro les, there is a one-to-onemapping betweenvaluesof u andy. Because
u is sorted, the monotonically decreasingfunction ng (9 completely de nes the utilit y vector; u;
must be the largest q for which ng (q) > 0, and soon. Furthermore, by de nition, there is a unique
y for any u. A similar correspondenceholds for v and z.

We rst prove a useful lemma about approximately budget-balancedmedanismson this class

of instances.

Lemma 6 Let M be a - -approximately budget-lalanced mechanism for the multicast cost sharing
problem in Figure 2 that satis es GSP. Let vectors y, z be de ned correspnding to the utility
pro les u and v, as descrited atove. Then, M satis es the following two properties:

(). If thereis ani suchthat (y; + z) ., 2 '*1, then mechanism M will compute a non-empty

receiver set on this instance.

(i). If for all i wehave(y;+z) - (37'+'*1), then mechanismM will compute an empty receiver

set on this instance.

Pro of: (i): Obserwe that with a suitable ordering of the players, the conditions of Lemma 4 are
satis'ed if (y; + z), 2 '*1.
(i): Assumethat the receiver setis non-empty and that the conditions of Lemma 5 do not apply
due to the presenceof someh such that h ¢t , C=-, where?! is the utilit y pro le of P sorted in
decreasingorder.
Let 'y = t— for somek. Sinceh - yy + z, we note that h ¢ty - (ykx + z)t— - (3 k+
K1)t = C=(- + 4). This violates the assumptionthat h ¢ty , C=-. 2
We now useLemma6 to provide a reduction from the setdisjointnessproblem asfollows. Recall
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make sure that, if S;\ S; 6 ;, there is a set of receivers who can share-C , and, if S;\ S, = ;,
there is no set of receivers who can share even C=-. For this, we construct the vectorsy and z
using the rules:

yi = d'"le ifi2s;
yi = d'e otherwise
z = d'"le ifi2g
z. = d'e otherwise

These are valid input vectors, becausey; - vyi+1 and similarly for z. If i 2 S;\ Sp, then
yi + zi . 2 "1 and sothere is transmission. If S; and S, are disjoint, then, for all i,

Yi+Zi<_i+_i+1+2< 3_i+—i+l .

’

where the 2 arisesbecauseof the ceiling terms.
This meansthat, in the target instance,

C
(i + z)ti < —

and consequetly there is no transmission.
Thus, we can usethis - -approximate mecanism to solve the set-disjointness problem, and this
implies that the mechanism must use-( r) bits of communication, where

H 1 H
f= £ logp - ¢ logp

log” = 2log(- +3)i log2i (- + )?)

il

If we require - to be upper-bounded away from P 2, then the right-hand sideis £( l'g%). Thus,
the statemert of the theorem follows. 2

We note that this lower bound appliesto the approximate medanismsdescribed in [AFK+02 ]
and [JVO01]. The medanisms SF and SSF described in  [AFK+02] provide the best known corre-
sponding upper bound: They require -( h ¢|'g%) utilit y valuesto be communicated on ead link to
achieve - -approximate budget balance,where h is the height of the multicast tree T(P).

4 An imp ossibilit y result for appro ximate budget-balance and ap-
pro ximate ezciency

As stated in Section 1, it is a classicalresult in game theory that no strategyproof cost-sharing
medanism can be both budget-balancedand excient [GL79, Rob79. We now consider whether
this fundamental impossibility result holds when the budget-balanceand e+ciency considerations
are replaced by their approximate counterparts. In this section, we do not assumethat the cost-
sharing medanismshave the SYM property; the impossibility result that we presen here doesnot
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ROOT
l1
Cost= (p-1)C/p + +

up = Clp uz = Clp LRI u, = Clp

Figure 3: An example of a multicast tree that fails to achieve approximate e+ciency and approxi-
mate budget-balance.

require this assumption. Furthermore, this result only requiresthe mechanismto be strategyproof,
not GSP asin Section 3.

We rst reviewthe de nition ofthe MC mecanism, which wasshown by Moulin and Shenler [MS01]
to be the only excient mechanismthat satis es VP, NPT, and CS. Given an input utilit y pro le u,
the MC receiwer setis the unique largestezcient set of users. To computeit, asshavn in [FPS01],
one recursively computesthe Welfa(r)e (also known ials net worth or exciency) of each node 2 N:

_ X X
W()= W(E)g i cl)+ Ui ;
°2ch(") i2Res(")
W (°), 0
where Ch(") is the set of children of — in the tree, Res( ) is the set of usersresidert at , and c(l)
is the cost of the link connecting  to its parent node. Then, the largest etcient set R(u) is the
set of all usersi such that every node on the path from i to the root ®s has nonnegative welfare.
The total exciency is NW (R(u)) = W(®s).
Another way to view this is as follows: The algorithm partitions the universal tree T(P) into

the child node has nonnegative welfare. R(u) is then the set of usersat nodesin the subtree T1(u)
containing the root.

