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Abstract

Given a positive integer k and a complete graph with non-negative edge weights satisfying
the triangle inequality, the remote-clique problem is to find a subset of k vertices having a
maximum-weight induced subgraph. A greedy algorithm for the problem has been shown to
have an approximation ratio of 4, but this analysis was not shown to be tight. In this paper, we
use the technique of factor-revealing linear programs to show that the greedy algorithm actually
achieves an approximation ratio of 2, which is tight.

Keywords: approximation algorithms, dispersion, factor-revealing linear programs, remote-clique

1 Introduction

Motivation

As computing system reliability becomes increasingly important, techniques are being developed to
ensure that essential services can survive in spite of a limited number of arbitrary faults, including
communication failures, crash failures, software errors, and malicious attacks. These techniques
require replication of data and processing so that when failures occur in some replicas, the others
can continue to correctly execute operations to completion. As an example, the CLBFT algorithm
[2], uses a group of 3f + 1 replicated data servers to guarantee correct performance when up to f
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appears in RANDOM-APPROX °06, volume 4110 of Lecture Notes in Computer Science, pp. 49—60, 2006.



of the replica servers exhibit faulty behavior. However, such algorithms are only beneficial if the
faults are independent. Otherwise, a single failure type (such as a power outage affecting all servers
in a region) could induce faults in multiple server replicas, exceeding the fault-tolerance bound
f. Therefore, in choosing a set of k replicas from a large group of potential servers, we desire a
subset that is as diverse as possible with respect to properties such as system architecture, software
implementation, physical location, and the network administration.

This diversification problem can be modeled with a graph. For each potential server, create a
vector of attributes representing its properties (architecture, software, location, etc.) and define
the distance between two servers to be the Hamming distance [9] between the vectors (the number
of corresponding attributes that differ). For each server, create a vertex in a complete graph. Let
the edge weight between two vertices be the distance between their corresponding servers. Finding
a subset of servers that is most diverse now reduces to the problem of finding a subset of k vertices
having an induced subgraph with maximum average edge weight (or equivalently maximum total
edge weight).

This example provides one of several motivations for a general class of graph optimization
problems called dispersion problems, which involve finding subsets of vertices that are in some way
as distant from each other as possible. Other motivations for dispersion problems include choosing
locations for facilities that interfere with each other and providing good starting solutions for some
TSP heuristics. (Chandra and Halldérsson [3] discuss these and other motivations.) Maximizing
the average weight of the induced subgraph is the measure of dispersion addressed here, but it
is possible to measure dispersion in a number of other ways, including the minimum weight edge
and the minimum weight spanning tree of the induced subgraph. As in [3], we call the problem
of maximizing the average weight the remote-clique problem, but it has also been called maxisum
dispersion [13] and maz-avg facility dispersion [17].

Related Work

Approximation algorithms for dispersion problems have been widely studied (see, for example,
[1, 3, 4, 6, 8, 10, 17, 18, 19, 20]). Ravi, Rosenkrantz, and Tayi [17] provide a simple greedy
algorithm for remote-clique with running time O(n?) and prove that it achieves an approximation
ratio of 4. They provide an instance of the problem in which the optimal solution has twice the
weight of the algorithm’s solution, but they leave open the question of whether a tighter bound for
the algorithm can be shown. It is this algorithm that we prove has an approximation ratio of 2.
Hassin, Rubinstein, and Tamir [10] provide a more complicated algorithm with a running time of
O(n? + k?log k) that they show has an approximation ratio of 2. However, a tight approximation
ratio for the faster and simpler greedy algorithm has not been proved until this paper.

The remote-clique problem is similar to the dense k-subgraph problem, which, given an un-
weighted graph, is to find a subset of k vertices having the most edges in the induced subgraph.
Feige, Peleg, and Kortsarz [5] provide an algorithm for this problem that achieves an approximation
ratio slightly better than O(n!/3).

