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Abstract

We continue the study of multicast cost sharing from the viewpoints of both computational

complexity and economic mechanism design. We provide fundamental lower bounds on the

network complexity of group-strategyproof, budget-balanced mechanisms. We also extend a

classical impossibility result in game theory to show that no strategyproof mechanism can be

both approximately e±cient and approximately budget-balanced. Our results show that one

important and natural caseof multicast cost sharing is an exampleof a canonicalhard problem

in distributed, algorithmic mechanism design; in this sense,they represent progresstoward the

development of a complexity theory of Internet computation.

Keyw ords: Algorithmic mechanism design,communication complexity, multicast.

1 In tro duction

In the standard unicast model of Internet transmission, each packet is sent to a single destination.

Although unicast servicehasgreat utilit y and widespreadapplicabilit y, it cannot e±ciently transmit

popular content, such as movies or concerts, to a large number of receivers; the sourcewould have

to transmit a separatecopy of the content to each receiver independently . The multicast model of

Internet transmission relieves this problem by setting up a shared delivery tree spanning all the

receivers;packets sent down this tree are replicated at branch points sothat no more than onecopy

of each packet traverseseach link. Multicast thus greatly reducesthe transmission costs involved

in reaching large user populations.
¤This work was supported by the DoD Univ ersity Research Initiativ e (URI) program administered by the O±ce

of Naval Research under Grant N00014-01-1-0795. It was presented in preliminary form at the 2002 Conference on

Foundations of Software Technology and Theoretical Computer Science[FKS+02 ].
yYale Univ ersity, Computer Science, New Haven, CT 06520-8285USA, feigenbaum@cs.yale.edu. Supported in

part by ONR grants N00014-01-1-0447and N00014-01-1-0795and NSF grants CCR-0105337and ANI-0207399.
zYale Univ ersity, Computer Science,New Haven, CT 06520-8285USA, arvind@cs.yale.edu. Supported in part by

NSF grants CCR-9985304and ANI-0207399.
xYale Univ ersity, Computer Science, New Haven, CT 06520-8285USA, sami@cs.yale.edu. Supported by ONR

grant N00014-01-1-0795.
{ ICSI, 1947 Center Street, Berkeley, CA 94704-1198USA, shenker@icsi.berkeley.edu. Supported in part by NSF

grants ANI-9730162, ITR-0081698, ITR-0121555, and ANI-0207399.

1



The large-scale,high-bandwidth multicast transmissionsrequired for moviesand other potential

sourcesof revenue are likely to incur substantial transmission costs. The costs when using the

unicast transmission model are separablein that the total cost of the transmission is merely the

sum of the costsof transmission to each receiver. Multicast's useof a shareddelivery tree greatly

reducesthe overall transmissioncosts,but, becausethe total cost is now a submodular and nonlinear

function of the set of receivers, it is not clear how to sharethe costsamong the receivers. A recent

seriesof papers has addressedthe problem of cost sharing for Internet multicast transmissions.

In the ¯rst paper on the topic, Herzog, Shenker, and Estrin [HSE97], consideredaxiomatic and

implementation aspects of the problem. Subsequently , Moulin and Shenker [MS01] studied the

problem from a purely economic point of view. Several more recent papers [FPS01, AFK+02,

AR02, FGH+02] adopt the distributed algorithmic mechanism designapproach, which augments a

game-theoreticperspective with distributed computational concerns. In this paper, we extend the

results of [FPS01] by consideringa more generalcomputational model and approximate solutions.

We also extend a classicimpossibility [GL79] result by showing that no strategyproof mechanism

can be both approximately e±cient and approximately budget-balanced.

Before providing a detailed technical statement of our results, we intro duce distributed algo-

rithmic mechanism designand our model of multicast cost sharing.

1.1 Distributed Algorithmic Mec hanism Design

We considerboth complexity and incentiv e issuesinherent in multicast cost sharing. This approach

is fairly new, as incentiv es have rarely been an important consideration in traditional theoretical

computer science(TCS). Instead, users(or the computersacting on their behalf) areassumedeither

to be obedient (i.e., to follow the prescribed algorithm) or to be adversarieswho \pla y against"

each other. The traditional TCS focus is on the designof computationally e±cient algorithms and

protocols that accomplishthe desiredaim in the presenceof theseobedient or adversarial users.

In contrast, the sel¯sh usersin gametheory are neither cooperative nor adversarial. Although

onecannot assumethat sel¯sh userswill obediently follow the prescribed algorithm, onecan assume

that they will respond to incentiv es. Thus, one need not design algorithms that achieve correct

results in the faceof adversarial behavior on the part of someusers,but one doesneedalgorithms

that work correctly in the presenceof predictably sel¯sh behavior by all users. Achieving system-

wide goals like Pareto e±ciency or fairness in the presenceof sel¯sh agents is the primary aim of

economicmechanism design(see[J01] for a review). However, this mechanism-designliterature has

not typically consideredthe algorithmic e±ciency of mechanisms.

Thus, while the economicsliterature traditionally stressedincentiv es and downplayed compu-

tational complexity, the computer-scienceliterature traditionally did the opposite. The emergence

of the Internet asa standard platform for distributed computation haschangedthis state of a®airs.

Incentiv es have becomean increasingly important consideration in network-protocol design (see,
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for example, [FNY89, FS97, HA88, KLO95, KS89, S88, S90, S95]). More recently , the work of

Nisan and Ronen [NR01] has inspired the design of algorithmic mechanisms for, e.g., scheduling,

load balancing, lowest-costpaths, and combinatorial auctions that satisfy both the traditional eco-

nomic de¯nitions of incentiv e compatibilit y and the traditional TCS de¯nitions of e±ciency. The

examplesof algorithmic mechanism design in [NR01] use centralized computations and therefore

invoke notions of centralized complexity. More recent papers have intro duced distributed algorith-

mic mechanism design(DAMD), in which the computations are distributed and therefore require

distributed measuresof complexity. Feigenbaum, Papadimitriou, and Shenker [FPS01] proposea

general concept of \net work complexity" that requires a distributed algorithm executed over an

interconnection network T to be modest in four respects: the total number of messagesthat agents

sendover T, the maximum number of messagessent over any one link in T, the maximum sizeof

a message,and the local computational burden on agents. If a distributed algorithm requires an

excessive expenditure of any oneof thesefour resources,then its \net work complexity" is unaccept-

able. This notion of network complexity allows the mechanism designerto evaluate the feasibility

of executing the algorithmic mechanism in a decentralized setting. Network complexity is not (yet)

a precisely de¯ned notion, and further study of distributed algorithmic mechanisms is required to

formalize its de¯nition. Each of these four resourceshas been used as a measureof complexity

in the distributed computation literature; however, it is not standard to considerall four resource

constraints simultaneously.

A central challenge in the study of algorithmic mechanism design is the search for hard prob-

lems and, more generally, the development of a full-°edged \complexit y theory" of mechanisms.

