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Abstract

This papersuneys graphpartitioningalgorithmsusedfor parallelcomputing,with anemphasion
the problemof distributing workloadsfor parallelcomputationsGeometric structural,andrefinement-
basedalgorithmsaredescribedandcontrastedin addition,multilevel partitioningtechniquesndissues
relatedto parallelpartitioningareaddressedAll algorithmsareevaluatedqualitatively in termsof their
executionspeedandability to generatgartitionswith smallseparators.

1 Intr oduction

In its mostgeneraform, the graph partitioning problemaskshow bestto divide a graphs verticesinto a
specifiednumberof subsetsuchthat: (i) the numberof verticesper subsetis equaland(ii) the number
of edgesstraddlingthe subsetds minimized. Graph partitioning has several importantapplicationsin
ComputeiScienceincludingVLSI circuit layout[8], imageprocessing43], solvingsparsdinearsystems,
computindfill-reducingorderingsfor sparsamatricesanddistributing workloadsfor parallelcomputation.
Unfortunately graph partitioning is an NP-hardproblem[13], and thereforeall known algorithmsfor
generatingpartitions merely return approximationgo the optimal solution. In spite of this theoretical
limitation, numerousalgorithmsfor graphpartitioninghave beendevelopedduring the pastdecadethat
generateénhigh-quality partitionsin very little time. This paperprovidesan overview of thesealgorithms,
focusingontheir applicationto parallelcomputing.

Oneof thefundamentaproblemsthatmustbe addresseth every parallelapplicationis that of work-

load distribution—the distribution of dataand computatioracrossa processoset. Optimal distributions
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Figure 1: An illustration of the workload distribution problem. Elementsof the array (left) andthe unstructured
graph(right) needto bedistributedamongfour processorgcenter).Dueto its regular structurethe arrayis amenable
to straightforvard distributions suchasthe block-g/clic oneshavn here. The graphhasno obvious mappingto the
processosetandthereforerequiresa graphpartitioningalgorithm.

minimize an applications overall runtime, typically by ensuringthateachprocessohasan equalamount
of work while minimizing the paralleloverheadnducedby the distribution (mostnotablyin the guiseof
interprocessocommunication) Someapplicationsareeasyto distribute. For example,densearray-based
problemstypically have a high degreeof regularity, allowing the array elementgo be distributed using
straightforvardblodked, cyclic, or blodk-cyclicschemesThesedistributionsareadvantageousueto their
simplicity andtheir ability to take advantageof anarray's regularstructure.

Unfortunatelymary parallelcomputationsnvolve datasetsthatarenot soregularin structurethereby
necessitatinghoresophisticategartitioningmethodgFigurel). Suchdatasetsincludethoseusedby finite
volumemethoddor computationafluid dynamicsandby finite elementandfinite differencemethodgor
structuralanalysis.For example,thefinite volumemeshin Figure2(a) storesdatavaluesat eachtriangle
in orderto computeairflow pastafour-elementwing.

Theseunstructuredatasetsinduceworkloadsthat can be representeéh a graph-basedorm. Each
nodeof a workload graph represents unit of dataand the computationthat mustbe performedon it,
while eachedgerepresenta datadependencketweentwo vertices. For example,in the computation

of Figure 2(a), eachtriangle's valuesareiteratively recomputedising the valuesof its neighboringtri-
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Figure2: Exampleof a finite volume simulationusedto computeairflow pasta four-elementwing. (a) The mesh
definedfor the problem. Eachtriangle hasan associatedetof datavalues. Flux is computedfor eachedgeusing
the valuesof its neighboringtriangles. (b) The meshs dual graph,usedto partition the computation. Eachvertex
represents triangle’s data.Edgesconnectrianglesthatneedto referto eachothers'values(source: [44]).

angles. Thus, the workload inducedby this meshcan be representedising a graphin which vertices
represenimeshtrianglesandedgesonnechodeswvhosetrianglessharea commonedge(Figure2(b)). For
workloadsdescribedn this graph-baseframework, a paralleldistribution canbe computedusinga graph
partitioningalgorithm. Sinceworkloaddistribution strivesto divide computation(graphvertices)evenly
acrossa processoset,while minimizing interprocessocommunication(edgeshat straddletwo subsets),
it canbe phrasedasa graphpartitioningproblemin which the numberof partitionsis equalto the number
of processors.

In the pastdecadeseveral novel approachebave beendevelopedfor partitioninggraphsfor parallel
computationThis paperdescribeseveralof themostcompellingalgorithmsaswell asthetechniqueshat
ledto their development Eachalgorithmis evaluatedn termsof thetime it takesto computea partitionas
well asthequality of the partitionsit generatesmeasuredby the numberof straddlingedges).Secondary
considerationgcludewhetherthealgorithmhastheoreticaguaranteesf its partitionquality, andwhether
it hasanefficient parallelimplementation.

Therestof thepapelis organizedasfollows: Thenext sectionprovidesamorecompletantroductionto
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Figure3: (a) A balancedour-way partition of the graphfrom Figure 1. (b) Thesetof cut edges E. resultingfrom
thispartition(| E¢| = 11). (c) A vertex separatomducedby E. thatpartitionstheremainingverticesinto four roughly
balancedsubsets.

thegraphpartitioningproblemandits applicatiorto workloaddistribution. Section88-5presentasurney of
graphpartitioningalgorithms dividing theminto threeclassesthosethat utilize the geometricproperties
of a graph,thosethat operateon a graphs combinatorialstructure,and thosethat uselocal refinement
techniques.Section6 describegieneralstratgiesthat acceleratehe partitioningprocessy contracting
the input graph. Issuesrelatedto computingpartitionsin parallelare addresseih Section7. The final
sectionprovidesanoverall evaluationof thealgorithmsandreconsidersheir applicationto the problemof

workloaddistribution.

2 Graph Partitioning

In this paper a graphG = (V, E) is definedin termsof a setof vertices,V, and a setof edges,
E. Edgesconnectverticesfrom V pair-wise andareundirected. Self-loopsare not permitted. In some
graphs,the verticesmay have spatial coordinatesassociatedvith them that definetheir relative posi-
tionsin IRZ. A p-way partition of a graphis a mapping? : V — [1...p] of its verticesinto p sub-
setsSi, Sa,...,Sp, wherelJ,; S; = V andS; NS; = @ whereveri # j (Figure3(a)). Every partition

generates setof cut edges E., definedasthe subsetof E whoseendpointslie in distinct partitions



(B. = {(vi,v5) | (vi,v;) € E, P(v;) # P(v;)}—seeFigure3(b)). Theweightof eachsubset|S;|, is
definedto bethe numberof verticesmappedo thatsubseby P.

Givena graphasinput, the graphpartitioningproblemseekso find a p-way partitionin which each
subsetontainsroughly the samenumberof vertices(|S;| < [|V|/p]) andthe numberof cut edges|E,|,
is minimized. For input graphsthatrepresentvorkloadasdescribedn the introduction,eachpartitioned
subsetepresentslataandcomputatiorthatshouldbe assignedo a singleprocessarThe cutedgegepre-
senttheinterprocessocommunicatiorrequiredby the distribution. Thus,the graphpartitioningproblem
attemptdo find a distribution thatbalanceshe computatiordoneby eachprocessowhile minimizing the
totalinterprocessocommunication.