Our Result

We provide an algorithm parameterized by an integer d called d-GREEDY AUGMENT. When d = 1,
the algorithm is nearly the same as the algorithm analyzed in [17], and when d = k, the algorithm
amounts to examining all subsets of k vertices and choosing the one with maximum edge weight.



(Clearly, this will return an optimal solution, but it does not run in polynomial time if &k is not a
constant.) We will show that d-GREEDY AUGMENT has an approximation ratio of (2k—2)/(k+d—2)
and has a running time of O(kdn?). Therefore if d = 1, our algorithm guarantees an approximation
ratio of 2 and has a running time of O(kn). This algorithm, then, is the fastest known (and easiest
to implement) 2-approximation for the remote-clique problem.

Our Technique

To prove an approximation ratio of (2k — 2)/(k + d — 2), we use the technique of factor-revealing
linear programs. This technique was used in [7, 14, 15] before it was explicitly named and used in
[11, 12, 16]. It is a simple generalization of a method often used to provide bounds for approximation
algorithms. Consider a maximization (resp., minimization) problem P. A typical analysis of an
approximation algorithm ALG for P proceeds by using the behavior of ALG and the structure of P
to generate a number of inequalities. These inequalities are then combined to provide a bound on
the ratio of the value of the solution obtained by ALG to that of an optimal solution. Often, this
can be done by simple manipulations, but not always. A more general way of obtaining a bound
is to view the process as an optimization problem () in its own right, in which an adversary tries
to minimize (resp., maximize) the value of ALG’s solution to P subject to the constraints given by
the generated inequalities. The optimal solution to @) is then a bound on the performance of ALG.
If @ can be formulated as a linear program, then this is a factor-revealing LP, which can then be
solved using duality.

This technique is applicable to many problems, but in most cases it does not seem to be the
easiest way to provide a bound. However, there are some algorithms, including the one in [11] and
the greedy algorithm examined here, in which it is the only known technique to provide a tight
bound. Further discussion of this technique and its advantages is provided in [11, 12].

Organization

In Section 2, we establish notation, state the problem formally, and prove some combinatorial
identities that will be used later in the paper. We describe the greedy algorithm and analyze its
running time in Section 3. In Section 4, we show that our algorithm achieves an approximation
ratio of (2k — 2)/(k + d — 2), and in Section 5, we show that this ratio is tight. We conclude in
Section 6 with a discussion and directions for future research.

2 Preliminaries

Notation
We define the following notation that will be used throughout this paper:
e For any natural number n, let [n] = {1,...,n}.

e For any integers n and j such that n > 1 and j < n, let

J 0 otherwise



There will be several times in this paper when we will write (’;) when j could be less than 0,
o it is important to keep in mind the full definition of (?)

e For any set S and integer j, let (f) ={8'CS : |9 =4} Ifj<0orj>|S| then (f) = 0.

Problem Definition

Let G = (V, E) be a complete graph with the weight of edge {v1,v2} € E given by w(vi,v2). The
edge weights are nonnegative and satisfy the triangle inequality: for all distinct v1,v9,v3 € V,
w(vy,v) + w(ve,v3) > w(v1,vs). For a given integer parameter k, such that 1 < k < |V, the
remote-clique problem is to find a subset V' C V such that |V'| = k and the average edge weight
in V| )
WD) Z / w(vy,v2) ,
{orvate('y)

is maximized. This problem can be shown to be NP-hard by a simple reduction from clique.

Combinatorial Identities

The following combinatorial identities will be used in the analysis of our algorithm.