Super¯cially , a problem is hard if it cannot be solved in a manner that satis¯es both the incentiv e-

compatibilit y and the computational-tractabilit y requirements. There will be many problems for

which this cannot be done; NP-hard problems, for example,cannot be solved in a computationally

tractable manner (unless P=NP), and there are no e±cient, strategyproof, and budget-balanced

solutions to generalcost-sharingproblems. However, we are not interested in hardnessper se but

rather in hardnessthat results from the interplay of incentiv e compatibilit y and computational

complexity. Thus, a more useful distinction is made by de¯ning a DAMD problem to be a canoni-

cal hard problem1 if each of thesetwo requirements can be satis¯ed individually , but they cannot be

satis¯ed simultaneously. Canonical hard problems will help us understand the fundamental nature

of hardnessin DAMD, asopposedto hardnessthat results solely from computational issuesor solely

from incentiv e issues. When combined with earlier work in, e.g., [MS01, FPS01], the results that

we present here show that one important and natural caseof multicast cost sharing is a canonical

hard problem; to the best of our knowledge, it is the ¯rst such example in the literature. Like

\net work complexity," \canonical hardness" is not (yet) a preciselyde¯ned notion; ultimately , one

would like to have well de¯ned network complexity classes,one or more natural notions of reduc-
1 In the extended abstract of this paper[FKS+02 ], these were called \representativ e hard problems." Here, we use

the term \canonical hard term" in order to be consistent with the DAMD survey paper [FS02].
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tion, and canonical hard problems that are complete for someclass, but more natural examples

of good (and bad) distributed algorithmic mechanisms are neededin order to get to that point.

Further discussionof easinessand hardnessin DAMD can be found in [FS02].

1.2 Multicast Cost Sharing Mo del

We use the multicast-transmission model of [FPS01]: There is a user population P residing at a

set of network nodesN , which are connectedby bidirectional network links L . The multicast °ow

emanatesfrom a sourcenode ®s 2 N ; given any set of receivers R µ P, the transmission °ows

through a multicast tree T(R) µ L rooted at ®s and spansthe nodesat which usersin R reside. It

is assumedthat there is a universal tree T(P) and that, for each subsetR µ P, the multicast tree

T(R) is merely the minimal subtree of T(P) required to reach the elements in R. This approach is

consistent with the designphilosophy embeddedin essentially all multicast-routing proposals(see,

e.g., [BFC93, DEF+96, HC99, PLB+99 ]).

Each link l 2 L has an associated cost c(l) ¸ 0 that is known by the nodes on each end, and

each user i assignsa utilit y value ui to receiving the transmission. Note that ui is known only to

user i a priori , and henceuser i can strategize by reporting any value vi ¸ 0 in place of ui . A

cost-sharing mechanism determineswhich usersreceive the multicast transmission and how much

each receiver is charged. We let x i ¸ 0 denote how much user i is charged and ¾i denote whether

user i receives the transmission; ¾i = 1 if the user receives the multicast transmission, and ¾i = 0

otherwise. We useu to denote the input vector (u1; u2; : : : ; ujP j) and u¡ i to denote the vector of all

utilit y values except ui . The mechanism M is then a pair of functions M (u) = (x(u); ¾(u)). The

practical feasibility of deploying the mechanism on the Internet dependson the network complexity

of computing the functions x(u) and ¾(u). It is important to note that both the inputs and outputs

of thesefunctions are distributed throughout the network; that is, each user inputs his u i from his

network location, and the outputs x i (u) and ¾i (u) must be delivered to him at that location.

The receiver set for a given input vector is R(u) = f i j ¾i = 1g. A user's individual welfare

is given by wi = ¾i ui ¡ x i . The cost of the tree T(R) reaching a set of receivers R is c(T(R)),

and the overall welfare, or net worth, is N W(R) = uR ¡ c(T(R)), where uR =
P

i 2 R ui and

c(T(R)) =
P

l2 T (R) c(l). The overall welfare measuresthe total bene¯t of providing the multicast

transmission (the sum of the utilities minus the total cost).

Our goal is to explore the relationship between incentiv esand computational complexity, but,

beforewe do so, we ¯rst comment on several aspects of the model. The cost model we employ is a

poor re°ection of reality, in that transmissioncostsarenot per-link; current network-pricing schemes

typically only involve usage-basedor °at-rate accessfees,and the true underlying costsof network

usage,though hard to determine, involve small incremental costs(i.e., sendingadditional packets is

essentially free) and large ¯xed costs(i.e., installing a link is expensive). However, we are not aware

of a well-validated alternativ e cost model, and the per-link cost structure is intuitiv ely appealing,
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relatively tractable, and widely used(e.g., in [AFK+02 , AR02, FGH+02, FPS01, JV01, MT02]).

We assumethat the total transmission costs are shared among the receivers. There are cer-

tainly casesin which the costswould more naturally be born by the source(e.g., broadcasting an

infomercial) or the sharing of costs is not relevant (e.g., a teleconferenceamong participants from

the sameorganization); in such cases,our model would not apply. However, we think that there

will be many cases,particularly those involving the widespreaddissemination of popular content,

in which the costswould be born by the receivers.

There are certainly cases,such as the high-bandwidth broadcast of a long-lived event such as a

concert or movie, in which the bandwidth required by the transmission is much greater than that

required by a centralized cost-sharingmechanism (i.e., sendingall the link costsand utilit y values

to a central site at which the receiver set and cost sharescould be computed). For thesecases,our

feasibility concernswould be moot. However, Internet protocolsare designedto be general-purpose;

what we addresshere is the designof a protocol that would sharemulticast costsfor a wide variety

of uses,not just long-lived and high-bandwidth events. Thus, the fact that there are scenarios

(e.g., the transmission of a shuttle mission, as explained below) in which our feasibility concerns

are relevant is su±cient motivation; they neednot be relevant in all scenarios.

In comparing the bandwidth required for transmission to the bandwidth required for the cost-

sharing mechanism, onemust considerseveral factors. First, and most obvious, is the transmission

rate b of the application. For large multicast groups, it will be quite likely that there will be at least

one user connectedto the Internet by a slow modem. Becausethe multicast rate must be chosen

to accommodate the slowest user, one can't assumethat b will be large. Second,the bandwidth

consumedon any particular link by centralized cost sharing mechanisms scaleslinearly with the

number of users p = jP j, but the multicast's usageof the link is independent of the number of

users. Third, one must considerthe time increment ¢ over which the cost accounting is done. For

some events, such as a movie, it would be appropriate to calculate the cost sharesonce (at the

beginning of the transmission) and not allow usersto join after the transmission has started. For

other events, such as the transmission of a shuttle mission, userswould come and go during the

courseof the transmission. To share costs accurately in such cases,the time increment ¢ must

be fairly short. The accounting bandwidth on a single link scalesroughly as p, which must be

compared to the bandwidth ¢ b used over a single accounting interval. Although small multicast

groups with large ¢ and b could easily use a centralized mechanism, large multicast groups with

small ¢ and b could not.

