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Multiple-Input Translinear Element Networks

Bradley A. Minch Member, IEEEPaul HaslerMember, IEEEand Chris Diorig Member, IEEE

Abstract—We describe a new class of translinear circuits that claims, these power-law circuits seem to have been conceived
accurately embody product-of-power-law relationships inthe cur-  as a collection of special forms: one for powers between zero

rent signal domain. We call such circuits multiple-input translinear ;
X o X and one, one for powers greater than one, and one for negative
element (MITE) networks. A MITE is a circuit element, which we powers P 9 9

defined recently, that produces an output current that is exponen- : .
tial in a weighted sum of its input voltages. We describe intuitively In this paper, we present a general framework for im-
the basic operation of MITE networks and provide a systematic plementing such circuits and describe intuitively the basic
matrix technique for analyzing the nonlinear relationships imple- principles upon which they operate. We have previously
mented by any given circuit. We also show experimental data from joqcrined this class of circuits within the narrow context of
three MITE networks that were fabricated in a 1.2-;2m double-poly L . - .

CMOS process. their implementation using subthreshold floating-gate MOS
(FGMOS) transistors [5]. Here, we set these circuits in a
broader context and present new experimental measurements
from three such circuits built from cascoded subthreshold

FGMOS transistors.

Index Terms—Current-mode circuits, floating-gate circuits,
nonlinear circuits, translinear circuits.

|. PRODUCT-OFPOWER-LAW CIRCUITS

RODUCTS, quotients, and power-law relationships figure - THE MULTIPLE-INPUT TRANSLINEAR ELEMENT

prominently in many signal- and information-processing Inspired originally by Shibata and Ohmi’s neuron MOS con-
algorithms. Consequently, analog circuits embodying sueept [6], we recently introduced a new translinear circuit prim-
relationships are important components in the constructionigfe, called themultiple-input translinear elemeMITE) [7],
analog VLSI information processing systems. InM@nlinear [8]. Such an element produces an output curiethiat is expo-
Circuits HandbooKrom Analog Devices, we find the following nential in a weighted sum of it& input voltages}i, ..., Vi,
clear description of a general principle by which such functiorfiven by
may be realized:

When compound multiplications, involving roots and

powers are performed (e.g:{ x x§ X T3 X 7§ X ),

each input is “logged,” multiplied by a constan . . where

exponent of appropriate magnitude and polarity, the terms pre-exponential scaling current;

are summed and/or differenced, then the antilog is taken A  dimensionless constant that scalgproportionally;

to convert the result back into the “world of phenomena” V& Ath input voltage;

[1, p. 469]. wy,  dimensionless positive weight that scalés

A few power-law circuits that function according to this prin- Uz~ thermal voltagekT’/q.
ciple have been described in the literature [2]-[4]. Vittoz [4] Fig. 1(a) shows a circuit symbol for an idefiHinput MITE.
cites Arreguitet al.[3] and indicates that such circuits are base#his symbol is meant to resemble &-input floating-gate
on a “generalization of the translinear principle” [4, p. 37]_Arbipolar transistor, which of course does not exist, but the
reguitet al, in turn, cite theNonlinear Circuits Handbookl] ~Symbol is suggestive of several practical MITE implemen-
and mention that in analyzing such circuits, they can “apply t#i@tions that we shall describe presently. We assume that the
generalized translinear principle that translates the sum of vditPut terminals draw a negligible amount of dc current, as if
ages into a product of currents and their multiplication by a coHley were capacitive, and that we can control the values of
stantk into the elevation of the currents to the powg3, p. the weights proportionally. In many cases, we are interested
443]. It seems that Arreguét al. are referring to the lines just Primarily in the number of identical unit inputs, each with

quoted from thélonlinear Circuits HandbooK.]. Despite these Weightw, coupling an input voltage into a MITE rather than
the actual weight values involved. In such cases, we omitthe
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Fig. 1. Multiple-input translinear elements (MITESs). (a) Circuit symbol for

an ideal K -input MITE. Such an element produces an output current that "f,g. 2. Three basic circuit stages, each comprising a single MITE. (a)

exponential in a weighted sum of its input voltages. Parts (b)—(d) show thrﬁevoltage-in, current-out stage. (b) A current-in, voltage-out stage. (c) A
different MITE implementations comprising (b) a single subthreshold FGMOgy|tage-in, voltage-out stage.

transistor, (¢) a cascoded subthreshold FGMOS transistor, and (d) a floating-gate
source follower and a bipolar transistor.

on the input currenf;, we begin with (1) and solve fo¥; in
We can adjust the floating-gate charge using well-characteriZ8§ms of/;. So, we write
physical mechanisms, such as Fowler—Nordheim tunneling
[9], hot-electron injection [10], and short-wave ultraviolet
photoinjection [11]—such mechanisms are used routinely {ghich we rearrange to find that
program EEPROMSs and flash memories.