Once F (u) has beencomputed, for eat useri, de ne X (i; u) to be the node with minimum
welfare value in the path from i to its root in its partition. Then, the cost sharex;(u) of useri is
de ned as

Xj(u) = max(@©O;u; i W(X(i; u))) 8i 2 R(u)
Xi(U) = 0 8i 2 R(U)

If multiple nodeson the path have the samewelfare value, we let X (i; u) be the one nearestto i.
By a °-approximately excient mechanism, where0O< ° < 1, we meanonethat always achieves
total exciency that is at least ° times the total exciency achieved by MC.
We can ask whether there is any strategyproof medcanism that satis es the basic requiremerts
of NPT, VP, and CS and is both approximately excient and approximately budget-balanced. We
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now shaw that this is impossible,using the following approac: We construct a family of multicast
trees and utilit y pro les for which any approximately excient medanism must transmit to all
users. We shaw that the strategyproofnesscondition and the VP condition together place an upper
bound on the revenue collectedin theseinstances. This upper bound is lessthan that required for
even approximate budget balance,and hencewe have our negative result.

Consider the tree in Figure 3. There are p users,ead with utilit y C=p residert at a node A
that is separatedfrom the root node by a link of cost ((pj 1)C=p) + £. It is easyto seethat this
instance of multicast cost-sharingdisplays the following properties.

Prop erty 1 Any °-approximately excient mechanism must transmit to all p usersif 0 < < C=p.

Prop erty 2 Any °-approximately excient mechanism must transmit to all p users evenif one
user, say i, lowers his utility to £+ 2, aslongas*+ 2 < C=p.

Prop erty 3 Any °-approximately etcient, strategyproof mechanism that satis es VP assignsto
each user a cost share of at most +.

If the costsharex;(u) weregreaterthan %, the useri could strategize by claiming that his utilit y
wasv; = £+ 2 < x;(u). By VP and the requiremert of °-approximate exciency, the mecanism
would needto include useri and assignhim a costsharex;(uj'vi) - vi < x;(u), which would imply
a violation of strategyproofness.

Therefore, the revenue collected by a strategyproof mecanism that achieves ° -approximate
exciency is bounded from above by p+

Prop erty 4 A °-approximately excient, strategyproof mechanism cannot be - -approximately budget-
balanced if +< (C(pi 1))=(p(-p i 1)).

In summary, we have:

Theorem 4 A strategyproof mechanism for multicast cost sharing that satis es the basic require-
mentsof NPT, VP, and CS cannot achieveboth ° -approximate exciency and - -approximate budget-
balance for any pair of constants- and °.

5 Conclusions and open problems

As we explained in Section 1, one certral challengein the study of algorithmic mecanism de-
sign is the seard for hard problems. A problem may be consideredto be a \canonical hard
problem" if it cannot be solved in a manner that satis es both the incentive-compatibility and
the computational-tractabilit y requiremerts but becomeseasyif one of thesetwo requiremerts is
dropped. Our results shav that, under the basic requiremerts of NPT, VP, CS, and SYM, ex-
act computation of budget-balanced multicast cost sharesis such a problem. In this context, a
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problem is consideredcomputationally tractable if it can be solved by a distributed algorithm with
low network complexity; a solution is consideredincertive compatible if it is group-strategyproof.
Theorem 2 shaws that the problem is hard if both requiremerts are to be satis ed simultaneously.
If the computational-tractabilit y requiremert is dropped, the problem is easy: Just use the SH
medanism and compute it using the natural (centralized) polynomial-time algorithm explained
in Section 2 above. If the incentive-compatibility requiremert is drogped, it is easyaswell: Just
do one bottom-up passof T(P), computing U = ,puiand C = |, c(l). If C > U, no one
receivesthe transmission, and the medanism does one top-down passto inform all members of P
that this is the outcome;if C - U, everyone receivesthe transmission, and the mecanism does
one top-down passto communicate the cost share(u; ¢C)=U to useri, for all i 2 P.

The most important generaldirection for future work is the seard for more good distributed
algorithmic medanismsand for more canonical hard problems. Additional generalopen questions
in DAMD can be found in [FS0Z.

More speci cally, we ask whether the lower bound in Section 3 is tight. The \scaled step-
function” (SSF) mecanism consideredin [AFK+02] gives some hope that it is, but the bounds
on budget-imbalanceand exciency-lossfor SSFare not constart factors. Another interesting open
guestion is to ask if the communication lower bounds extend to strategyproof (but not necessarily
group-strategyproof) budget-balancedmedcanisms.
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