Wehaveassumedthat budget-balancedcostsharing, wherethe sumof the chargesexactly covers

the total incurred cost, is the goal of the charging mechanism. If the charging mechanism were

being designedby a monopoly network operator, then onemight expect the goal to be maximizing

revenue. There have beensomerecent investigations of revenue-maximizing charging schemesfor

multicast (see,e.g., [FGH+02]), but herewe assume,asin [HSE97,MS01,FPS01,AFK+02, AR02],

that the charging mechanism is decided by society at large (e.g., through standards bodies) or
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through competition. Competing network providers could not charge more than their real costs

(or otherwise their prices would be undercut) nor less than their real costs (or else they would

lose money), and so budget balance is a reasonablegoal in such a case. For some applications,

such as big-budget movies, the bandwidth costs will be insigni¯cant compared to the cost of the

content, and then di®erent charging schemeswill be needed,but for low-budget or free content

(e.g., teleconferences)budget-balancedcost-sharing is appropriate.

Lastly, in our model it is the users who are sel¯sh. The routers (represented by tree nodes),

links, and other network-infrastructure components are obedient. Thus, the cost-sharingalgorithm

doesnot know the individual utilities ui , and so userscould lie about them, but once they report

them to the network infrastructure (e.g., by sending them to the nearest router or accounting

node), the algorithms for computing x(u) and ¾(u) can be reliably executedby the network. Ours

is the simplest possiblestrategic model for the distributed algorithmic mechanism-designproblem of

multicast cost sharing, but, even in this simplest case,determining the inherent network complexity

of the problem is non-trivial. Alternativ e strategic models (e.g., ones in which the routers are

sel¯sh, and their strategic goals may be aligned or at odds with those of their resident users)

may also present interesting distributed algorithmic mechanism-design challenges. Preliminary

work along these lines is reported in [MT02]. Finally, we note that our framework of distributed

algorithmic mechanism design includes both distributed information (inputs and outputs) and

distributed computation; there hasalsobeenwork on studying the impact of distributed information

alone on algorithmic mechanism design[MT99, NS02].

1.3 Statemen t of Results

In order to state our results more precisely, we needadditional notation and terminology.

A strategyproof cost-sharingmechanism is onethat satis¯es the property that wi (u) ¸ wi (uj i ¹ i ),

for all u, i , and ¹ i . (Here, (uj i ¹ i ) j = uj , for j 6= i , and (uj i ¹ i ) i = ¹ i . In other words, uj i ¹ i is

the utilit y pro¯le obtained by replacing ui by ¹ i in u.) Strategyproofnessdoes not preclude the

possibility of a group of userscolluding to improve their individual welfares. Any reported utilit y

pro¯le v can be considereda group strategy for any group S ¶ f i j vi 6= ui g. A mechanism M

is group-strategyproof (GSP) if there is no group strategy such that at least one member of the

strategizing group improveshis welfare while the rest of the members do not reducetheir welfare.

In other words, if M is GSP, the following property holds for all u; v, and S ¶ f i jui 6= vi g:

either wi (v) = wi (u); 8i 2 S;

or 9i 2 S such that wi (v) < wi (u):

In general,we only considermechanismsthat satisfy four natural requirements2:
2The one exception is Section 4, in which we do not assumeSYM; that section contains an impossibilit y result,

and so not making this assumption only makes the section stronger.
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No Positiv e Transfers (NPT) : x i (u) ¸ 0; in other words, the mechanism cannot pay receivers

to receive the transmission.

Volun tary Participation (VP) : wi (u) ¸ 0; this implies that usersare not charged if they do not

receive the transmission and that userswho do receive the transmission are not chargedmore than

their reported utilities.

Consumer Sovereign t y (CS) : For given T(P)3 and link costsc(¢), there exists some· such that

¾i (u) = 1 if ui ¸ · ; this condition ensuresthat the network cannot excludeany agent who is willing

to pay a su±ciently large amount, regardlessof other agents' utilities.

Symmetry 4 (SYM) : If i and j are at the same node or are at di®erent nodes separated by a

zero-costpath, and ui = uj , then x i = x j .

In addition to these basic requirements, there are certain other desirable properties that one

could expect a cost-sharingmechanism to possess.A cost-sharingmechanism is said to be e±cient

if it maximizesthe overall welfare, and it is said to be budget-balanced if the revenue raisedfrom the

receivers covers the cost of the transmission exactly. It is a classicalresult in gametheory [GL79]

that a strategyproof cost-sharingmechanismthat satis¯esNPT, VP, and CScannot beboth budget-

balancedand e±cient. Moulin and Shenker [MS01] have shown that there is only onestrategyproof,

e±cient mechanism, called marginal cost (MC), de¯ned in Section4 below, that satis¯es NPT, VP,

and CS. They have also shown that, while there are many GSP, budget-balancedmechanismsthat

satisfy NPT, VP, and CS, the most natural one to consider is the Shapleyvalue (SH), de¯ned in

Section 2 below, becauseit minimizes the worst-casee±ciency loss.

Both MC and SH alsosatisfy the SYM property. The egalitarian (EG) mechanism of Dutta and

Ray [DR89] is another well studied GSP, budget-balancedmechanism that satis¯es the four basic

requirements. Jain and Vazirani [JV01] present a novel family of GSP, approximately budget-

balanced mechanisms5 that satisfy NPT, VP, and CS. Each mechanism in the family is de¯ned

by its underlying cost-sharing function, and the resulting mechanism satis¯es the SYM property

whenever the underlying function satis¯es it. We use the notation JV to refer to the members of

the Jain-Vazirani family that satisfy SYM.

It is noted in [FPS01] that, for multicast cost sharing, both MC and SH are polynomial-time

computable by centralized algorithms. Furthermore, there is a distributed algorithm given in

[FPS01] that computesMC using only two short messagesper link and two simple calculations per

node. By contrast, [FPS01]notesthat the obvious algorithm that computesSH requires­( jP j ¢jN j)

messagesin the worst case and shows that, for a restricted class of algorithms (called \linear

distributed algorithms"), there is an in¯nite set of instanceswith jP j = O(jN j) that require ­( jN j2)
3For brevit y, we often use T(P) to denote four components of a multicast cost-sharing problem instance: the

node-set N , the link-set L , the locations of the agents, and the multicast-source location ®s .
4This straightforw ard de¯nition is lessrestrictiv e than the one given by Moulin and Shenker [MS01]. The SH, JV,

and EG mechanisms that we use as examples satisfy the more stringent de¯nition of symmetry in [MS01] as well.
5The mechanisms in [JV01] actually satisfy a more stringent de¯nition of approximate budget balance than we

use; thus, our network-complexit y lower bounds apply to them a fortiori .
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messages.Jain and Vazirani [JV01] give centralized, polynomial-time algorithms to compute the

approximately budget-balancedmechanisms in the classJV.

In this paper, we show that:

² Any distributed algorithm, deterministic or randomized, that computes a budget-balanced,

GSP multicast cost-sharingmechanism must send­( jP j) bits over linearly many links in the

worst case.This lower bound applies, in particular, to the SH and EG mechanisms.