I, x C('wiiVi +-)/Ur

Vie Lo~ @3
lll. BAsic MITE CIRCUIT STAGES Wij

Consider the three basic MITE circuit stages that are depictedThe third basic MITE stage is a&oltage-in, voltage-out
in Fig. 2. These three circuit stages are the building block¥IVO) stage, shown in Fig. 2(c). This configuration is iden-
from which we construct all MITE networks. The first of thesdical to the CIVO stage of Fig. 2(b), except that we now hold
circuits is avoltage-in, current-ouiVICO) stage, shown in the current/; fixed. We are instead concerned with how the
Fig. 2(a). Here, we apply input voltagd$ and V; to two output voltageV; depends on an input voltad€, which we
different input terminals of MITEQ,,, which, in response, apply to another of the input terminals of MIT®;. Beginning
generates an output curreht. To see howZ,, depends or¥;  with (1), we write that
andVz, using (1), we write

I, x e(wis Vitwi; Vi) /Ur
1, x e(wm'Vz‘+'wnka+'“)/UT'

which we rearrange to solve f&f in terms ofV; as follows:
By breaking out the first two terms of the weighted summation
and using the fact that*t¥ = ¢%c¥, we can rewrite the pre- Vi=-

ceding expression as

Wiy

LV @
We can use the circuit stage of Fig. 2bmthas a CIVO stage
(2) andas a VIVO stage simultaneously. In this case, it is easy to

The second of the three basic MITE stages, shown ?ee that’; depends orV; and; through a linear combination

Fig. 2(b), is acurrent-in, voltage-ou{CIVO) stage. Here, we o (3) and (4) as follows:
source an input currenf; into the output of MITEQ);, and Vi — Ur log I — Yid v _ (5)
we feed the output voltag®; back through the self-coupling YT wy &4 wi '
weight w;;. This feedback configuration adjusi§, so that

the current sunk by MITE?); just balances the input current
I;. A MITE in this feedback configuration is analogous to a
diode-connected transistor, so we say thatdiegle connected In this section, we describe two simple current-mode MITE

throughw;;. To determine how the output voltadé depends circuits, each comprising two CIVO stages and a single VICO

In o Wni Vi/Ur etonk Vi/Ur

IV. ELEMENTARY MITE NETWORKS
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Fig. 3. Two basic current-mode circuits comprising two CICO stages and one VICO stage. These two circuits illustrate all of the intuition umdeclgiss t
of MITE networks (a) A product-of-power-law circuit. (b) A quotient-of-power-law circuit.

stage. These two basic current-mode circuits illustrate all of tBeibstituting (5) into (9), we get
basic intuition underlying the operation of MITE networks.

In the first current-mode circuit, shown in Fig. 3(a), we con- In e
nect the outputs of two diﬁeren_t CIVO stages directly to_a si_ng|ﬁt0 which we substitute (3) for;, and thus obtain
VICO stage through separate inputs. To analyze this circuit, we
apply (2) to the output stage, obtaining 1, oc ewnilUr/wii)log Li—(wi;/wii)((Ur /wj;)log Ij—))/Ur

wii (U /wii)log Ii—(wij fwii)Vi—-) /Ur

I, o« e¥niVi/Ur gwniVie/ Uz (6) Now, if we break out the first two terms of the summation and

regroup, we find that
Substituting (3) into (6) for each df; andV;, we obtain grotp
Wi fwig ) log Iy —(wy; fwi ) (wi; /w;;) log I
In o C'wni((UT/'wii)log Iz'7"')/UTC'wnk((UT/'wkk)log Ik7~~~)/UT' In X 6( / ) & 2 ( / )( / ) € N (10)

i ) _ Again, becauser log ¥ = log * ande*® = 1, we can
When we break out the first term in each of the two summationSyrite (10) as

and regroup, this expression becomes
I o Jomilwii s pm(mi/wis)(wig/w;;)
I, o e(wnifwii)log I (war /wik) log I, (7) n g J
which in turn becomes