As describedhere, graphpartitioningis performedusing an edge sepaator E.—a group of edges
whoseremoval breaksthe graphinto disjoint subsets. A relatedproblemtries to breakthe graphinto
subsetausing a vertex sepaator V, € V of minimum size (Figure 3(c)). Vertex separatorsare used
for performingnesteddissection14], a techniqueusefulfor reorderinga matrix's rows and columnsto
benefitits parallelfactorization. Sinceworkload graphsuseverticesto representlata,vertex separators
areinappropriatesincethey correspondo databeingeliminatedfrom the computation. Note that most
algorithmsfor computingvertex separatorslo so by first finding an edgeseparatoandthencomputinga

(potentiallyminimum)vertex coverfor thegraphinducedby E..

2.1 Recursie Bisection

An instanceof graphpartitioningthat deseresspecialattentionis the graph bisectionproblem This is
simply a variationon graphpartitioningin which G mustbe dividedinto two subsetsAlthoughbisection
seemgonsiderablyeasietthangeneralp-way partitioning,it is still NP-hard.

Most p-way partitioningalgorithmsutilize a divide-and-conqueapproactknown asrecussive bisec-

tion. Thistechnigquegenerates p-way partition by performinga bisectionon the original graphandthen



Figure4: An exampledemonstratinghe useof recursve bisectionto computean eight-way partitionfor anabstract
graph.

recursvely consideringheresultingsubgraphgFigure4). It hasbeenshavn thatevenif recursvebisection
is performedusingan optimal bisectionalgorithm,it canstill resultin a suboptimalp-way partition[45].
In spiteof this theoreticallimitation, recursve bisectionremainsthe primary graphpartitioning strat@y
dueto its simplicity comparedo computingp-way partitionsdirectly. The majority of the algorithmsin

this paperrely onrecursve bisection.

2.2 Graph Partitioning Variations

Severalvariationsof the basicgraphpartitioningproblemexist. Theweightedgraph partitioning problem
allows weightsto be associatedvith the verticesandedgesof GG. In this problem,a goodpartitionis one
in which the total vertex weight of eachsubsets roughly equal,andthe total weight of the cut edgesis
minimized(Figure5(a) shavs an example).In the contet of workloadgraphshodeweightscanbe used
to encoddifferingcomputatiorexpensescrosghegraph(e.g., boundarylocationsvs. internallocations).
Similarly, edgeweightscan signify the volume of communicatiorrequiredbetweentwo nodes. For the
sale of simplicity, this paperwill concentrate®n the unweightedversionof the problem,thoughmostof
thealgorithmdescriptionganbetrivially extendedo handleweightedgraphs.

Theé-partitioning problemis onein which someimbalancen the subsetveightsis toleratedn hopes
of significantlyreducingthe numberof cutedgesin this problem,atolerances is suppliedasinputwhere

1/p < § < 1. Legal partitionsarethosethatyield subsetsvith weight|S;| < [6|V|] (Figure5(b)). Note
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Figure5: Variationson the graphpartitioningproblem. (a) A weightedpartitioning. Assumethat darker edgesand
verticeshave weight2, while lighter componentiave weight1. The partitionshavn demonstratea balanced-way
partition where|S;| = 4 for eachsubset. Although difficult to verify, it probablyminimizes|E.| sincefew of the
heary edgesstraddlethe subsets(b) An exampleof §-partitioningfor § = 5/12. Notethatpermittingimbalancen
thesubsetsillows | E.| to besmallerthanin thebalancedartitionof Figure3(a). (c) Skewedpartitioningin whichthe
targetweightsare2 : 1 : 2 : 1.

thatthe standardyraphpartitioningproblemis simply aé-partitioningproblemin which§ = 1/p. Another
variationthat allows for unbalancedsubsetss the skewed partitioning problem In this version, user
suppliedweightsareassociatewith eachsubseto specifyadesiredmbalancen the partition. Algorithms
for thisproblemcomputepartitionswhosesubsetareweightedproportionallyto thosespecifiedby theuser
(Figure5(c)).

In the contet of workloaddistribution, thesegeneralizationallow the characteristicef aparallelma-
chineto have somebearingon the partitioning. For exampleif amachinesinterprocessocommunication
overheads sufficiently high, it might be worthwhile to toleratesomedegreeof load imbalancein order
to drasticallyreducethe communicatiorvolume. This tradeof canbe describedusingé-partitioning. As
anotherexample,if aparallelcomputatioris to be performedon aheterogeneoysrocessoset,therelative
performanceof the processorgan be describedby specifyingappropriatearget weightsin the skewed
partitioningproblem.

Thecloseronegetsto modelingthe behaior of actualmachinesthe morecomplicatedhingsbecome.

Onecouldimaginefurther generalizationsf the graphpartitioningproblemthatattemptto minimize the
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Figure6: (a) A graphthat suitsthe assumptionsnadeby geometricalgorithmssinceits verticesare connectedo
their nearesheighbors.(b) A graphwhoseverticesareconnectedo distantnodesratherthancloseones.Geometric
algorithmswould not be expecteduo partitionit well.

numberof processorsvith which eachprocessocommunicatespr thatattemptto modelthe non-uniform
communicatiorcoststhatoccurin clustersof multiprocessorsThoughtheseareinterestingandimportant
issuesthey arebeyondthe scopeof this paperandwill betouchedon againonly briefly in the discussion

section.

3 Geometric Algorithms

Geometricapproache$o the graphpartitioningproblemarethosethat usethe geometriccoordinates
associatedvith a graphs verticesto aid in the creationof a partition. By nature,thesealgorithmsare
fairly straightforvardto understan@ndto implement.Unfortunatelysincenotall graphshave coordinates
associateavith their vertices,geometricalgorithmsarenot completelygeneral.However, mary common
parallelcomputationsuchasfinite volume,finite elementandfinite differencemethodsio producegraphs
thataregeometricallyembeddedn d-dimensionakpace.In thesecasesthe extra geometrianformation
providesa straightforvard global relationshipbetweena graphs verticeswhich canbe usedto achieve
quick runtimesandhigh-qualitypartitions. It shouldbe notedthatmostgeometricalgorithmsassumehat
spatialproximity andvertex connectvity arestronglycorrelated—thais, verticeswvhich areclosertogether

in IR? will tendto have shorterconnectingpathsin E (Figures).



3.1 Coordinate Bisectionand its Variations

The moststraightforvardinstanceof a geometricapproachs a techniqueknown asrecursivecoordinate
bisectionor recussiveorthogonal bisection In this algorithm,verticesaresortedaccordingto their coor
dinatesin eachof the d dimensions.The algorithmconsidersa candidatehyperplandor eachdimension
whichis perpendiculato the coordinateaxisandlocatedat VV's mediancoordinatevalue. By construction,
eachof thesed hyperplanesvill bisectthe graph.Thealgorithmthenselectshe candidatéhyperplanghat
cutsthe smallestnumberof edges. The subgraphsrethenconsideredecursvely usingthe sametech-
nigue. Partitionsgeneratedby coordinatebisectionareillustratedin Color Platel(a)and(b). Variationson
coordinatebisectionhave beenconsideredy severalauthorq17, 5].