² Any distributed algorithm, deterministic or randomized, that computes an approximately

budget-balanced, GSP multicast cost-sharing mechanism must send ­(log (jP j)) bits over

linearly many links in the worst case.This lower bound applies, in particular, to the SH, EG,

and JV mechanisms.

(In both these results, the \w orst case" is worst with respect to all possiblenetwork topologies,

link costs,and user utilities.)

In order to prove the ¯rst of these lower bounds (i.e., the one for exact budget balance), we

¯rst prove a lower bound that holds for all mechanismsthat correspond to strictly cross-monotonic

cost-sharing functions. Cross-monotonicity, a technical property de¯ned precisely in Section 2,

means roughly that the cost share attributed to any particular receiver cannot increaseas the

receiver set grows; the SH and EG cost-sharing functions for a broad classof multicast trees are

examplesof strictly cross-monotonicfunctions but not the only examples.Our lower bound on the

network complexity of strictly cross-monotonicmechanisms may be applicable to problems other

than multicast.

It is well known that there is no strategyproof mechanism that is both (exactly) e±cient and

budget-balancedon all problem instances [GL79]. This in itself does not rule out the existence

of a strategyproof mechanism that is approximately e±cient and approximately budget-balanced.

However, we prove that this is also impossible:

² There is no strategyproof multicast cost-sharingmechanism satisfying NPT, VP, and CS that

is both approximately e±cient and approximately budget-balanced.

2 Exact submo dular cost sharing

In this section, we prove a basic communication-complexity lower bound that applies to the dis-

tributed computation of many submodular cost-sharing mechanisms. We ¯rst prove this lower

bound for all mechanismsthat satisfy \strict cross-monotonicity" as well as the four basic proper-

ties discussedin Section 1. We then show that, whenever the underlying cost function is strictly

subadditive, the resulting Shapley-value mechanism is strictly cross-monotonicand hencehas poor

network complexity. Finally, we discussthe special caseof multicast cost sharing and describe very

general conditions under which the multicast cost will be strictly subadditive. In particular, we
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present an in¯nite family of instancesthat have strictly subadditive costsand show that, on these

instances,any cost-sharingmechanism that satis¯es the four basic requirements is equivalent to SH

and must have poor network complexity.

Consider the general situation in which we want a mechanism to allow the usersto share the

cost of a common service. We restrict our attention to the caseof binary preferences:User i is

either \included," by which he attains utilit y ui , or he is \excluded" from the service,giving him

0 utilit y. A mechanism can use the utilit y vector u as input to compute a set R(u) of userswho

receive the service and a payment vector x(u). Further, suppose that the cost of serving a set

S µ P of the usersis given by C(S). This cost function is called submodular if, for all S; T µ P, it

satis¯es:

C(S [ T) + C(S \ T) · C(S) + C(T):

Submodularit y is often used to model economiesof scale,in which the marginal costs decreaseas

the servicedset grows. Oneexampleof a submodular cost function is the onepresented in Section1,

where the cost of delivering a multicast to a set R of receivers is the sum of the link costs in the

smallest subtree of the universal tree that includes all locations of usersin R.

Moulin and Shenker [M99, MS01] have shown that any mechanism for submodular cost sharing

that satis¯es budget-balance,GSP, VP, and NPT must belongto the classof cross-monotoniccost-

sharing mechanisms. A mechanism in this classis completely characterizedby its set of cost-sharing

functions g = f gi : 2P ! < ¸ 0g. Here gi (S) is the cost that g attributes to user i if the receiver

set is S. For brevity, we will refer to g = f gi g as a \cost-sharing function," rather than a set of

cost-sharing functions. We say that g is cross-monotonic if, 8i 2 S; 8T µ P; gi (S [ T) · gi (S).

In addition, we require that gi (S) ¸ 0 and, 8j =2 S; gj (S) = 0. Then, the corresponding cross-

monotonic mechanism M g = (¾(u); x(u)) is de¯ned as follows: The receiver set R(u) is the unique

largest set S for which gi (S) · ui , for all i . This is well de¯ned, because,if sets S and T each

satisfy this property, then cross-monotonicity implies that S [ T satis¯es it. The cost sharesare

then set at x i (u) = gi (R(u)).

There is a natural iterativ ealgorithm to computea cross-monotoniccost-sharingmechanism[MS01,

FPS01]: Start by assuming the receiver set R0 = P, and compute the resulting cost shares

x0
i = gi (R0). Then drop out any user j such that uj < x0

j ; call the set of remaining users R1.

The cost sharesof other users may have increased,so we need to compute the new cost shares

x1
i = gi (R1) and iterate. This processultimately converges,terminating with the receiver set R(u)

and the ¯nal cost sharesx i (u).

Now, we considera subclassof the cross-monotonicmechanisms:

De¯nition 1 A cross-monotonic cost-sharing function g = f gi : 2P ! < ¸ 0g is called strictly

cross-monotonic if, for all S ½ P; i 2 S; and j =2 S, gi (S [ j ) < gi (S). The corresponding

mechanism M g is called a strictly cross-monotonicmechanism.

We now prove a lower bound on the communication complexity of strictly cross-monotonic
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S1 µ S S2 µ S

S = f 1; 2; ¢¢¢r g

l

S1 \ S2 = ; ?

Figure 1: The set disjointnessproblem

cost-sharing mechanisms. Our proof is a reduction from the set disjointness problem: Consider a

network consisting of two nodesA and B , separatedby a link l (seeFigure 1). Node A has a set

S1 µ f 1; 2; : : : ; r g, node B has another set S2 µ f 1; 2; : : : ; r g, and one must determine whether the

sets S1 and S2 are disjoint. It is known that any deterministic or randomized algorithm to solve

this problem must send ­( r ) bits between A and B . (Proofs of this and other basic results in

communication complexity can be found in [KN97].)

Theorem 1 SupposeM g is a strictly cross-monotonicmechanism corresponding to a cost-sharing

function g and satisfying VP, CS, and NPT. Further, supposethat the mechanismmust be computed

in a network in which a link (or set of links) l is a cut and there are ­( jP j) users on each side of

l . Then, any deterministic or randomized algorithm to compute M g must send­( jP j) bits across l

in the worst case.

Pro of: For simplicit y, assumethat the network consistsof two nodesA and B connectedby one

link l and that there are r = jP j=2 usersat each of the two nodes. (The proof of the more general

caseis identical.) Arbitrarily order the usersat each node. We can now call the usersa1; a2; : : : ; ar

and b1; b2; : : : ; br . Becausethe mechanism M g is strictly cross-monotonic,we can ¯nd a real value

d > 0 such that, for all S ½ P; i 2 S; j =2 S,

gi (S [ j ) < gi (S) ¡ d:

For each user i 2 P, we will de¯ne two possibleutilit y valuestL
i and tH

i as follows:

² First, the valuesfor a1 and b1 are

tH
a1

= ga1 (f a1; b1g); tL
a1

= tH
a1

¡ d

tH
b1

= gb1 (f a1; b1g); tL
b1

= tH
b1

¡ d

² Similarly, the valuesfor ak and bk are

tH
ak

= gak (f a1; a2; : : : ; ak ; b1; b2; : : : ; bkg); tL
ak

= tH
ak

¡ d

tH
bk

= gbk (f a1; a2; : : : ; ak ; b1; b2; : : : ; bkg); tL
bk

= tH
bk

¡ d

10



Now, we show how to reducefrom the set disjointnessproblem to the mechanism M g. Node A

gets a subsetS1 µ f 1; : : : ; r g and constructs a utilit y vector u for the usersat A, de¯ned by

8i 2 S1 uai = tH
ai

8i =2 S1 uai = tL
ai

Similarly, node B is given set S2 and constructs a utilit y vector v for the usersat B , de¯ned by

8i 2 S2 vbi = tH
bi

8i =2 S2 vbi = tL
bi

They now run mechanism M g on input (u; v) and check whether the receiver set Rg(u; v) is

empty.