Lemma 1. Let n be a positive integer and let © and j be two positive integers such that 3 <1 < n.
If f is some function defined on the domain ([?}), then

> ¥ n=(27) %j] 7
Je

re() 7€ () "I e

Proof. To prove this, we count the number of times that a given J € ([?]) appears in the summation

on the left. Each J appears once for each I € ([?}) containing J. The number of such sets [ is

(TZ:; ), since for a given J, we can choose i — j elements from the n — j elements in [n] — J to form
such an [. ]

Lemma 2. For all integers j, d, and s, such that 0 < 7 < d < s,

()6 =6)6)

Proof. The lemma follows immediately from the definition of the binomial coefficient. O

3 The Algorithm

In this section, we describe our algorithm d-GREEDY AUGMENT and analyze its running time. The
algorithm maintains a set of vertices 7', initially empty. At each step, it augments 1" with the set
of d vertices that add the most weight to 7. When |T'| = k, d-GREEDY AUGMENT returns the set



T. (Throughout this paper, we assume for simplicity that d divides k evenly.) To be more precise,
we define the following notation. For any subset of vertices V/ C V that is disjoint from T, let

augp (V') = Z Zw(v’,v)—i— Z w(vy,vh) .

v’ eV veT {v’l,vé}E(‘gl)

In other words, augy(V’) is the amount of edge weight that the vertices in V' would contribute to
T if T is augmented by V’. At each step in the algorithm, d-GREEDY AUGMENT chooses a set of
d vertices V' that maximizes augp (V') and adds them to T'. For the first step, this means that
d-GREEDY AUGMENT chooses a group of d vertices with the greatest edge weights.!

An implementation of d-GREEDY AUGMENT is listed below as Algorithm 1. The running time is
dominated by the outer while loop, which runs k/d times. Each iteration of the while loop performs
O(n?) iterations through the candidate subsets V’, and each of these iterations takes O(d?) time
to compute the sum to add to aug(V’). Therefore, the overall running time of this algorithm is
O(kdn?).

Algorithm 1 d-GREEDY AUGMENT
{Initialize aug array with total weight of each clique of size d.}
for all V' C V such that |V'| =d do
aug[V'] « Z{u’l,ug}e(‘;') w (v, v3)
end for
T — 0
while |T'| < k do
MaxWeight «— —o0
{Choose the d-clique with maximum contribution.}
for all V! C V — T such that |V'| =d do
if aug[V'] > MaxzWeight then
MaxWeightSet «— V'
MazWeight «— aug[V’|
end if
end for
T — T U MaxWeightSet
{Update all clique contributions to include edges incident to newly added vertices in T'.}
for all V' CV — T such that |[V'| =d do
aug[vl] A a’ug[vl] + ZUEMazWeightSet ZU’EV’ w(v’ U,)
end for
end while
return T

Because the running time of d-GREEDY AUGMENT is exponential in d, it only runs in polynomial
time for constant values of d. Furthermore, remote-clique can only be shown to be NP-hard for
non-constant values of k. (For constant values of k, we can just examine every subset of k vertices in

!Note that if d = 1, then during the first step aug (V') = 0 for all V' C V such that |[V’| = d. Thus for d = 1,
d-GREEDY AUGMENT just starts with an arbitrary vertex. This is, in fact, the only difference between d-GREEDY
AUGMENT for d = 1 and the algorithm analyzed in [17]; the algorithm in [17] initializes T to two vertices that are
endpoints of a maximum weight edge.



polynomial time and choose the maximum weight subset). Therefore, increasing the value of d does
not affect the approximation ratio asymptotically. However, we include the analysis for all values
of d both for completeness and also because it could have some practical benefit for small values
of k. For example, if £ = 4, then the naive exact algorithm would take quartic time, whereas if we
were willing to spend quadratic time, we could run d-GREEDY AUGMENT for d = 2 to guarantee
finding a solution at least % the value of the optimal solution.

4 Upper Bound

In this section, we prove that d-GREEDY AUGMENT achieves an approximation ratio of (2k—2)/(k+
d — 2). For an instance of the remote-cliqgue problem, let OPT be the average edge weight in an
optimal solution. To prove our approximation ratio, we will show that at each augmenting step,
there exists a group of d vertices V' for which aug; (V') is sufficiently high. The following lemma,
which is the main result of this section, states this fact. Part of it is proved here, and part of it is
proved by the sub-cases given by Lemmas 5, 6, 7, 8, and 9.