Oneimportantimprovementto coordinatebisection,recuisiveinertial bisection doesa betterjob of
gettinganoverall gestaltfor the graphby computingits principal axisof inertia, I. By definition, I is the
axisaroundwhichthegraphsverticeshave aminimumrotationalangulammomentumThealgorithmthen
selectsa bisectinghyperplangerpendiculato this axis. Theintuition behindthis approachs thatvertices
in V will tendto lie along andin closeproximity to it, causingplanesperpendiculato the axisto cuta
smallnumberof edges.

All variationson coordinatebisectionare straightforvard to understangindimplement,but are sim-
plistic: eachalgorithmconsidersonly a smallnumberof candidatebisectinghyperplanesandin all but
theinertial method,the choiceis donein anad hoc mannetrwith little regardfor the graphs global prop-
erties. Anotherdisadwantageto this classof algorithmsis that the separatoreomputedare hyperplanes,
whichconstituteafairly restrictectlassof partitionwhenoneconsidergheexponentiadegreesof freedom
availablein a graphs combinatorialstructure.Iln general optimal separatorsirelikely to involve a more
complex andraggedboundarybetweensubsets.Studiescomparinghyperplane-basealgorithmsagainst
the moresophisticatedechniqueglescribedn the sectionghatfollow indicatethatwhile hyperplanebi-

sectorsarefastto computethey generallyresultin partitionsof considerablyorsequality [44, 16, 5].



3.2 CircleBisection

Miller etal. describeanalgorithmcalledrecursivecircle bisectiorthataddressethedravbacksof hyperplane-
basedalgorithms[33]. It usesglobalinformationaboutthe graphs verticesto computeseparatorsising
circlesandspheresatherthanlinesandplanes.Sincecircle bisectorsaddanadditionaldegreeof freedom

to thebisectingsurface(a variableradius),they canbeusedto expressmorecomplex separators.

Thetwo mainconceptsequiredto understandircle bisectionaresteleagraphicprojectionandcenter
points Stereographiprojectionis a meansof mappingpointsto a higherdimensionby projectingthem
from IR? to the surfaceof the unit spherein IR™!. Thisis doneby first embeddinghe pointin IR**! by
settingits (d + 1) coordinateto 0. Next, aline is projectedfrom (0,...,0,1) throughthe point. The
intersectiorof thisline andthe unit spheredefinesthe point's locationin the stereographiprojection.

A centerpointfor a setof pointsin IR? is definedto be a point throughwhich every hyperplaneis
guaranteedo createtwo subsetavhoseweightratio is no worsethand : 1. Onekey differencebetween
centerpoint@ndcentersof massis thatcenterpointarerelatively unafectedby distantoutliersin the set.
Every setof pointsin IR? is guaranteetb have acenterpointandits locationcanbe computedisinglinear
programmingnethod433].

Thecircle bisectionalgorithmproceedsasfollows: mapthe verticesof V' to the unit spherein IR*!
using a stereographi@rojectionand then computea centerpointfor the projectedpoints. Next, move
the pointsaroundon the spheres surfacein orderto mapthe centerpointo the origin: first by rotating
themuntil the centerpoinis at (0, .. .,0,r); thenby dilating themalongthe spheres surface(equivalent
to scalingby a factorof \/(1 —r)/(1 + r) in IR%). Next, choosea randomgreatcircle, C,, on the unit
sphereto split the pointsinto two subsetsNote thateachgreatcircle correspondso theintersectiorof a
planethroughthe centerpoinf(origin) andthe spherethus,G.. represents partition of the pointswith a
worst-casaveightratioof (d+1) : 1. C, isthenmappedackto IR by invertingthedilation, rotation,and

stereographiprojection. The resultis a circle (or line in the degeneratecase)that separateshe original

10
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Figure 7: An exampleof the circle bisectionalgorithm. (a) A 2D input graph. (b) The graphs vertices. (c) The
stereographiprojectionof the verticesto the unit spherein 3D. The large dot is a centerpoint.(d) The pointshave
beenrotatedanddilatedon the surfaceof the spherein orderto move the centerpointo the origin. A randomgreat
circleis chosen(e) Thedilation, rotation,andstereographimappingareinvertedto mapthecircle backto 2D. (f) The
partitioncomputedby thealgorithm(source: [16]).
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verticesinto two sets:thoseinsideandthoseoutsidethecircle. SeeFigure7 for anillustrationof thecircle
bisectionalgorithm.

Gilbert et al. reporton their practicalexperiencewith animplementatiorof the circle bisectionalgo-
rithm [16]. They deviatefrom the purealgorithmabovein threemainwaysto acceleratéhe computation
while still producingagoodseparatarThefirst differences their useof geometricsamplingto reducethe
compleity of computinga centerpointRatherthanconsideringhe completesetV, they selectarandom
subsebf athousandrerticesto representhe graph.Secondlyalthoughthelinearprogrammingalgorithm
for finding centerpointsunsin polynomialtime, it usesa large numberof constraintsgcausingt to betoo
slow for practicaluse. Instead the authorsusea fastalgorithmfor computingapproximatecenterpoints
usingradonpoints[6]. Applying this algorithmto the sampledvertex setresultsin a vastly accelerated
computatiorthatproduceggoodcenterpointsn practice.

The third differencecomesin the selectionof a partition. To find their greatcircle, Gilbert et al.
generatea numberof approximatecenterpoint@nda few circlesfor each,selectingthe onethat cutsthe
fewestedgesEachcircleis generatedby randomlyconstructinganormalvector weightedslightly towards
theinertial axis I. Althoughthe greatcirclesarenot guaranteedo resultin an evenpartition,in practice
mostsplits werewithin 20% of balanced.To achieve an exact bisection,the separatingircle's planeis
nudgedn thedirectionof its normalvectoruntil abalancds reachedTheauthorgeportthatthis doesnot
dramaticallyaffectthe cutsize.

Gilbert et al. computepartitionsfor a seriesof standardgraphsand comparetheir resultsto those
generatedisingcoordinatebisectionandspectrabisection(describedn the next section).Their findings
shav thatthe circle-basednethodgenerallyresultsin partitionsthatarebetterthancoordinatebisection,
yetsimilarin sizeto spectrabisection.The chief advantagdo the geometriomethodis its speedyunning
approximatelyanorderof magnitudefasterthanthe spectrakllgorithm.

Circle bisectionis built upona body of theoreticalwork which characterizegraphsthat have good

12



separator§35] andwhich placesheoreticalower boundson geometricseparatosizes[5, 34]. Thiswork

senesasa strongfoundationfor explainingwhy circle bisectiontendsto resultin goodseparators.