Claim : Rg(u; v) is empty i® S1 and S2 are disjoint.

Pro of of claim : To show the \if " direction, we can simulate the iterativ e algorithm to compute

the receiver set. We start with R = P. Then, becauseS1 and S2 are disjoint, either r =2 S1 or

r =2 S2. Assume, without loss of generality, that r =2 S1. Now, uar = tL
ar

< gar (R), and hencear

must drop out of the receiver set R. But now, becauseof strict cross-monotonicity, it follows that

gbr (P ¡ f ar g) > gbr (P) + d > tH
br

, and so br must also drop out of the receiver set. Repeating this

argument for r ¡ 1; r ¡ 2; : : : ; 1, we can show that the receiver set must be empty.

To show the \only if " direction, assumethat i 2 S1 \ S2. Then, let T = f a1; : : : ; ai ; b1; : : : ; bi g.

uai = tH
ai

= gai (T), and vai = tH
bi

= gbi (T). Further, for all j < i , it follows from strict cross-

monotonicity that gaj (T) < tL
aj

· uaj , and gbj (T) < tL
bj

· vbj (T). Thus, the receiver set Rg(u; v) ¶

T, and henceit is nonempty. 2

Theorem 1 follows from this claim and the communication complexity of set disjointness. 2

2.1 Strictly Subadditiv e Cost Functions

In this section,we show that, for a classof submodular cost functions, the Shapley-valuemechanism

(which is perhapsthe most compelling mechanism from an economicpoint of view) is strictly cross-

monotonic and hencehaspoor network complexity. Wealsoshow that this is not a property peculiar

to the Shapley-value mechanism alone; for thesecost functions, the poor network complexity holds

for a large classof mechanisms.

Theorem 1 provides a su±cient condition, strict cross-monotonicity, for a mechanism to have

poor network complexity. However, for some submodular cost functions, it is possible that no

mechanism satis¯es this condition: If the costs are additiv e, i.e., if the cost of serving a set S is

exactly the sum of the costs of serving each of its members individually , then there is a unique

mechanism satisfying the basic properties. This mechanism is de¯ned by:

R(u) = f i jui ¸ C(f ig)g

11



x i (u) = C(f ig) if i 2 R(u); and x i (u) = 0 otherwise:

This mechanism is very easyto compute, either centrally or in a distributed manner, becausethere

is no interaction among the users'utilities; in essence,we have jP j independent local computations

to perform.

We need to exclude these trivial cost functions in order to prove general lower bounds for a

classof submodular functions. This leadsus to considersubmodular cost functions that are strictly

subadditive:

8S µ P; S 6= ; ; 8i 2 P; C(S [ f ig) < C(S) + C(f ig)

For a givencost function C, there may bemany g = f gi g for which the corresponding mechanism

M g satis¯es the basic properties NPT, VP, CS, and SYM. However, Moulin and Shenker [M99,

MS01] have shown that, for any given submodular cost function, the cross-monotonicmechanism

that minimizes the worst-casee±ciency loss is the Shapley-value mechanism (SH). This is a cross-

monotonic cost-sharingmechanism corresponding to a function gSH , de¯ned by:

8S µ P 8i 2 S; gSH
i (S) =

X

Rµ S¡f i g

jRj!(jSj ¡ jRj ¡ 1)!
jSj!

[C(R [ f ig) ¡ C(R)] (1)

The SH mechanism is therefore a natural mechanism to choosefor submodular cost sharing. The

following lemma shows that this mechanism has poor network complexity.

Lemma 1 The Shapley-valuemechanism for a strictly subadditive cost function is strictly cross-

monotonic.

Pro of: We need to show that, for all sets S, for all i 2 S; j =2 S, gSH
i (S [ f j g) < gSH

i (S). The

proof follows directly from the de¯nition of gSH
i (S) in Equation 1. We use MC i (R) to denote

[C(R [ f ig) ¡ C(R)], the marginal cost of serving i in set R. Considera set S µ P ¡ f j g and a user

i 2 S. Let r = jRj; s = jSj.

gSH
i (S [ f j g) =

X

Rµ S[f j g¡f i g

r !(s ¡ r )!
(s + 1)!

MC i (R)

=
X

Rµ S¡f i g

·
r !(s ¡ r )!
(s + 1)!

MC i (R) +
(r + 1)!(s ¡ r ¡ 1)!

(s + 1)!
MC i (R [ f j g)

¸

=
X

Rµ S¡f i g

r !(s ¡ r ¡ 1)!
s!

·
s ¡ r
s + 1

MC i (R) +
r + 1
s + 1

MC i (R [ f j g)
¸

(2)

It follows from submodularit y of costs that, for all R, MC i (R [ f j g) · MC i (R). Further, strict

subadditivit y implies that, for R = ; , MC i (R [ f j g) < MC i (R). Thus, Equation 2 yields

gSH
i (S [ f j g) <

X

Rµ S¡f i g

r !(s ¡ r ¡ 1)!
s!

MC i (R)

gSH
i (S [ f j g) < gSH

i (S)

2

12



Corollary 1 For a strictly subadditive cost function, any algorithm (deterministic or randomized)

that computes the SH mechanism in a network must communicate ­( jP j) bits across any cut that

has £( jP j) users on each side of the cut. 2

Note that the network may consist of a root node ®s with no resident users,a node A with jP j
2

resident users,another node B with jP j
2 resident users,a link from ®s to A, and a path from A to

B consisting of jN j ¡ 3 nodes,each with no resident users. Each link in the path from A to B is a

cut with £( jP j) userson each side, and thus ­( jP j) bits must be sent acrosslinearly many links.

In what follows, we call thesethe path instances.

2.2 Multicast cost sharing

We now return to the special caseof multicast cost sharing. Recall that the cost function associ-

ated with an instance of the multicast cost-sharingproblem is determined by the structure of the

universalmulticast tree T, the link costs,and the locations of the usersin the tree; sothe cost C(S)

of serving user set S µ P is
P

l2 T (S) c(l), where T(S) is the smallest subtree of T that includes all

nodes at which users in S reside. It is not hard to show that there are many instancesthat give

rise to strictly subadditive functions C. In fact, we have the following lemma:

Lemma 2 Consider any instance of multicast cost sharing in which, for every two potential re-

ceivers i and j , there exists a link l 2 T(f ig) \ T(f j g) such that c(l) > 0. The cost function

associated with this instance is strictly subadditive.