Lemma 3. Before each augmenting step in the algorithm, there exists a group of d vertices V! C'V
such that V' is disjoint from T and augp(V') > 1d(|T|+d —1)OPT.

Proof. We defer the proof of the lemma when |T| > 0 to the remainder of this section. When
|T| = 0, then the statement of the lemma is that there exists at least one group of vertices V' C V
of size d and total weight at least (g) OPT. Let S be the set vertices in an optimal solution. We
prove that such a group of vertices V' must be found as a subset of S. By the optimality of S,

> wlv,wm) = <k> OPT = (%)7(23)

2
{vl,vg}e(‘;) (d*Q)

OPT ,

where the second equality follows by Lemma 2. Thus,
k—2 kN [/d
(d—2> Z Sw(vl,vg)—(d>(2>0PT.
{”177’2}6(2)
By Lemma 1, we have
kN [d
> X ww=(5)(5)orr
V/e(3) {orvre(Y))
which, by an averaging argument, implies the lemma for |T| = 0. O

Before proving Lemma 3 for |T'| > 0, we show that it implies our main result, that d-GREEDY
AUGMENT achieves an approximation ratio of (2k — 2)/(k + d — 2). This result is given in the
following theorem.

Theorem 4. The average weight of the edges in the solution returned by d-GREEDY AUGMENT is
at least (k+d —2)/(2k —2) - OPT. (Hence, d-GREEDY AUGMENT is a 2-approzimation.)



Figure 1: An intermediate state of d-GREEDY AUGMENT.

Proof. Since d-GREEDY AUGMENT adds d vertices to T during each augmenting step, we have that
|T| = (i — 1)d before the i'" augmenting step. Thus by Lemma 3, before the i'" augmenting step
there exists a set of d vertices V' disjoint from T such that augy(V’) > 3d(di —1)OPT. Therefore,
the weight of the edges added by d-GREEDY AUGMENT on the i*" augmenting step is at least
3d(di—1)OPT, since d-GREEDY AUGMENT chooses the set of d vertices that maximizes augy(V’).
Thus after j steps, the weight of the edges in T is at least

J
i=1

Since the algorithm terminates after k/d steps, the final weight of the edges in T is at least %k(lﬁ—d—
2)OPT. Since there are k(k—1)/2 edges in this set of vertices, we conclude that the average weight
of the edges in the solution returned by d-GREEDY AUGMENT is at least (k+d—2)/(2k—2)-OPT. O

d(di — 1)OPT = fd](dj +d—2)OPT .

N

It remains to prove Lemma 3 for [T'| > 0. We begin with some notation. Consider an interme-
diate state of d-GREEDY AUGMENT. The set of vertices chosen so far is T, and let .S be the set of
vertices in an optimal solution. Let uw = |[SNT|, t = |T' — S|, and s = |S — T'|. Arbitrarily label the
vertices in SN7T as ay,aq,...,a,, the vertices in T'— S as by, bo, ..., b, and the vertices in S — T
as ¢1,¢2,...,cs. Note that one of u or t may be equal to zero, but since we are in an intermediate
state of d-GREEDY AUGMENT, we know that d < |T'| < |S|—d, and hence u+¢ > d and s > t +d.
This situation is illustrated in Figure 1.

We break the proof of Lemma 3 into five cases based on the values of u and ¢ and state the
proof for each case as its own lemma. For each of these cases, we show that a group of d vertices
satisfying the condition of Lemma 3 can be found in the set S —T. We start with the case when
S and T are disjoint, i.e., when u = 0 and ¢ > 1. This case permits a direct analysis without the
use of linear programming. We note that this case was proved for the special case of d = 1 in [17].