Note that if MITESQ;, @, and@,, are operating at the same
temperature, then the primary temperature dependence of the I, oc T/ /I](lw’”'/w“)(w“/w”) ) (11)
relationship amond;, I, and, disappears from (7). In this
intuitive analysis, we have not kept track of the scaling currentdlus, the output current is proportional to the quotient of the
151 which can be Strong'y temperature dependent_ But’ as w input CurrentS, each of which is raised to a power that is set
shall show in Section V, if the products of the input currentdy ratios of MITE weights. Here, the powers are not completely
raised to their respective powers have units of amperes (i.e.irgependent of each other. However, for any value:of/w;;,
opposed to amperes raised to some other power than unity), théhcan adjust the value a#;; /w;; to set the power of; to
the relationship between the output current and the input cifhatever we want. This quotient-of-power-law relationship is

rents is generally insensitive to isothermal variations. Now, balSo insensitive to isothermal variations.
causer log y = log y* ande!s © = z, we can rewrite (7) as These two basic current-mode MITE circuits capture all of

the intuition underlying MITE network operation. We generate

I, x I;‘“”'/"”” X Iif’”’“/"”’“’“. (8) voltages that are logarithmic in the input currents using diode-

] . connected MITEs. We set power laws through ratios of MITE
Thus, the output current s proportional to the product of the twoajghts and obtain negative powers by using voltage-inversion
mput_ currents, eac_h of which is raised to a power that is set E‘Vages. We get products by summing two or more logarithmic
a ratio of MITE weights. S voltages on an output MITE, which exponentiates the sum. We
For the second basic current-mode MITE circuit, instead gy e formalized this intuitive analysis and have obtained sys-

connecting the output of the second CIVO stage directly t©0i@matic analysis and synthesis procedures for this class of non-
second input of the output VICO stage, as we did in the circyibear circuits [7].

of Fig. 3(a), we connect the output of the second CIVO stage

to_ the outpu_t st_age through the first CIVO stage, as shown i_n V. MATRIX ANALYSIS OF MITE NETWORKS

Fig. 3(b). This first CIVO stage both generates a voltage that is ) o o
logarithmic in the input curreni; and serves as a VIVO stage Consider the general MITE network circuit, shown in Fig. 4.
for the second CIVO stage. This connection allows us to obtalfiere areV' input MITEs, labeled?, throughQy, and M

negative powers. To show that it will, we apply (1) to the outpi@UtPut MITES, labeled? . through@ x4 a. The collector
stage, obtaining voltage of MITEQ,, couples into the gate of MITE),, through

the weightw,. Here, k£ can range from one t&" and~ can
I, o elwniVit)/Ur, (9) range from one taV + M. If the collector voltage of MITE
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Fig. 4. Schematic of a general MITE network comprisifiginput MITEs, labeled?; through@ », andM output MITEs, labeled) »+1 throughQ x4 iz -
Input currentd; through!y are sourced into the collectors of MITEY through( », respectively, causing voltagés throughV'y to develop that will depend
ontheN x NN input connectivity matridW;,,. W;,, comprises MITE input weights.. ., where both. andk can take on integer values from oneXq the value
of w,, is a measure of the coupling strength between the collector voltage of K)TE&nd the gate voltage of MITE),,. The circuit forms\ output currents
Ix1 throughl x4 as by linearly combiningl; throughV according to the output connectivity matW ..., and exponentiatingW ... comprises MITE input
weightsw x +.yx, Wherem can take on integer values from oneltb andk can take on integer values from oneto The value ofw x4y« iS @ measure of
the coupling strength between the collector voltage of input MF;Eand the gate voltage of output MIT@ v ;.. .

;. does not couple into the gate of MITE,, then the value of which is both independent of process parameters and insensitive
wpy, 1S zero. Together, these weights constitutéia- M) x N to isothermal variations.
connectivity matrixW. We partitionW into aninput connec-  We shall also show that if the value df for each MITE is the
tivity matrix W, and aroutput connectivity matridV ;. Wi, same (i.e.\y = --- = Anyyp = A), then (12) further reduces
comprises the firsiV rows of W, andW ,; comprises the last to
M rows of W.