Pro of: Given S µ P ¡ i , pick any j 2 S. Let l be any link in T(f j g) \ T(f ig) with c(l) > 0. Then,

C(S [ f ig) · C(S) + C(f ig) ¡ c(l ) < C(S) + C(f ig). 2

For example, whenever the sourceof the multicast has only one link from it, and this link has

non-zero cost, the associated cost function is strictly subadditive. One such family of instances

(parametrized by p = jPj) is shown in Figure 2. There are three nodes, ®s, A, and B , and p

users. There are (p=2) users at each of B and A, with utilities u1; u2; : : : ; u p
2

and v1; v2; : : : ; v p
2
,

respectively. The link l1 between®s and A costsC, while the link l2 betweenA and B is free (has

0 cost).

It follows immediately from Corollary 1 that the Shapley-value mechanism for this family of

trees requires ­( jP j) bits of communication acrosslinearly many links. In addition, we now show

that any mechanism that satis¯es the basic properties, such as EG, must be identical to the SH

mechanism on instancesof the type shown in Figure 2; thus, the lower bound extends to all such

mechanisms.

Lemma 3 Consider multicast cost-sharing instances of the type shown in Figure 2. Let M g be a

cross-monotoniccost-sharing mechanism that satis¯es SYM, corresponding to a cost-sharing func-

tion g = f gi g. Then, g (and M g) are completely determined on theseinstances by

8S µ P; 8i 2 S gi (S) =
C
jSj

:
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Figure 2: Multicast tree with strictly subadditive costs

Pro of: For any receiver set S, if the utilit y valuesof all usersin S are increasedto somesu±ciently

large value, the receiver set will still be S. Becausethe mechanism satis¯es SYM, this implies that

gi (S) = gj (S) for any pair i; j in this set. The budget-balancerequirement then forcesgi (S) = C
jSj

for all i in set S. 2

It follows from Lemma 3 that any such mechanism must be strictly cross-monotonicon this

family of instances. Thus, Theorem 1 and Lemma 3 imply the following lower bound for multicast

cost sharing. The worst-caseinstancesinclude the path instancesde¯ned in Section 2.1, with cost

C on the link from ®s to A and cost 0 on all the other links; these instancesare identical to the

onesin Figure 2, except that they contain a zero-costpath of length jN j ¡ 2 from A to B instead

of a single zero-costlink.

Theorem 2 Any distributed algorithm, deterministic or randomized, that exactlycomputesa budget-

balanced, GSP multicast cost-sharing mechanism that satis¯es the four basic properties must send

­( jP j) bits over linearly many links in the worst case. 2

Note that this lower bound applies to the EG mechanism for multicast cost-sharingde¯ned in

Section 1.

3 Net work complexit y of appro ximately budget-balanced mecha-

nisms

In view of the lower boundspresented in Section2, it is natural to askwhether onecan approximate

a budget-balanced,GSP mechanism in a communication-e±cient manner. In this case,we do not

have a cleananalogueof Corollary 1, becausecross-monotoniccost functions no longer characterize

the classof feasible mechanisms. However, for the special caseof multicast cost sharing, we can

still prove a result similar to Theorem 2 that provides a lower bound on the network complexity of

approximately budget-balanced,GSP mechanisms.

14



First, we recall the de¯nition of an \approximately budget-balanced" mechanism. As explained

at length in, e.g., [NR00, AFK+02], one cannot de¯ne an approximation of a cost-sharing mech-

anism (¾; x) simply as a pair (¾0; x0) such that ¾0 and x0 approximate ¾ and x, respectively, as

functions. Such an approach may destroy the game-theoreticproperties of (¾; x), e.g., the resulting

\mechanism" (¾0; x0) may not be strategyproof! For our purposesin this section,a · -approximately

budget-balanced mechanism, where · > 1 is a constant, is a mechanism (¾; x) with the following

properties: VP, NPT, CS, SYM, and

8c(¢); T(P); and u : (1=· ) ¢c(T(R(u))) ·
X

i 2 R(u)

x i (u) · · ¢c(T(R(u))) :

An approximation to a speci¯c budget-balancedmechanism such as SH or EG would have to

satisfy at least one additional (non-strategic) condition. For example, becauseSH is the GSP,

budget-balanced mechanism that minimizes worst-case e±ciency loss, an approximation to SH

would have to comewithin a constant factor of SH's e±ciency loss in the worst case.

Weextend the lower-bound techniqueof the previoussectionsothat it appliesto · -approximately

budget-balancedmechanisms,when · is upper-bounded away from
p

2, i.e., when · ·
p

2 ¡ ², for

some¯xed ² > 0. As before, we want to reduce from the set-disjointness problem where node A

has a set S1 µ f 1; 2; : : : ; r g, node B has another set S2 µ f 1; 2; : : : ; r g, and one must determine

whether the setsS1 and S2 are disjoint. We again construct the multicast tree shown in Figure 2

with (p=2) usersat each of B and A, with utilities u1; u2; : : : ; u p
2

and v1; v2; : : : ; v p
2
, respectively.

We ¯rst prove somebasic lemmasabout group-strategyproof mechanismsfor this multicast cost

sharing problem.

Lemma 4 Let M be a · -approximately budgetbalanced mechanism for the multicast cost sharing

problem in Figure 2 that satis¯es GSP. Then, if ¹ is a utility pro¯le of the p users such that

9h ¸ 1 such that 8i 2 f 1; 2; : : : ; hg ¹ i > ·C =h

then the receiver set R(¹ ) speci¯ed by this mechanism is nonempty.

Pro of: Let ¹ be such a utilit y pro¯le, and consider any value of h for which the given condition

holds. Let ¹ cs be the bound for which the CS condition holds, i:e:, if ¹ i ¸ ¹ cs ) i 2 R(¹ ). Let

S = f 1; 2; : : : ; hg. De¯ne a utilit y pro¯le ¹ S by

¹ S
i = ¹ cs 8i 2 S

¹ S
i = ¹ i 8i =2 S

By the CS condition, S µ R(¹ S). Further, by the SYM condition, we must have 8i; j 2

S; x i (¹ S) = x j (¹ S). Further, becausethe NPT condition implies that x i (¹ S) ¸ 0, for all i =2 S,

and the approximate budget-balancecondition requires that the revenue be bounded by ·C , we

must have x i (¹ S) · ·C =h, for all i 2 S.
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It follows that 8i 2 S, x i (¹ S) < ¹ i . Now supposethat R(¹ ) is empty. Then, at utilit y pro¯le ¹ ,

the coalition S could strategize to report a utilit y pro¯le ¹ S; then, for each i 2 S, i would receive

the transmission and pay less than ¹ i for it. This would constitute a successfulgroup strategy,

which contradicts the assumption that M is group-strategyproof. 2

Lemma 5 Let M be a · -approximately budgetbalanced mechanism for the multicast cost sharing

problem in Figure 2 that satis¯es GSP. Then, if ¹ is a utility pro¯le such that

¹ 1 ¸ ¹ 2 ¸ : : : ¸ ¹ p and

69h ¸ 1 such that ¹ h ¸ C=(·h )

then the receiver set R(¹ ) speci¯ed by this mechanism is empty.