Lemma 5. Lemma 3 holds when uw =0 andt > 1. Specifically, there exists a set of indices L € ([2])

such that
ZZ bJ7C£ Z 'UJ(C@,Cm) >

lel jelt] {é,m}e(g)

d(d+t—-1)OPT 2

N

ZNote that if d = 1, then the second sum in this inequality is empty. In general, there will be a number of formulas



Proof. The intuition behind our proof is that by optimality, the edges in .S must have high weight
on average. Hence, by the triangle inequality, edges adjacent to those in S must also have high
weight on average. We can show use this to show that there is at least one set of d vertices in S
that adds enough weight to 7T'.

Specifically, the triangle inequality implies

w(bj, c) + w(bj,em) = wleg,em) — j € [i], {t,m} € @) .

Summing over all j, this becomes
[s]
Z (bj,co) —|—Z w(bj, cm) > tw(cy, cm) {t,m} € (2 )
Jjelt] JElt]

Now, summing over all {¢, m} yields

Z Z w(by, cr) +Z w(bj,cm) | >t Z w(Cg,Cm):t<;)OPT, (1)

{e;mye(lsh) \selt] Jjelt] {emye(s)

where the equality follows from the optimality of S. By applying Lemma 1 to the left-hand side of

(1), we can rewrite it as
(s=1) > ) wlbjco) >t< >OPT ,
Le(s] jelt]
which can be simplified to
DD w(bjcr) = —OPT
te[s] jelt]
From this fact, along with the optimality of .S, it follows that

(S - 1) gez[é] gez[t] i) <Z—Z> {e,mg([i])w«:g’cm) - <(2— D " (Z §> <;)> ot
_ ;(2) d(d+t—1)OPT , (2)

where the equality is obtained from some simplification using Lemma 2.> We can now apply
Lemma 1 to the left-hand side of this inequality to obtain

Yoo DD wlie)+ Y wlenem) 2;<Z>d(d—|—t—l)0PT.

Le(ly \ teL jelt] {tmie(3)

But this implies that there must exist at least one L € ([ ]) such that

Z Z w(bj, cp) + Z w(ce, em) > §d(d+ t—1)OPT .

Lel jelt] {em}e(%)
O

in this section that simplify significantly if d = 1. However, we use the general form for compactness, and unless
otherwise noted, all statements hold for any d > 1.

3 Again, note the difference in the formula if d = 1. In this case, (2:3) =0.



Now that we have proved Lemma 3 for the case when T is disjoint from .S, we turn to proving
Lemma 3 when some number of vertices in T are also in S. Intuitively, the algorithm should do
no worse when 7' is not disjoint from S. If d-GREEDY AUGMENT has already found some of the
optimal solution, then that should not hurt its performance. However, the inequalities obtained
when following an approach similar to the one used in Lemma 5 are more complicated. We use
factor-revealing linear programs to deal with this complexity. We start with the most general non-
disjoint case that we examine, when u > 2 and ¢t > 1. (Our application of the triangle inequality
leads to certain boundary cases that arise for other values of u and ¢, which we handle separately.)

Lemma 6. Lemma 8 holds when u > 2 and t > 1. Specifically, there exists a set of indices L € ([2])
such that

Z Z w(ap, ¢ —1—2 w(bj,cp) Z w(ce, em) > %d(d—&—t—l—u—l)OPT .