4 Structural Algorithms

Thegeometrialgorithmsof the previoussectionall sharegwo commonweaknesseghefirstis thatthey re-

quireverticesof theinputgraphto have geometriccoordinatesssociategvith them,yetthisis notthecase
for all graphs.The seconds thatthey neverreferto the connecwity structureof thegraph,E, but rather
assumehat spatialproximity implies a shortconnectingpath. Althoughthis is a reasonabl@ssumption
for mary graphsgcountergamplesxist. For example,in thegraphsof Figure2, verticeson oppositesides
of thewing flapsarefairly closein spaceput have long connectingpathsin E. The shortcoming®f ge-

ometricalgorithmsareaddressedly structual or combinatorialalgorithms—onethatcomputepartitions

by referringonly to thegraphs connectvity. This sectiondescribesa numberof structuralapproaches.

4.1 Graph-Walking Algorithms

Recusivelevel-structue bisectionis a combinatorialapproachthatis very intuitive in nature[15]. It is

similar to the coordinatebisectionalgorithmsdescribedn the previous section,but definesthe distance
betweerntwo verticesasthelengthof their shortestonnectingoath,ratherthantheir distancen Euclidean
space.Thealgorithmfinds two verticesof nearmaximaldistancefrom oneanotherandthenperformsa

breadth-firssearchfrom oneof the vertices,until it hasreachechalf of the verticesin the graph. These
verticesareplacedin the first subset]eaving the remaindelin the second.The algorithmis thenapplied
recursvely to eachof the subgraphs.Color Plate1(c) and(d) illustrate the useof level-structurebisec-
tion. Although this algorithmis relatively straightforvard and fast, it tendsto resultin relatively poor
partitions[44].

A very similar approachis Farhat's greedyalgorithm [9]. It also accumulatesetsof verticesby

13



traversingthe graphin a breadth-firsitnanneybut differsin thatit computests p subsetdlirectly, without
resortingto recursve bisection.Thesubset@reconstructeadneatatime, startingfrom anarbitraryvertex.
OncethetraversahasreachedV|/p verticesthey areassignedo asubsetS;. Theprocesss thenrepeated
for S;11, startingattheboundaryvertex of .S; with thesmallesinumberof unexplorededges.

One other relatedapproachis the greedygraph growing algorithm developedby Karypis and Ku-
mar[25]. Thisis anotheralgorithmfor bisectionthatgrows a subsebf verticesaroundan arbitraryroot.
However, ratherthanwalking the graphin a strict breadth-firsmannerit addsverticesto the subsein an
orderdeterminedy their benefit—namelyjthe amounthatthe edgecutwill improveif thevertex is added
to the subset.Thus,at eachstep,the vertex thatwould causethe largestdecreasé€or smallestincrease)n

thenumberof cutedgeds addedo thesubset.

4.2 Spectral Algorithms

All of the graph-valking approachesbove have the disadwantageof beingrelatively blind andlocalized
in their consideratiorof the graphs structure looking only one edgepastthe currentfrontier at a time.
PothenSimon,andLiou introduceaspectal graphpartitioningalgorithmthataddressetheseshortcoming
by consideringa graphs globalconnectvity propertiesvhencomputinga solution[40]. Thistechniques
referredto asrecusivespectal bisection(RSB).

Recursve spectrabisectionutilizesthe Laplacianmatrix, L, of theinputgraph—a|V'| x |V| matrix

thatencodesnformationaboutG's connectvity. Eachentryof L is definedasfollows:

deg(v;) ifi=3j
Ly = -1 if (’Ui,’l)j) cFE
0 otherwise

For intuition asto how the Laplacianmatrix is used,considerencodinga 2-way partitionof a graphusing
a|V]-ary vectorz in which z; is 1 if vertex ¢ is in the first subsetand —1 if it is in the second. Note

thatfor a balancedisection,y*, z; = 0. For a perfectbisectionz,, (onein which no edgesarecut), the

14



matrix-vectorproductLz, yieldsthe zerovector sinceeachvertex's degreewill be canceledout by the
combinedsumof its edges More generally the productz? Lz for ary partitionvectorcanbe shavn to be
equalto 4 timesthe numberof cut edges.Thus,the graphbisectionproblemcanberephraseds: Find a
partition vectorz whee z; = =1 sudithat), z; =0 andz® Lz is minimized.

Phrasinghe graphbisectionproblemin this form doesnothingto make the computatiorof a solution
easier—it is still NP-hard. However, the problemis tractablewhenrelaxingit from its discreteform to
a continuousversion—onen which elementsof z cantake on valuesin the intenal [—+/n, /n] rather
thanjust1 and—1. Moreover, aminimumsolutionto the continuougproblemis formedby the /n-length
seconckeigervectorsof the Laplacianmatrix [19].

This raisesan obvious question: will a solutionto the continuousproblemhave ary bearingon the
discreteproblem?Fortunatelythe answerturnsoutto be“yes.” The constructiorof the Laplacianmatrix
is suchthatits smalleskeigervalue); is zero,with anassociatedigervectorz; of all ones.In his studiesof
the Laplacianmatrix, Mohar determinedhatfor connectedyraphsthe magnitudeof the secondsmallest
eigervalue, A2, senesasa measureof G's connectity [36]. Moreover, the magnitudeof the second
eigervectorsi™" elemengivesaroughindicationof vertex i's distancerom otherverticesin G: thecloser
two valuesare numerically the shorterthe connectingpath betweertheir correspondingertices. These
specialpropertiesof the secondeigervectorzz werethoroughlyinvestigatedoy Fielder[11, 12], whose
work provided the theoreticaljustification for its usein graph partitioning. Hence,z is traditionally
referredto asthe Fielder vector.

Therecursve spectrabisectionalgorithmproceedssfollows: ComputeheFieldervectorfor G using
the Lanczosalgorithm [37], modifiedto avoid computingthe non-Fieldereigervectors. Next, determine
the medianvalueof the Fieldervector's componentandusethis to partition verticesof G into two sub-
sets:thosewhosecorrespondind-ieldercomponentsare lessthanthe medianandthosethat are greater

(verticeswith themedianvaluearesplit arbitrarily betweerthetwo groups).Thealgorithmis thenapplied
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recursvely to eachof theresultingsubgraphslllustrationsof its useareshovn in Color Platel(e)and(f).
It shouldbe notedthatin practice,L. neednot be explicitly representedsinceits valuescan be quickly
determinedrom the graphstructureitself.

The principal drawbackof RSB is the computationof the Fieldervector which dominateshe com-
putationenormously Although partitionsgeneratedy RSB aretypically of very high quality, the time
requiredby thealgorithmis significantenoughto be a seriousmpedimentto its practicaluse[25, 16, 46].
Sinceits original formulation,muchwork hasbeendoneto acceleratehe algorithm[41, 2, 1], someof
whichwill bedescribedn the following sectionsOnenotavorthy extensionto RSBis animplementation
by HendricksonandLeland[21] that usesadditionaleigervectorsto obtainsimultaneougjuadrisections
andoctasectionsf a graph. This oftenresultsin smallerpartitionsthanthoseobtainedby recursve calls

to RSB, yetrequiressignificantlylesstime.