We sourceV input currentd; throughl into the collectors
of MITEs @, throughQ@ y, respectively. As aresully voltages
V1 throughVy develop that are each a linear combination of
logarithms of theV input currents. The particular coefficientsFinally, we shall show that if the circuit of Fig. 4 is made from
appearing in these linear combinations depend on the input cMITEs that each have an identical set of weights, and if all the
nectivity matrixWi,. The circuit then formg output currents MITE inputs are connected to one of thg, then the powers
I throughly 4y in output MITESQ 41 throughQy s, in A are such that for eachs, 30| A,., = 1, so thel,
respectively, by linearly combining the voltagésthroughVy  dependence of (12) disappears.
according to the output connectivity matrW,,; and expo-  In the analysis that follows, we assume that all MITEs are
nentiating the resulting weighted sums. In this section, we shaflerating at the same temperature and that they all have well-
show that the:th output currenf 4, is related to theV input  matched values df,. We also assume that the input connectivity
currents according to matrix W;, has an inverswi;l, so thatA is well defined. We
begin by noting that we assumed that the input terminals of the
MITE draw negligible dc current, so that Kirchhoff’'s current
law implies that, at equilibrium, theth input current just bal-
ances the current sunk by MIT®&,,. Thus, we can apply (1) to
each input MITE, and we write that

N

A

Ingm = [ I
n=1

N A
INtm g LA\
Nbm A <_> (12)

)\N+rn )\n

n=1

where the values of,,,,, are given by the matrix product
In — )\nlse(wnl Vi twn, k Vi) /Ur )

A=W, W (13)

After rearranging, taking logarithms, and solving ¥Gr, we ob-

In other words, théth output current is a product of tlé input tain

currents;I,, factors into the product raised to the powey,,,
which, in general, will be equal to a sum of products of ratios
of MITE weight values. Now, it is easy to see that if the powers
contained inA are such that, for eagh, ", A,,,, = 1, then

(12) reduces to
AN
= "

n=1

N

_ I,

Vi =Ur > (Wi log 7 (14)
n=1 nes

where the notatiofiA);; denotes thejth element of matripA..
From (1), thekth output current x4, is given by

I N+m

)‘N-I—rn IN-Hn — )\N+rnIs e('l”(N+m)1V1 +tw Nty r Vi )/ Ur . (15)
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Substituting (14) into (15) and rearranging, we obtain

IN-{—rn Al —1 In
=1, exp Z Z WN+m) (Wi Jan log Wi

AN+m n=1 k=1 é
=1, exp [Z Z out )Jmk );m log )\InI ] . ‘::\/l
n=1 k=1 nes
(16) H
= I~
If we apply the definition ofA from (13), then (16) becomes

Fig. 5. A two-input geometric-mean circuit comprising three two-input

Intm N I, MITEs. Each MITE was implemented as a cascoded subthreshold FGMOS
by =1, exp Z Apn log N T transistor, as shown in Fig. 1(c). The cascode voltage was fixed at 0.8 V, and
N+m ne=1 n<s the floating-gate charges were balanced by ultraviolet (UV) photoinjection.
N A
I T i

=1, H exp |log < ) 10° ' 7 ' et

foplur} Ands o I swept, I, fixed ot ?wa"f’

. e s i

A - I, swept, I, fixed 5
, I, mn , I gt '
= -7 L 57
s H ML, 10 a{?’*& (I8

N A : :
II n L Apn ) (17) = o =y p 545 sy
’ U < ) :«: 10° 457 i #ﬁﬂﬁz ;444““:4 iy
g W‘ﬂw fff*”’ww
Now, it is easy to see that if the powers contained\irare o al
such that, for eachz, 32 | A, = 1, then (17) reduces to 10° -
[s s T
N Apn “M %4.«45“'
IN-{—rn In
T = H —_ (]_8) 107 F ) ) )
ANgm o\ A 1071 10? 10* 107 10

5, I, (A)
which is both independent of process parameters and msensmve6

Fig Measured data from the circuit of Fig. 5. Circles are measured values
to isothermal variations. Moreover, if the value’ois the same of I3 plotted as a function of; for various values of-. Points marked by

for each MITE (i.e.A1 = -+ = Anyar = A), then we have show measured values 5f plotted as a function of for various values of; .
that Solid lines show the ideal expressida,= /111>, calculated from the values

of I, and!, at each point.

p— 1— — Am” Amn —_ Amn
Ingm = A7 2enmy A T Ihee = ] I3
n=1 n=1

These results were just what we set out to show. I, 5L
Now, if each of theN + M MITEs in the circuit of Fig. 4
@ |

has an identical set ok’ weightsw; throughwy such that

Zi;l wy = wr, Wherewr is a constant. If each MITE input

is connected to one of th& input node voltage$; through

Vn, then it is easy to see that these conditions imply that the

sum of each of the rows of the connectivity matiX sums

to the constantur (i.e., for eachn between one and/ + M,

N . . .