€L \ heu] JElt] {f:m}e(g)

Proof. 1t is sufficient to show that

(2—1) 5 (Z wlane) + 3 wby.eo) )+<2_§> S wler,em) > ;(Z)d(d+t+u1)OPT , (3)

tels] \helu] jElt] {e;mye(y))

since we can then proceed to prove this lemma as we proved Lemma 5 from inequality (2). To
prove inequality (3), we again use the triangle inequality and the optimality of S to show that
edges between 1" and S — T have a high enough average weight. However, because S and T now
overlap, we have the following more complicated set of inequalities, broken into three groups based
on three types of triangles between T and S — T

w(ap, c) + wlap, em) —w(cp,em) >0 helu],{{,m}e <[;]> (4)
w(bj, cr) +w(bj,em) —wlc,cm) >0 jet],{,m} e ([g]) (5)
w(a‘hacf) + w(ai,cz) — w(ah,ai) >0 {h,@'} c <[g]>7g c [s] ] (6)

By the optimality of S, we have

Z w(ap, a;) + Z w(cee, em) Z Z w(ap, ¢p) <S —i—u) OPT . (7)

{n.ire(t) {emye(s) helu] e]s]

At this point in the proof of Lemma 5, it was possible to combine the inequalities expressing the
triangle inequality and the optimality of S to yield (2) and finish the proof. In this lemma, however,
the inequalities have a much more complicated form because of the overlap of S and T, and we
do not know of a simple way to combine them to yield (3). Instead, our approach is to write the
inequalities as a linear program and use duality as a systematic way of determining how to combine
them. Specifically, consider an adversary trying to minimize

(o) (S v+ Sutien )+ (573) X wtenew

tels] \helu] jelt] {emye('s)



subject to the constraints given by (4), (5), (6), and (7). If we can show that the optimal value of
this factor-revealing linear program (where the variables are the weights of the edges) is at least
5(5)d(d+t+u—1)OPT, then we will have proven (3). Since the value of any feasible dual solution
is a lower bound for the optimal value of the primal, we can prove (3) by finding a feasible dual
solution with value £ (5)d(d +t 4+ u — 1)OPT. The dual linear program is

marimize

(s;u>OPT~z

subject to

- Z Y{hiye T2<0 {h,i} € ([u]> (8)

Le[s] 2
s—2 [s]
= Whgemy — D Tigemy + 2 < i_9 {6,m} € 5 9)
helu] JE[t]
s—1
)DIRTNTSEND SRR TRVESE (i heltels  (10)
me[s]—{€} i€fu]—{h}
s—1 .
> wms(30))  delleen .
me[s]—{€}

where wy, (4} corresponds to (4), x; s my corresponds to (5), yip iy, corresponds to (6), and z
corresponds to (7). Our task is now to find a dual solution of value %(Z)d(d—i—t +u—1)OPT. Note
that if the objective function of the dual is set to this value, then z is completely determined. Using
the value this gives for z, we assume that the wy, (7 m1’s, T (1m)’s, and ygp 3,0’ are the same for
all h, i, j, £, and m and solve the system of equations given when inequalities (8), (10), and (11)
are set to equality. Doing so yields the following dual solution.

o ~fraeepla) e e(5)
:%um}zsfl(iii) jeﬁL{&m}e<Eb
sy = (uc—l’——;)t(:j: S—_l - (2: 1) {h,i} e <[124>,e € [s]

’ZJ%QEfQEKD

Since we found this solution by solving inequalities (8), (10), and (11) for equality, it is clear that
these constraints are satisfied by this solution. Thus we must only verify constraint (9). Some
straightforward (but tedious) manipulation shows that if d = 1, then the left-hand side is equal to

su(u +t)
(u+s)(u+s—1)(s—1)

10



which is no greater than 0 since s > 2 when ¢ > 1. Similarly, if d > 1, then the left-hand side can

be written as iy ) 5
(1 e +SZ)< (u+—|— s+—u1;(d)— 1)) (2: 2>

which is clearly no greater than (272) Since we have a feasible dual solution of value 5( )d(d +

t +u— 1)OPT, we have shown that inequality (3) holds, thus proving the lemma. O

We have now proved the most general (and hardest) case of Lemma 3. It remains only to prove
three boundary cases. The next case we consider is when v = 1 and ¢ > 1. We need to consider
it separately because here we do not have constraint (6) (or dual variables of the form y 1 ().
Because the proof is so similar to the proof of Lemma 6, we merely state the primal and dual
factor-revealing linear program and give a feasible solution to the dual that provides a sufficient
lower bound for the optimal value of the primal. The technique to generate and solve these linear
programs is nearly the same as in Lemma 6.