5 RefinementAlgorithms

Oneof theearliesigraphpartitioningalgorithmshasalsoturnedoutto beoneof themostuseful. Developed
by KernigharandLin in thelate60's,thealgorithmstrivesto improve aninitial (possiblyrandom)partition
of the graphby tradingverticesfrom onesubseto the otherwith the goal of reducingthe numberof cut
edgeq31]. This generalapproactof refiningan existing solutioncanbe consideredh classof algorithms
untoitself.

TheKernighan-Lin(KL) algorithmis basednthenotionof gain—ametricfor quantifyingthe benefit
of moving a vertex from one subseto the other In KL, avertex's gainis simply the total edgeweight
connectingt to the othersubsetminusthatwhich connectst to its own. A greedysteepestlescente-
finementalgorithmwould simply move verticeswith maximumgainsuntil no verticeswith positive gains
remained. The disadantageof this approachs thatit cangettrappedin alocal minimum. KL avoids

this by permittinghill climbing—verticeswith negative gain are movedin hopesthatthey will leadto a

16



more global minimum. KL avoids thrashingby limiting eachvertex to onemove pertrial. During this
swappingof vertices,the algorithmremembershe bestpartitionthatit encountersOnceall the vertices
have moved (or athresholdof consecutie negative-gainmoveshasbeenreached)the algorithmrestores
thebestpartitionfound. The processanthenberepeatedisingthis new partitionasa startingpoint.

Fiducciaand Mattheysesmake someimprovementso the baseKL algorithmthat utilize betterdata
structurego improvetheoverallruntime[10]. For instancethe Fiduccia-Matthgses(FM) algorithmmin-
imizesthe numberof verticeswhosegainsneedto be adjustedvhenavertex is moved. Theserefinements
are consideredso fundamentato the baseKL algorithmthat the two approachesre often referredto
interchangeably

Although KL/FM can be usedto refine randompatrtitions, thereis significantevidenceto indicate
that they work bestwhen given a reasonablygood starting partition [24, 39]. For this reason,KL/FM
is often usedasa local postprocessingtepto improve a partition computedby a moreglobally-oriented
algorithm[4, 22, 25]. Many usesof KL/FM modify the basealgorithmto suit the programmers spe-
cific needq22, 25]. For instanceanimplementatiormay only considerverticesthatlie on the partition
boundarysincethey will have the highestgain; or it may reducethe numberof iterationsrun underthe
assumptiorthattheinitial partitionwasof high quality. Furthergeneralizationsf the algorithmextendit
to refinep-way partitions,to handleweightedgraphsto usemorecomplex measuresf gain,etc.[22].

Onelastrefinement-base@chniquehathasbeenappliedto graphpartitioningis simulatedannealing
SimulatedAnnealingis a generaloptimizationtechniquein which hill climbing is permittedbasedon a
probabilitythatis systematicalljoweredasthe run progressesAlthoughsimulatedannealinchasproven
usefulin severalapplicationdomainsjts usein generafyraphpartitioninghasbeendisappointingo saythe
least.Studiescomparingt with coordinatebisection KL/FM, andspectraklgorithmsshow thatsimulated
annealingakesasignificantamountof time to generat@artitionsof merelymodesguality [24, 48]. Given

the numberof parametershat needto be setup andtunedfor a simulatedannealingrun, not to mention
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Figure8: A schematiof the multilevel technique The original graph(bottomleft) undegoesa seriesof coarsening
stepsthatreduceit to a smallergraph. This coarsesgraphis partitionedusinga standardalgorithm. The partitionis
thenpropagatediown to thefiner graphs potentiallyrefining it at eachlevel to accountfor the additionaldegreesof
freedom.Theresultis a partitionfor the original graph.

thealundancef moresuccessfugjraphpartitioningtechniquessimulatedannealinchaslargely fallenout

of favor.

6 Multile vel Techniques

Onerecentapproachthat hasgreatlyacceleratedhe partitioning of graphsis the useof multilevel tech-
nigues. Thesetechniquesare analogougo multigrid methodgor solvingnumericalproblems.Both ap-
proachesonstructa hierarchyof approximationgo the original problemso that a coarsesolution can
quickly be generatedThis solutionis thenprogressiely refinedat the moredetailedlevels of the hierar
chy until a solutionfor the original problemis reachedln the context of graphpartitioning,this translates
into creatingasimplifiedgraphthatapproximatetheinputgraph findingapartitionfor it, andthenrefining
thatpartitionto createa partitionfor theoriginal graph.

All multilevel techniquegor graphpartitioningsharehe samegeneracomputationastructurethough
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Figure9: An exampleof multilevel bisectionusingMRSB onthe graphof Figure2. (a) Thebisectionof the coarsest
approximation(b) Theresultingpartitionfor the original graph(soure: [2]).

thedetailsmayvary:

e Coarsen: GiventheinputgraphG, constructaseriesof increasinglysmallergraphs, , Ga, ..., Gy,
eachof whichretainssomesensef G's globalstructure.

e Partition: Partitionthecoarsesgraph,G,,, usinga standardalgorithm.

¢ Inter polate: Propagatehe solutionfor G,,, down to thefiner graphs potentiallyrefiningit ateach
level.

This procesgesultsin a partitionfor the original graph(Figure8). The hopeis thatmultilevel techniques
will reducethe time requiredto computepartitionswithout sacrificingquality. In practice,the use of
multilevel techniqueshas proven not only to acceleratepartition generationbut alsoto producebetter

partitionsthantraditionalsinglelevel technique$4, 22, 25].

6.1 Early Approaches

BarnardandSimonperformedsomeof the initial multilevel graphpartitioningwork in orderto accel-
eratethe computationof the Fieldervectorfor RSB[2]. Theresultis analgorithmknown as multilevel
recursive spectal bisection(MRSB). MRSB coarsengjraphsusing maximalindependensetsto recur
sively eliminateverticesandedgedrom the original graph.Having constructedhe coarsesgraph, MRSB

computesa Fieldervectorfor it usingthe Lanczosalgorithm,asin RSB. It thenexpandsthe Fieldervector
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Figure10: (a) A matchingfor the graphof Figure 1. No two edgesareincidenton the samevertex. (b) A maximal
matchingfor thesamegraph.No moreedgesanbeselectedvithoutbreakinghematching.(c) A maximummatching.
No matchingcouldcontainmoreedgessinceall the verticesarematched.

for the next finer graphandrefinesit usingRayleighquotientiteration (RQI) [37]. This interpolationstep
is thenrepeatedor the finer graphsuntil the original graphG is reached.The resultingFieldervectoris
usedto partition G asin RSB. Figure illustratesa partition of a coarsegraphandits refinementon the
original graph.BarnardandSimonfind thatMRSB tendsto resultin anorderof magnitudespeedupver
RSB, yielding partitionsthatarecomparablén quality.