Pro of: Let ¹ be such a utilit y pro¯le, and let S = R(¹ ). Suppose that S 6= ; . Let h =

maxf i ji 2 Sg, which implies that 8i 2 S; ¹ i ¸ ¹ h . By the conditions of the lemma, ¹ h < C=(·h );

thus, the approximate budget-balance condition combined with VP implies that 9j 2 S such

that x j (¹ ) > xh(¹ ). It then follows that ¹ j > ¹ h . (If ¹ j = ¹ h , then by SYM we would have

x j (¹ ) = xh(¹ ).)

Now, de¯ne the utilit y pro¯le ¹ 0 by

¹ 0
h = ¹ j

¹ 0
i = ¹ i 8i 6= h

If h =2 R(¹ 0), then at utilit y pro¯le ¹ 0, h could strategize to report ¹ h and get transmission with

payment xh(¹ ); this would be a successfulstrategy becausexh(¹ ) < x j (¹ ) · ¹ j = ¹ 0
h . Mechanism

M is strategyproof, so we must have h 2 R(¹ 0). Further, we must also have xh(¹ 0) = xh(¹ ) for the

samereason: If xh(¹ 0) > xh(¹ ), then h could strategize at ¹ 0, and, if xh(¹ ) > xh(¹ 0), then h could

strategize at ¹ .

Now, by applying the SYM condition at ¹ 0, we must have j 2 R(¹ 0) and x j (¹ 0) = xh(¹ 0). This

implies that x j (¹ 0) = xh(¹ ) < x j (¹ ). But now, h and j could collude and strategize at ¹ to report

¹ 0; this strictly increasesj 's welfare (as her payment is strictly reduced), and leaves h's welfare

unchanged, and henceit would be a successfulgroup strategy. This contradicts the fact that M

satis¯es GSP. 2

The ordering condition ¹ 1 ¸ ¹ 2 ¸ : : : ¸ ¹ p in Lemma 5 is only included for simplicit y of the

exposition; we can always relabel the agents such that it holds.

Theorem 3 Any distributed algorithm, deterministic or randomized, that computesa · -approximately

budget-balanced, GSP multicast cost-sharing mechanism, where · ·
p

2 ¡ ² for some ¯xed ² > 0,

must send­( log jP j
log · ) bits of communication over linearly many links in the worst case.
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Pro of: It is more convenient to work with an alternativ e representation of the input utilit y vectors.

We useonly a restricted set of the possibleutilit y vectors u and v for the userslocated at nodesB

and A respectively, where (u; v) satis¯es the following conditions:

² Let ¯ = 3(· + ±)2=(2 ¡ (· + ±)2), where ± > 0 is an arbitrarily small constant only required

to make the inequalities strict. Restrict the set of allowable utilities to T = f 0; t ¯ ;1; : : : ; t ¯ ;r g,

where

t ¯ ;i =
(· + ±)C

2¯ i +1 :

² Each of u and v is (internally) sorted, i.e., i < j ) ui ¸ uj and vi ¸ vj . There is no

restriction on the relationship betweenui and vj .

Consider node B . De¯ne nB (q) to be the number of usersat node B who have utilit y at least

q. Let y = (y1; y2; : : : ; yr ), where yi = nB (t ¯ ;i ). Similarly, let nA (q) be the number of usersat A

with utilit y at least q; let z = (z1; z2; : : : ; zr ), where zi = nA (t ¯ ;i ).

For this classof utilit y pro¯les, there is a one-to-onemapping betweenvaluesof u and y. Because

u is sorted, the monotonically decreasingfunction nB (¢) completely de¯nes the utilit y vector; u1

must be the largest q for which nB (q) > 0, and soon. Furthermore, by de¯nition, there is a unique

y for any u. A similar correspondenceholds for v and z.

We ¯rst prove a useful lemma about approximately budget-balancedmechanismson this class

of instances.

Lemma 6 Let M be a · -approximately budget-balanced mechanism for the multicast cost sharing

problem in Figure 2 that satis¯es GSP. Let vectors y, z be de¯ned corresponding to the utility

pro¯les u and v, as described above. Then, M satis¯es the following two properties:

(i). If there is an i such that (yi + zi ) ¸ 2¯ i +1 , then mechanism M wil l compute a non-empty

receiver set on this instance.

(ii). If for all i we have(yi + zi ) · (3¯ i + ¯ i +1 ), then mechanism M wil l computean empty receiver

set on this instance.

Pro of: (i): Observe that with a suitable ordering of the players, the conditions of Lemma 4 are

satis¯ed if (yi + zi ) ¸ 2¯ i +1 .

(ii): Assumethat the receiver set is non-empty and that the conditions of Lemma 5 do not apply

due to the presenceof someh such that h ¢¹ h ¸ C=· , where ¹ is the utilit y pro¯le of P sorted in

decreasingorder.

Let ¹ h = t ¯ ;k for somek. Since h · yk + zk , we note that h ¢¹ h · (yk + zk )t ¯ ;k · (3¯ k +

¯ k+1 )t ¯ ;k = C=(· + ±). This violates the assumption that h ¢¹ h ¸ C=· . 2

We now useLemma 6 to provide a reduction from the set disjointnessproblem asfollows. Recall

that node A has a set S1 µ f 1; 2; : : : ; r g and node B has another set S2 µ f 1; 2; : : : ; r g. We must
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make sure that, if S1 \ S2 6= ; , there is a set of receivers who can share ·C , and, if S1 \ S2 = ; ,

there is no set of receivers who can share even C=· . For this, we construct the vectors y and z

using the rules:

yi = d̄ i +1 e if i 2 S2

yi = d̄ i e otherwise

zi = d̄ i +1 e if i 2 S1

zi = d̄ i e otherwise

These are valid input vectors, becauseyi · yi +1 and similarly for z. If i 2 S1 \ S2, then

yi + zi ¸ 2¯ i +1 , and so there is transmission. If S1 and S2 are disjoint, then, for all i ,

yi + zi < ¯ i + ¯ i +1 + 2 < 3¯ i + ¯ i +1 ;

where the 2 arisesbecauseof the ceiling terms.

This meansthat, in the target instance,

(yi + zi )t ¯ ;i <
C
·

;

and consequently there is no transmission.

Thus, we can usethis · -approximate mechanism to solve the set-disjointnessproblem, and this

implies that the mechanism must use­( r ) bits of communication, where

r = £
µ

logp
log¯

¶
= £

µ
logp

2log(· + ±) ¡ log(2 ¡ (· + ±)2)

¶
:

If we require · to be upper-bounded away from
p

2, then the right-hand side is £( log p
log · ). Thus,

the statement of the theorem follows. 2

We note that this lower bound applies to the approximate mechanismsdescribed in [AFK+02 ]

and [JV01]. The mechanisms SF and SSF described in [AFK+02] provide the best known corre-

sponding upper bound: They require ­( h ¢ log p
log · ) utilit y valuesto be communicated on each link to

achieve · -approximate budget balance,where h is the height of the multicast tree T(P).