>_x=1 Wnr = wr). In the Appendix, we show that this condi-rig. 7. A squaring-reciprocal circuit comprising three two-input MITEs. Each

tion onW is sufficient to guarantee that is such that, for each MITE was implemented as a cascoded subthreshold FGMOS transistor, as

m between one andt/ EN Apmn = 1, which in turn implies shown in Fig. 1(c). The cascode voltage was fixed at 0.8 V, and the floating-gate
' Layp=1 “Amn " X h balanced by UV photoinjection.

that (17) reduces to (18). Note that this conditionWhis not charges were bafanced by TV photoijection

a necessary one; each of the rowsAofay sum to unity even

though the rows oW do not sum to the same quantity.

1T
e
B

squaring-reciprocal circuit, and a one-quadrant multiply-recip-
rocal circuit—that were fabricated in a 1:2n double-poly
n-well CMOS process. For each of these circuits, we im-
plemented the MITEs as cascoded subthreshold n-channel
In this section, we show experimental measuremerff&SMOS transistors, as shown in Fig. 1(c), with two identical
from three MITE networks—a geometric-mean circuit, @&ontrol gates of about 210 fF each. Both the cascode transistor

VI. EXPERIMENTAL RESULTS
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Fig. 8. Measured data from the circuit of Fig. 7. Circles are measured valueditted as a function of (&), for various values of; and (b)I; for various
values ofl, . Solid lines show the ideal expressidp,= I7 /I, calculated from the values &f andl. at each point.

and the FGMOS transistor were 24 wide and 3.6:m long.

We used such wide transistors both to ensure good matching

and to extend the subthreshold current range up to approxi-

mately 1A to facilitate measurement. These circuits function L Iy I
4| o

in the same way with much smaller transistors, although

device mismatch would be more pronounced and the current

range over which they function would be somewhat smaller. @

We balanced the floating-gate charges by shorting all of the H L |-

pins on the chip together and exposing the chip to short-wave M - 7

ultraviolet light. Consequently, we expect that each MITE will

have the same value af We fixed the cascode bias voltage at

0.8 V for all measurements. Fig. 9. A one-quadrant multiply-reciprocal circuit comprising four two-input
MITEs. Each MITE was implemented as a cascoded subthreshold FGMOS

A. Geometric-Mean Circuit transistor, as shown in Fig. 1(c). The cascode voltage was fixed at 0.8 V, and

) ) ) . ) o the floating-gate charges were balanced by UV photoinjection.
Consider the circuit shown in Fig. 5, consisting of three two-

input MITEs. Taking the weight of each control gate tobe

we have that the four-decade current range from 100 pA teAfor nine dif-
ferent values of; ranging from 100 pA to LA. Points marked
W, = [2“} 0 } and Wou = [w w] by x point markers correspond to measured valuds pfotted
0 2w as a function ofl, for nine different values af; over the same
from which we find that range of currents. Straight lines show valuesiofcalculated
1 from (19) using the values df andi, at each point. The data
—_— %0 0 and fits agree well over the entire range of input currents.
m 1
%0 B. Squaring-Reciprocal Circuit
and Consider the circuit shown in Fig. 7, consisting of three two-
1 input MITEs. Taking the weight of each control gate todge
n Y 1 1 we have that
A=W Wil =[w w] =15 3]
200 Wi, = [0 2w:| and W, =[2w 0]
Thus, the circuit of Fig. 5 embodies the two-input geo-
metric-mean relationship from which we find that
Iy = /I L. (19) 1 _1
) o . ) -1 _ |w 2w
Fig. 6 shows measured data from the circuit of Fig. 5. Circles Wi = 1
0 -

represent measured values/giplotted as a function of; over
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Fig. 10. Measured data from the circuit of Fig. 9. (a) Circles are measured valiieplotted as a function of; for various values of, and; fixed at 10 nA.
Points marked by show measured values &f plotted as a function af, for various values of; with I; fixed at 10 nA. (b) Circles show measured values of
1, plotted as a function of; for various values of, with I, fixed at 10 nA. In each case, solid lines show the ideal expreséios, I, I/ 5, calculated from
the values offy, I, andI; at each point.