Lemma 7. Lemma 3 holds when uw =1 andt > 1. Specifically, there exists a set of indices L € ([2])
such that

1
Z w(ay, cp) + Z w(bj, cp) Z w(ce, Cm) > 5d(d+ t)OPT .
fel JElt {e,m}e(g)
Proof. As before, it is sufficient to prove that
s—1 Z w(ay,c —1—2 (bj,c -2 Z w(e c)>1 ° d(d+t)OPT
d—1 1,¢¢ 75 f d—2 Ly Cm) = 2\da .
Le(s) JElt] {e;mye(ls)

Again, we prove this by lower-bounding the optimal solution to the following linear program, in
which the constraints are derived by the triangle inequality and the optimality of S.

minimize
s—1 s_9
71 > w(al,ce)JrZw(bj,ce) U ST wlerem)
Le(s] jelt] temye ()
subject to
w(ay, ce) +wl(ay, cm) — w(ce, cpm) >0 {t,m} € <[;]>

wlbj,ce) +w(bj, em) = wlee,en) 20 j €[], {tm} € <[S]>
Z wleg, cm +Z w(ay, cr) <5_2H>OPT

{Z,m}e([ )

11



The dual of this linear program is

marimize )
<S ; >OPT .2

subject to

s—2 S
—T{gm} — Z Yjfemy T2 < <d B 2) {¢,m} € (g)

JElt]
s—1
Z f{z,m}‘FZS(dl) les]
mel[s]—{¢}
Z Yjftm}y < <68l— 1) jelft],tels] .
me[s]—{£}

We conclude the proof of this lemma by providing the following dual solution, which can easily be
shown to be feasible and to have the value 3 (5)d(d + t)OPT.

e = (=1 Jf 5io) e (3)
tom = ( ) ietl emye ()
o d+t <s>
d

O

The next case we consider is when u > 2 and ¢t = 0. Although the factor-revealing LP is slightly
different, the proof for this case is very similar to the proofs of Lemmas 6 and 7.

Lemma 8. Lemma 3 holds when u > 2 and t = 0. Specifically, there exists a set of indices L € ([fl])
such that

Z Z w(ap, ¢r) Z w(eg, em) > %d(d—# u—1)OPT .

¢eL helu] {e,m}e(g)
Proof. Again, it is sufficient to prove that
8_1 ZZ (ap,c -2 Z w(e c)>1 ° d(d+u—1)OPT
h> @ d—2 s Cm) Z 2\d ;
Le[s] heu] {Z,m}E([g])

which we do by finding a lower bound to the optimal solution of the following linear program:

minimaize

<s— 1> Z Z w(an, o) <2:2) Z w(ce, cm)

Le(s] heu] {K,m}e([;])

12



subject to

w(ap, ce) +wlap, cm) —w(ce, cm) >0 h e u],{{,m} € <[;]>
w(ap, ¢o) +w(ai, c) —w(ap,a;)) >0 {h,i} € ([Z]),f € [s]
Z w(ap,a;) + Z w(ceg, em) Z Z w(ap, ¢p) (3—12—u> OPT .

{hire(y) {emye(ls) helu] fe]s]

The dual of this linear program is

Mazrimize
(S i “> OPT - »
2
subject to
_ , : [u]
> Yo +2<0 {hiye (]
Les]
s—2 s
- Z Th{emy T2 < (d _ 2) {t,m} € <[2]>
he(u]
s—1
Z Tp,{e;m}y T Z Yihiye T2 < (d B 1) helul,lels] .
me[s]—{¢} i€fu]—{h}

The following dual solution is feasible and has value %(Z)d(d + u — 1)OPT, thus concluding the
proof of the lemma:

Th o) = @1_;(;_11) (2: D helu],{t,;m} e <[§]>
Yinare = +dsw T = 0 <2: D {hi} € @),e € ls]

¢ = (u i(j)?uugslz 1) (2) '

The final case yet to be covered is when v = 1 and ¢ = 0. For these conditions to hold, we must
have d = 1, since u + t > d. The proof of this case follows from a simple contradiction argument.