4 An imp ossibilit y result for appro ximate budget-balance and ap-

pro ximate e±ciency

As stated in Section 1, it is a classical result in game theory that no strategyproof cost-sharing

mechanism can be both budget-balancedand e±cient [GL79, Rob79]. We now consider whether

this fundamental impossibility result holds when the budget-balanceand e±ciency considerations

are replaced by their approximate counterparts. In this section, we do not assumethat the cost-

sharing mechanismshave the SYM property; the impossibility result that we present heredoesnot
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Figure 3: An exampleof a multicast tree that fails to achieve approximate e±ciency and approxi-

mate budget-balance.

require this assumption. Furthermore, this result only requiresthe mechanism to be strategyproof,

not GSP as in Section 3.

We¯rst review the de¯nition of the MC mechanism,which wasshown by Moulin and Shenker [MS01]

to be the only e±cient mechanism that satis¯es VP, NPT, and CS. Given an input utilit y pro¯le u,

the MC receiver set is the unique largeste±cient set of users. To compute it, as shown in [FPS01],

one recursively computesthe welfare (also known as net worth or e±ciency) of each node ¯ 2 N :

W(¯ ) =

0

B
B
B
@

X

° 2 Ch(¯ )
W (° )¸ 0

W(° )

1

C
C
C
A

¡ c(l ) +
X

i 2 Res(¯ )

ui ;

whereCh(¯ ) is the set of children of ¯ in the tree, Res(¯ ) is the set of usersresident at ¯ , and c(l)

is the cost of the link connecting ¯ to its parent node. Then, the largest e±cient set R(u) is the

set of all usersi such that every node on the path from i to the root ®S has nonnegative welfare.

The total e±ciency is NW(R(u)) = W(®S).

Another way to view this is as follows: The algorithm partitions the universal tree T(P) into

a forest F (u) = f T1(u); T2(u); : : : ; Tk (u)g. A link from T(P) is included in the forest if and only if

the child node has nonnegative welfare. R(u) is then the set of usersat nodesin the subtree T1(u)

containing the root.

Once F (u) has been computed, for each user i , de¯ne X (i; u) to be the node with minimum

welfare value in the path from i to its root in its partition. Then, the cost sharex i (u) of user i is

de¯ned as

x i (u) = max(0; ui ¡ W(X (i; u))) 8i 2 R(u)

x i (u) = 0 8i =2 R(u)

If multiple nodeson the path have the samewelfare value, we let X (i; u) be the one nearest to i .

By a ° -approximately e±cient mechanism, where 0 < ° < 1, we mean one that always achieves

total e±ciency that is at least ° times the total e±ciency achieved by MC.

We can ask whether there is any strategyproof mechanism that satis¯es the basic requirements

of NPT, VP, and CS and is both approximately e±cient and approximately budget-balanced. We
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now show that this is impossible,using the following approach: We construct a family of multicast

trees and utilit y pro¯les for which any approximately e±cient mechanism must transmit to all

users. We show that the strategyproofnesscondition and the VP condition together placean upper

bound on the revenue collected in theseinstances. This upper bound is lessthan that required for

even approximate budget balance,and hencewe have our negative result.

Consider the tree in Figure 3. There are p users,each with utilit y C=p resident at a node A

that is separatedfrom the root node by a link of cost ((p ¡ 1)C=p) + ±. It is easyto seethat this

instance of multicast cost-sharingdisplays the following properties.

Prop ert y 1 Any ° -approximately e±cient mechanism must transmit to all p usersif 0 < ± < C=p.

Prop ert y 2 Any ° -approximately e±cient mechanism must transmit to all p users even if one

user, say i , lowers his utility to ±+ ², as long as ±+ ² < C=p.

Prop ert y 3 Any ° -approximately e±cient, strategyproof mechanism that satis¯es VP assignsto

each user a cost share of at most ±.

If the cost sharex i (u) weregreater than ±, the user i could strategizeby claiming that his utilit y

was vi = ± + ² < x i (u). By VP and the requirement of ° -approximate e±ciency, the mechanism

would needto include user i and assignhim a cost sharex i (uj i vi ) · vi < x i (u), which would imply

a violation of strategyproofness.

Therefore, the revenue collected by a strategyproof mechanism that achieves ° -approximate

e±ciency is bounded from above by p±.

Prop ert y 4 A ° -approximately e±cient, strategyproof mechanismcannot be · -approximately budget-

balanced if ± < (C(p ¡ 1))=(p(·p ¡ 1)).

In summary, we have:

Theorem 4 A strategyproof mechanism for multicast cost sharing that satis¯es the basic require-

mentsof NPT, VP, and CS cannot achieveboth ° -approximate e±ciency and · -approximate budget-

balance for any pair of constants · and ° .

5 Conclusions and open problems

As we explained in Section 1, one central challenge in the study of algorithmic mechanism de-

sign is the search for hard problems. A problem may be considered to be a \canonical hard

problem" if it cannot be solved in a manner that satis¯es both the incentiv e-compatibilit y and

the computational-tractabilit y requirements but becomeseasy if one of these two requirements is

dropped. Our results show that, under the basic requirements of NPT, VP, CS, and SYM, ex-

act computation of budget-balancedmulticast cost sharesis such a problem. In this context, a
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problem is consideredcomputationally tractable if it can be solved by a distributed algorithm with

low network complexity; a solution is consideredincentiv e compatible if it is group-strategyproof.

Theorem 2 shows that the problem is hard if both requirements are to be satis¯ed simultaneously.

If the computational-tractabilit y requirement is dropped, the problem is easy: Just use the SH

mechanism and compute it using the natural (centralized) polynomial-time algorithm explained

in Section 2 above. If the incentiv e-compatibilit y requirement is dropped, it is easyas well: Just

do one bottom-up passof T(P), computing U =
P

i 2 P ui and C =
P

l2 L c(l). If C > U, no one

receivesthe transmission, and the mechanism doesone top-down passto inform all members of P

that this is the outcome; if C · U, everyone receives the transmission, and the mechanism does

one top-down passto communicate the cost share(ui ¢C)=U to user i , for all i 2 P.

The most important general direction for future work is the search for more good distributed

algorithmic mechanismsand for more canonical hard problems. Additional generalopen questions

in DAMD can be found in [FS02].

More speci¯cally, we ask whether the lower bound in Section 3 is tight. The \scaled step-

function" (SSF) mechanism consideredin [AFK+02] gives somehope that it is, but the bounds

on budget-imbalanceand e±ciency-lossfor SSFare not constant factors. Another interesting open

question is to ask if the communication lower bounds extend to strategyproof (but not necessarily

group-strategyproof) budget-balancedmechanisms.
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