and C. Multiply-Reciprocal Circuit
1 1 Consider the circuit shown in Fig. 9, which we have published
B 1 w o 2w previously [7], consisting of four two-input MITEs. Taking the
A=WouW, =[2w 0] 0 1| 2 -] weight of each control gate to hbe, we have that
2w
Thus, the circuit of Fig. 7 implements the squaring/reciprocal w 0w
relationship Wiu=10 w w and Wout = [w w 0]
0 0 2w
13
= I (20) " from which we find that
Fig. 8 shows measured data from the circuit of Fig. 7. The cir- 1 1
cles shown in Fig. 8(a) represent measured valudg pfotted w 0 “ow
as a function of/; over the four-decade current range from 100 o 1 1
pA to 1 pA for nine different values off; ranging from 100 Wi =10 w 2w
pA to 1 pA. The circles shown in Fig. 8(b) correspond to mea- 1
sured values of; plotted as a function af; for nine different 0 0 %
values ofl; over the same range of currents. In both cases, the
straight lines show values d§ calculated from (20) using the 59
values of/; and/, at each point. The data and fits agree well
over the entire range of input currents.Fig. 10 shows measured _
A= Woutwin

data from the circuit of Fig. 9. The circles shown in Fig. 10(a)

represent measured valuesigfplotted as a function aof; over i 0 _i
the four-decade current range from 100 pA tpA for seven w 2w
different values of/; and/s fixed at 10 nA. The points marked =[w w 0]|0 i1
by x point markers in Fig. 10(a) correspond to measured values w 2w
of I, plotted as a function of; for seven different values df 0 0 L

and /5 fixed at 10 nA. The circles shown in Fig. 10(b) corre- 2w
spond to measured values bf plotted as a function of; for =[t 1 -1].

seven different values di with I5 fixed at 10 nA. In each case,

straight lines show values df, calculated from (21) using the Thus, the circuit of Fig. 9 embodies the one-quadrant
values offy, I, andl; at each point. The data and fits agree wefproduct/reciprocal relationship
over much of the range shown; deviations at low current levels

in Fig. 10(a) arise because the cascode transistor in MJTE I

(circles) or MITEQ, (x pointmarkers) was not saturated. Iy = I (21)
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VII. CONCLUSIONS

We have described a class of translinear circuits, called mifetation.
Now, suppose that the rows 8 sum towr (i.e., for eacm

tween one anfy + M, Ek:l wyk = wr) and consider the
uantity

relationships among a set of input currents. MITEs are sim
implemented using multiple-input FGMOS transistors. F
such MITE implementations, the power laws are determined by
ratios of control-gate capacitances, and so can be made quite
accurate by careful layout. Additionally, for MITE networks
implemented with FGMOS transistors, the quantity of charge
stored on the floating gates sets an electronically adjustable,
nonvolatile multiplicative scale factor on each output current of
a MITE network that we can use to build adaptive systems or
to compensate for device mismatch.

We have presented a simple procedure for analyzing the
product-of-power-law relationships embodied in any given
MITE network using input and output connectivity matrices.
We also presented experimental data from three different MITE
networks that were fabricated in a 127 double-poly n-well
CMOS process.

networks, that accurately implement product—of-power-lazg?

APPENDIX

In this Appendix, we shall show that if the rows¥W sum to
the same constantr (i.e., for eacm between one anty +
22;1 wyk = wr), and if the input connectivity matriX¥V,,, is
invertible, then the powers containedAnwill be such that for
eachm, 3> | A,.. = 1. The following theorem will prove
useful for this endeavor.

Theorem 1:If each of the rows of an invertible matriAx
sums to some constaft, then each of the rows e~ sums
to the constant AC'.

[1]
Proof: The condition that the sum of each of the rows of
A sums to some constafitcan be written in matrix notation as 2
follows:
1 1 3l
Al |l =C]": [4]
1 1
. . . . 3]
Now, we premultiply each side of the preceding equation by
A~ to obtain
[6]
1 1
A7TA =CA™! ("
1 1
(8]
which implies that
[9]
1 1 (10]
I|:|=CA™!

1 1 (1]
wherel is the N x N identity matrix. We simply rewrite the
preceding equation as (2]

1 1 1
A—l I [13]
C
1 1
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which is just what we set out to show, written in matrix

N

Z Arnn - Z Z out rnk

n=1 k=1

;
out mk E

—1

in )kn

=

wr

M, which is what we set out to show.
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