O

Lemma 9. Lemma 3 holds when w =1 and t = 0 (and hence d = 1). Specifically, there exists an
¢ € [s] such that w(ay, ce) > $OPT.

Proof. Suppose by way of contradiction that no such £ exists. Then by the triangle inequality,
w(cg, em) < OPT for all {¢,m} € ([;])_ But this contradicts the optimality of S, since it implies
that every edge in S has weight strictly less than OPT. Thus we conclude that the set S — T does
indeed contain a vertex ¢y satisfying the statement of the lemma. O

13



Lemmas 5, 6, 7, 8, and 9 together imply Lemma 3, which in turn implies Theorem 4, stating
that d-GREEDY AUGMENT has approximation ratio (2k —2)/(k + d — 2).

5 Lower Bound

The following theorem states that the approximation ratio (2k — 2)/(k + d — 2) for d-GREEDY
AUGMENT is tight.

Theorem 10. There exist infinitely many remote-clique problem instances in which the ratio of

the average edge weight in an optimal solution to the average edge weight in the solution returned
by d-GREEDY AUGMENT is (2k —2)/(k +d — 2).

Proof. Consider the following problem instance (G = (V, E),k), in which |V| = 2k and V is
partitioned into k/d subsets of d vertices called Vi,...,V} 4 and one group of k vertices called O.
The edge weights are determined as follows:

w(vy,va) = {

This construction is illustrated in Figure 2. It is clear that the edges in this problem instance satisfy
the triangle inequality, since every edge has weight either 1 or 2. Also, it is clear that d-GREEDY
AUGMENT could (if ties were broken badly) return the solution 7' = |J,; V;, whereas the optimal
solution is O. If this happens, then the total edge weight in T is

{01+ (0)-0) - pesn

and since the total edge weight in O is 2(15), the ratio of the performance of an optimal algorithm
to d-GREEDY AUGMENT is (2k — 2)/(k + d — 2). To see that there are an infinite number of such
graphs, note that without affecting the relative performance of d-GREEDY AUGMENT, we can add
arbitrarily many vertices to this construction in which every edge incident to these new vertices
has weight 1. O

2 if v1,v9 € V; for some i or vy,v9 € O
1 otherwise

Note that this construction provides some intuition for the importance of the triangle inequality
in the remote-clique problem. In particular, although it would clearly hurt the performance of the
algorithm to make the weight of the heavy edges in this construction greater than 2, doing so is
impossible without violating the triangle inequality.

6 Discussion

In this paper, we have used the technique of factor-revealing linear programs to prove that d-
GREEDY AUGMENT achieves an approximation ratio of (2k — 2)/(k + d — 2). This improves the
best-known approximation ratio of GREEDY AUGMENT from 4 to 2 (asymptotically). Since we have
shown that there are infinitely many problem instances in which d-GREEDY AUGMENT returns a
solution no better than (k+d—2)/(2k —2)-OPT, we have completely characterized the worst-case
performance of d-GREEDY AUGMENT.

Currently, there are no hardness of approximation results for remote-clique. Therefore, a clear
direction for future research is to either improve the approximation factor of 2 or provide a hardness
of approximation result.

14



Figure 2: An example (for kK = 12 and d = 4) showing that the approximation ratio of (2k —2)/(k+
d — 2) is a tight bound on the worst-case performance of d-GREEDY AUGMENT. Edges that are
contained within the same circle have weight 2, and all other edges have weight 1.
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