HendricksorandLelandimproveuponthiswork by simplifying theapproachn afundamentaivay[22].
Ratherthandealwith thenumericalbverheacdf propagating Fieldervectordown thehierarchyof graphs,
they optinsteadto interpolatethe partitionitself down the hierarchy yielding a conceptuallysimplerap-
proach.Their algorithmusesthe notion of maximalmattingsto coarsergraphs.A matding on a graph
G is simply asubsebf E in which notwo edgeshave avertex in common.A maximalmatchingis onein
whichno otheredgefrom E canbeaddedo thematchingwithoutsomevertex beingsharedNotethatthis
differsfrom amaximummatdingwhichis thelargestpossiblematchingfor agivengraph.SeeFigure10).
Maximal matchingscanbe computedusingansimpleO(E) greedyalgorithm.

Hendricksonand Leland constructtheir hierarchyof graphsby generatingmaximal matchingsand
then memging the matchedverticesinto nev multinodes They usevertex and edgeweightsto encode

characteristic®f the original graphin the contractedversions. For instance wheneer two verticesare

20



O/O O/O Qo o ( key )
CX) i N O weight =1
C/) weight = 2
O O
O O L . weight = 3 )

Figure11: A graphcontractionbasedon the matchingof Figure 10(b). This contractionusesthe vertex andedge
weightingschemeof HendricksorandLeland[22] to maintaininformationaboutthe original graph(notethe coloring
of thecontracted/erticesandedges).

combinedthe sumof theirweightsis assignedo theresultingmultinode.Similarly, any edgeghatjoined
theverticesto acommonnodearecombinednto asingleedgewhoseweightequalghesumof theoriginal
ones.Figurell shovs anexample.In this way, eachcoarsegraphmaintainsglobalinformationaboutthe
original.

The benefitsof this approactshouldbe clear A partitionfor the coarsegraphcanbe computednuch
morequickly thanfor theoriginalgraph.Yet,thiscoarsepartitionmapsdirectlyto apartitionontheoriginal
graphsinceeachvertex of G is uniquelyrepresentetly amultinodein G,,,. Moreover, thepartition'sedge
cutandsubsetveightsareidenticalfor bothgraphs.Thus,sincecoarsenings cheaptheproblemhasheen
vastly simplified. KarypisandKumararguethata goodbisectionof a coarsegraphconstructedisingthis
methodcanonly beworsethana goodbisectionof thefiner graphby a smallfactor[27].

To try andminimizethis factor HendricksorandLelandusea modifiedversionof KL/FM to refinethe
partition at every third stepof the interpolation. Their experimentsdemonstratéhat the multilevel tech-
nigue generallyproducesartitionsthat are betterthanthe correspondingingle-level spectralalgorithm
andrequiresonly a fraction of thetime. Similar resultswere independentlyobtainedby Bui and Jones,

who implementednultilevel versionsof the KL/FM andsteepestiescentlgorithms[4].
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6.2 Further Refinements

Karypis and Kumarbuild on the multilevel work of Hendricksonand Lelandwith the goal of finding a
“best” algorithmicchoicefor eachof the coarseningpartitioning,andrefinemenstageg25]. Althoughan
exhaustve cross-producof all techniquesvould beinfeasible their studydoesan excellentjob of exam-
ining eachstageindependenthandmeasuringts impacton the overall partitioningtime. Their goalis to
find algorithmsthatrepresent goodtradeof betweerrunningtime andquality. For instanceratherthan
usinga randomizedechniquefor generatingnaximalmatchingsasthe previous approachetad[22, 4],
they suggest stratgyy calledheavyedge matding in which edgeswith higherweightaregiven priority
for inclusionin the matching.Theintuition behindthis heuristicis thatheavier edgesawill typically bedis-
adwantageouto cut, andthereforecollapsingtheminto a multinodewill remove themfrom consideration
in coarsegraphs.

Anotherinterestingesultof the Karypis-Kumarstudyis thatusingspectrapartitioningon the coarsest
graphprovesnot only to be slower thangreedieralgorithms(asexpected) but alsoresultsin partitionsof
significantlyworsequality. They suggesthat this surprisingresultstemsfrom the Lanczosalgorithm's
failureto corvergein its allottediterations.This indicatesthatwhile spectraimethodswvork well on large
graphswhosecompleity mayfoil greedieralgorithmstheir useon smallergraphsmaybe overkill.

The multilevel suite of choiceaccordingto Karypis andKumarconsistsof: heary edgematchingfor
the contractionphasejthe greedygraphgrowing algorithmfor the partitioningphase;anda variation of
Kernighan-LincalledBKL(*,1) for therefinemeniphase.BKL(*,1) only consideramoving the boundary
verticesandusegust a singleiterationwhenthe graphbecomesuficiently large (containamorethan2%
of theverticesin the original graph). Furtherwork by KarypisandKumaracceleratethe runningtime of
multilevel recursve bisectionby developinga multilevel p-way partitioningalgorithmin which coarsening

andrefinementreperformeda singletime ratherthanat every stepof the bisection[26].
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7 Parallel Techniques

Sincethe graphpatrtitioningalgorithmsdescribedn this paperareusedto distribute computationscross
aprocessoset,it seemonly naturalto take advantageof thatparallelcomputingpower to generatearti-
tions morequickly. However, the multilevel techniqueof the previous sectioncangenerateéhigh-quality
partitionsfor graphswith millions of edgesn mereseconds.Thus,onehasto wonderwhetherthe effort
of parallelizingthesealgorithmsis worththetrouble. Evenassuminghatperfectspeedupgareachiesable,
would the benefitsheworth the headachesf a parallelimplementation?t seemsunlikely.

Unfortunately thereare other more compellingreasonghat motivate parallel solutionsto the graph
partitioningproblem.Oneof theseis thatparallelcomputersave sufficient memoryto handlelarge-scale
computationsvhoseworkload graphsexceedthe memorycapacityof sequentiamachines.In addition,
theworkloadfor mary graph-basedpplicationschangeslynamically: somealgorithmsrefinetheinitial
graphin areasf interestgeneratingnorecomputationn thatregion. Othercomputationnvolve dynamic
shiftsin theamountof work ateachvertex. For example,in particlesimulationsthenumberof particlesper
vertex canfluctuateduringthe courseof arun[3]. Theseruntimechangesn the computations workload
resultin the needfor dynamicload balancing. Given the choice,it would be preferableto computea
repartitioningn-placeratherthanto shiptheentiregraphto asingleprocessoandgenerate new partition

from scratch.Thus,parallelsolutionsmustbe considered.

7.1 Opportunities for Parallelism

Computinga p-way partition for a graphresultsin two opportunitiesfor parallelism: first, the natural
parallelismthatresultsfrom the divide-and-conquenatureof recursve bisection;secondthe opportunity
to computeeachbisectionin parallel. For example,to computea p-way partition usingp processorgjrst
all p processorsvould cooperaten generatinga bisection. Thentwo groupsof p/2 processorsvould

cooperaten eachsubgrapho computethe quadrisection.This would continueuntil pairsof processors
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werecomputingtheirrespectre subsetsin his effortsto parallelizeMRSB, Barnarddescribeshis general
algorithmicstructureusingrecursive asyntironoustaskteamswhich recursvely usesmallernumbersof
processorto solve smallerversionsof the sameproblem[1].

In orderto computea partitionin parallel,the graphmustfirst be distributedacrosshe processoset.
Sincethis is an instanceof graphpatrtitioningin itself, the graphverticesare generallydivided amongst
the processorsn an arbitrary manner This resultsin a challengecommonto all parallel partitioning
algorithms:namely the factthatreferringto a vertex's neighborss lik ely to requirecommunicatiorwith
otherprocessors.

As aresult,geometricalgorithmstendto make idealcandidates$or parallelimplementationsincethey
ignorea graphs edgespperatingnsteadon the vertex coordinatesThesealgorithmsthereforetendto be
amenablego embarrassinglyarallelimplementationsn which eachprocessocomputesover a fraction
of V, using occasionalglobal communicationso comparenotes. For example,Diniz et al. found the
inertial bisectionalgorithmto be fastandtrivially implementablén parallel[7]. Similarly, Miller et al.
predictthattheir circle bisectionalgorithmwill bereasonablefficientin parallel[16]. Unfortunatelythe
only publishedresultsthatdescribea parallelimplementatiorof circle bisectiongivelittle indicationof the

algorithm's parallelperformancg23].

7.2 Challengesto Parallelism

By way of contrastedge-basedlgorithmstendto bedifficult to parallelize.For example KL/FM andthe
coarseninglgorithmsof multilevel techniquesequireverticesto compareinformationwith their neigh-
borsto updategainsand computematchings.Naive parallelimplementationsvould tendto resultin far
too muchinterprocessocommunication.Moreover, if multiple processorsvereto refine a partition or
computea matchingin parallel,decisionsvhich seemlocally advantageousnay inadwertentlyclashwith

oneanotheyresultingin a pooroverall solution.
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As aresult,the challengeto mary partitioningalgorithmsis to utilize the availableconcurreng while
minimizing the opportunitiesfor processorgo clash. One approachusedby Diniz et al. to parallelize
KL/FM only allows vertex swapsbhetweerpairedsetsof processorat ary givenpoint[7]. Thisresultsin
areasonablparallelsolution. However, its partitionsare significantlyworsethanthosegeneratedy se-
guentialKL/FM, which benefitdrom its ability to accesso theentiregraphandto swaparbitraryvertices.

A more successfubpproachwas usedby Barnardand Karypis/Kumarto parallelizethe coarsening
stage®f theirrespectie multilevel algorithmg[1, 28]. Both approachessea clever parallelalgorithmfor
maximalindependensetcreationdevelopedby Luby [32]. Luby's algorithmassignsa randomnumberto
every vertex in the graph. Eachvertex thenchecksits valueagainstthoseof its neighbors andif it has
thesmallestvalue,it includesitself in the maximalindependenset!. This processs thenrepeatedor all
verticesthatareneitherin, noradjacento I until no moreverticescanbeadded.

Barnarduseghisapproacho constructhemaximalindependersetsusedn MRSB, formingaparallel
versionof the algorithmcalledPMRSB[1]. Theremaindemnf the algorithmis relatively straightforvard
to parallelize: the Lanczosalgorithmis run on a single processqgrbroadcastinghe resultto the others.
BLAS-1 andBLAS-2 routinesimplementRQI for refiningthe Fieldervector BarnardfoundthatPMRSB
generatepartitionsthatarecomparabldéo MRSB, yet runsabout140timesfasterusing256 processors.

KarypisandKumaruselLuby's algorithmto constructa global coloring of the graph,suchthatno two
connectedverticesare the samecolor [28]. This coloring is then usedto prevent neighboringvertices
from interferingwith oneanothetby restrictingoperationgo run onasinglecoloratatime. For example,
to computea maximal matchingof the graph,the colors are iteratedthroughone at a time to prevent
two adjacentwerticesfrom addingthemselesto the matchingsimultaneously They implementa parallel
versionof KL/FM usingthe samestratgy. Comparingtheir parallel multilevel p-way algorithmto the
sequentialzersiontheauthordind thatit producegartitionsthatareonly slightly worsewith speedupsf

aboutl4to 350n 128processors.
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Onefinal parallelpartitioningresultthatdeseresmentionis thatof Walshav, Cross,andEverett[46].
In computingpartitionsin parallel,their focusis on creatingpartitionsthat are not only fastto compute
andof high quality, but which alsorequirea minimal numberof verticesto move from oneprocessoto
another Themotivationis obvious: if acomputationsdynamicchangesequireagraphto berepartitioned,
it would be preferableto adjustthe existing partitionratherthanto computea new partitionfrom scratch
sothatdatamovementis minimized. Their experimentshaw thattheir techniqguedoesan excellentjob of

meetingthesegoalsascomparedo otherpartitioningalgorithms.

8 Summary and Discussion

Globally-Oriented Algorithms  In thelastdecadethethreemajorinnovationsin graphpartitioningseem
to have beenthecircle-basedlgorithmof Miller etal. [33, 16], thespectrahlgorithmof Potheretal. [40],
andthe multilevel techniqueof HendricksorandLeland[22]. All of thesealgorithmsproducepartitionsof
high quality, especiallywhencombinedwith a refinementlgorithmlike KL/FM. To its disadwantagethe
circle-basedlgorithmrelieson geometriaccoordinatesndtherefords notfully general.Spectraimethods
suffer from long runtimeswithoutthebenefitof multilevel or paralleltechniquesln contrastthemultilevel
stratgly seemdo have no disadantage®therthanthe challengepresentedy anefficientparallelization.

Onecommonthemein all of theseinnovationsis their useof a global perspectie on the graphwhen
computinga partition. The circle-basedlgorithmusesthe vertices'coordinateso computea global cen-
terpointusefulfor partitioning.Spectrapartitioningmethodautilize propertief theLaplacianmatrixthat
reflectagraphsglobalconnectvity. HendricksorandLelanduseagraphcontractiorpolicy thatpreseres
globalinformationwhile eliminatingedgesandverticesfrom a graph.In contrastmostof the algorithms
that producelower-quality partitions(e.g., variationson coordinatebisectionand graph-valking) look at
thegraphin afar morerestrictedandlocalizedmanner

Onefinal obsenation on the global natureof thesealgorithmsis that asgoodastheir partitionsare,
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they canalwaysbenefitfrom the useof a post-processinfpcal refinemenstepusingKL/FM or oneof its
mary variations.This seemdo reflectthe factthatary tractablesolutionto an NP-hardproblemcanonly
considerasmallsubsebf the exponentiallylarge setof solutions.Usingglobalinformationcanresultin a

high-qualitychoicefrom this subsetput local adjustmentganbringit evencloserto the optimalsolution.

Challengego Evaluating Partitioning Algorithms  In termsof selectinga“best” sequentiapartitioning
algorithm,evidencesuggestshatthe multilevel algorithmsuggestethy KarypisandKumaris anexcellent
choice[25]. It usesthe multilevel approachpenefitingfrom its speedand quality; it usesa fastgreedy
algorithmfor the coarsepartitioning,which hasbeenshaowvn to be effective; andit usesanintelligentlocal
refinementechniqueduringtheinterpolationphase.

Onething thatis a bit unsatisactoryaboutthis choiceis thatit provideslittle explanationfor whythe
greedygraphpartitioningalgorithmis theright choiceastheroot partitioner In fact, thisis a problemthat
seemgo becommonto themajority of thework discussedh this paper:analgorithmis developedusually
basedontheoreticabrinciplesor intuition; it is run againsthe otherleadingcompetitorsthe authorsfind
thatit produceghe bestpartitionfor 9 of 12 benchmarlgraphsconsideredthereforeit is classifiedas
a “good” algorithm. It is rareto find ary discussioncharacterizinghe graphson which the algorithm
performedparticularlywell or particularlybadly. Ideally, onewould like someanalysig(or evenintuition)
indicatingwhethera givenalgorithmprefersgraphswith a specificedgedensity a certainspatialdensity
sometype of structure gtc. For the mostpart, no suchcharacterizationaremade.

Onereasonfor this could certainlybe that theresimply areno discerniblepatterns.If true, thenfur-
ther analysismay simply be too difficult to seemworthwhile. Although the circle bisectionand spectral
algorithmsarebaseddntheorythatplacedowerboundsontheir separatosizes theseboundsaretypically
looseby nature(e.g., thed : 1 guarantestemmingrom centerpoinseparators)-urthermorepracticalim-
plementationgreforcedto cut cornerghatcausehemto deviatefrom thetheory(e.g., thefinite-precision

computationof eigervectors;or the nudgingof geometricseparatorso ensurea bisection). Add to this
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the magnitudeof the graphsbeing consideredandthe lack of an optimal solutionfor comparisonand
suddenlytrying to understandavhy analgorithmworkswell or not seemdik e anextremelyhardproblem.
Betterto justrunacoupledozenmoretrials.

As anillustration of this problem,considerthe partitionsshavn in Color Plate1, computedby Simon
usingrecursve coordinatebisection,level-structurebisection,and spectralbisection[44]. Simonmalkes
avalianteffort to characterizehe partitionsfound by eachalgorithmfor the four-elementwing graphin

columnl, which senesasarunningexample:
[Coordinatebisection]createslong, narrow, and disconnectedlomains.[Level-structue bi-
section]createsmore compacdomainsput their boundariesare “fuzzy”, andsometimethey
are disconnectedR SBcreateswell balanced connectedlomainswhich yield a visually most
pleasingpartitioning.
Applied to the graphin questionthesedescriptionsare quite reasonabl@andgive the readera sensethat
thereis anintuitive aspecto thealgorithmsthatrelatestheir behaior to thepartitionsizes.A tablelisting
edgecutsconfirmsSimon's qualitatve reasoning.

However, whenthe samealgorithmsare appliedto the morecomplex graphof a shuttlesolid rocket
motor (column2 of Color Platel), the intuition falls apart—thespectralalgorithmproducesa partition
thatappearguite similarto thatof the coordinatebisection.In addition,it resultsin disconnectegubsets.
In spite of thesequalitative problems,the table of edgecuts confirmsthat the spectralalgorithmis still
muchbetterthanthe otherapproache§dk edgescut ascomparedo the 14k and6k of the coordinateand
level-structurealgorithms). Simonis forcedto admit that “the considerablejuantitatve differencesare

not obviously visible from the figures, andthat“thesepicturesindicatethatour visual perceptiormaybe

inadequaté.Understandingvhy analgorithmgenerates goodor badpartitionis clearlya complex task.

Missing Data Points Therearea few obvious avenuesof researchin graphpartitioningthat appearto
have beenneglected. Chief amongtheseis whetheror not recursve circle bisectioncan competewith

today'stop algorithms.It would appeathat no work hasbeendoneto evaluatethe useof recursve circle
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bisectionasthe coarsepartitioningstratey in a multilevel algorithm.In fact,evenrefiningthebasiccircle
bisectionalgorithmusingKL/FM seemdik e a promisingapproachhathasbeenunexplored.

Anotherlingeringquestionconcernghe poorquality of the spectraklgorithmin KarypisandKumar's
study ascomparedo the greedygraphgrowing algorithm. Greedygraphgrowing hasapparentlynever
beenevaluatedin the single level domainof partitioning. Perhapst oughtto be sinceit outpartitions
spectramethodsn the multilevel domain.Otherwise amoresatisactoryexplanationfor why the spectral
algorithmperformssopoorly in themultilevel context is required.

Finally, the study of good parallel algorithmsseemsrelatively young. Studiescomparingthe most
recentechniquesrescant.Furthermorethereseemso be a defaultassumptiorthatparallelizingthebest
sequentiaalgorithmswill resultin thebestparallelalgorithms gventhoughthe poorspeedupseportecby

KarypisandKumar[28] hint thatthis maynotbethecase.

Workload Distribution Recentprogressn graphpartitioninghasbeenvery impressve. Large graphs
arebeingpartitionedfasterandbetterthanever before. Graphswith millions of edgescanbe partitioned
well in seconds.Sois the problemof workloaddistribution solved? In the abstracsensejt appearghat
theanswelis “yes.” However, it seemghatthe mappingbetweertheabstiactionof graphpartitioningand
thereality of parallelcomputinghasbeenneglected.Althoughthe graphpartitioningproblemsenesasa
nice startingpointfor distributing workloadsiit fails to describemary real-world issueghatcouldimpact
applicationperformance.

For example minimizingthetotalamountof interprocessocommunicatioris avalid goal,but neglects
to balancethat communicatioramongthe processors.Nor doesit minimize the numberof processors
that eachprocessohasto communicatewith. Nor canit model network distancebetweenprocessors
for clustersof multiprocessorsAlthough someamountof flexibility is availablein mappinga partition's
subsetdo the setof physicalprocessorsexposingtheseissuesto the partitioningalgorithm could only

improve its solutions. Hendricksonaddressesomeof theseissuesaswell as several othersin a recent
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paperthat castsdoubton whethertraditional graphpartitioningis adequatdg18]. Futurework would be
well-sened by continuingto think aboutreal-world issueswhile solving abstracproblems.The work of
Walshav etal. [46] providesan excellentexampleof this by repartitioninggraphsin away thatseeksto

reducetheamountof datathatmustbe shufled.

Publicly-available Partitioners It shouldbe notedthat several partitioning packagesre availableon-
line, which implementmary of the algorithmsdescribedn this paper The leadingcontenderseemto
be the METIS andParMETIS packagedy Karypis andKumar[29, 30] andthe Jostlepackageby Wal-
shaw etal. [47]. METIS andParMETISimplementKarypisandKumar's multilevel, p-way multilevel, and
parallelp-way multilevel algorithms. Jostlealsosupportgparallelpartitioning,with Walshav's emphasis
on minimizing vertex movement. Chaco[20] is HendricksorandLeland's packagehat containsimple-
mentationsof their 4-way/8-way spectralalgorithms,multilevel algorithms,andrefinementgo KL/FM.
Otheronline packagesvorth investigatingare Scotch[38] andParty [42].
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