
S u p e r p o s e d  Q u a n t u m  S t a t e  In i t i a l i z a t i o n  U s i n g  Di sj o i n t  
Pri m e  I m p l i c a n t s  ( SQ UID )

David  Ros e n b a u m 1 , M a r e k  Pe rkow ski 2

1Dep a r t m e n t  of Co m p u t e r  Scie nc e ,  Por tl an d  S t a t e  U nive r si ty;
2Dep a r t m e n t  of Elec t ric al E n gin e e rin g,  Por tl a n d  S t a t e  U nive r si ty

(E-m ail: d ro s e n b a@cs.pdx.ed u,  m p e rkow s@e e.pdx.e d u)

Ab s tra c t
The  p ro ble m  of  ini tializing  a  q u a n t u m  
s u p e r po si tion  is  impo r t a n t  for  Grove r ' s  
Algori th m  [1],  Q u a n t u m  N e u r al  N e t wo rks  
[2]  a n d  o t h e r  a p plica tions.  The  p u r p os e  of  
t h e  algo ri th m  p r e s e n t e d  h e r e  is  to  
g e n e r a t e  a  q u a n t u m  a r r ay  t h a t  initi alizes  a  
d e si r e d  q u a n t u m  s u p e r posi tion  on n
q u bi t s.   The  SQUID  algori t h m  al mos t  
alw ays  c r e a t e s  q u a n t u m  a r r ays  t h a t  
p e rfo r m  b e t t e r  t h a n  t hos e  c r e a t e d  by  
exis ting  algo ri th m s  s u c h  a s  t h e  Ventu r a-
M a r tin ez  [3]  a n d  Long-S u n  [4]  algo ri th m s.  
The  b e s t  c a s e  p e rfo r m a n c e  for  t h e  
q u a n t u m  a r r ays  c r e a t e d  by  t h e  SQUID  
algo ri th m  is O n w h e n  t h e  s u p e r posi tion  
con t ains  all  possible  s t a t e s  w hich  is  a n  
ex po n e n ti al  imp rov e m e n t  ove r  all  exis ting  
algo ri th m s.   Also,  t h e  wo r s t  c a s e  
p e rfo r m a n c e  of  t h e  q u a n t u m  a r r ay  c r e a t e d  
by  t h e  SQUID  algori th m  is  n eve r  wo r s e  
t h a n  t h e  p e rfo r m a n c e  of  exis tin g  
algo ri th m s.   Th e  SQUID  algo ri th m  
r e p r e s e n t s  a  vas t  imp rove m e n t  ove r  
p r evious  q u a n t u m  s u p e r posi tion  
ini ti aliza tion  algo ri t h m s  a n d  allows  
q u a n t u m  s u p e r positions  to  b e  ini ti alized  
m u c h  m o r e  efficien tly  t h a n  with  o t h e r  
algo ri th m s.

 1 .  I n tr o d u c t i o n

The  p ro ble m  of  ini tializing  a  q u a n t u m  
s u p e r po si tion  is  impo r t a n t  for  q u a n t u m  
algo ri th m s  s u c h  a s  Grove r ' s  algo ri th m  [1]  
a n d  Qu a n t u m  N e u r al  N e t wo rks  [2].  
Ventu r a  a n d  M a r tin ez  [3]  c r e a t e d  a n  
algo ri th m  t h a t  g e n e r a t e s  a  q u a n t u m  a r r ay  
ca p a bl e  of  initializing  a  q u a n t u m  

s u p e r position  of t h e  for m ∣ 〉=∑
i=0

2n
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t h e  co m plexity  cla s s O mn with n1
a n cilla  bi t s .   Lon g  a n d  S u n  [4]  c r e a t e d  
a n o t h e r  algo ri th m  t h a t  in t rod uc e d  a  n e w  
m e t h o d  for  solving  a  simila r  p ro ble m  
wi tho u t  u sin g  a ny  a n cilla  bi t s  b u t  with  a n  
expon e n tial  co m plexity  clas s  for  t h e  
g e n e r a t e d  q u a n t u m  a r r ay.  An a dv a n t a g e  of  
t h e  Lon g-S u n  algo ri th m  is  t h a t  it  u s e s  a  
t r ainin g  op e r a to r  t h a t  is  b a s e d  on  
sinu soid al  func tions  in  co n t r a s t  to  t h e  
Ventu r a-M a r tin ez  algo ri th m  w hich  u s e s  a  
s p eci al  t r aining  op e r a tor.   The  go al  of  t h e  
SQUID  algo ri th m  is  to  imp rove  t h e  
efficiency  of  t h e  g e n e r a t e d  q u a n t u m  a r r ay  
w hile  a d din g  ve ry few a n cilla  bi t s .

 2 .  In i t i a l iz i n g  t h e  S t ar t i n g  S t a t e

Th e  algori t h m  p r e s e n t e d  in t hi s  p a p e r  
r e q ui r e s  a n  ini ti al s t a t e  of ∣0n,00 〉 .  This  
r e q ui r e s  a no t h e r  algo ri t h m  to  b e  r u n  fi rs t  
to  initi alize  t h e  s t a t e  to ∣0n,00 〉 .  On e  
m e t h o d  for  initi alizing  to  t his  s t a t e  is  t h e  
Sc h ulm a n-Vazir a ni h e a t  e n gin e  [5].  The  
r e s t  of t his  p a p e r  will a s s u m e  t h a t  t his  
s t a r ti n g  s t a t e  h a s  b e e n  initi alized  a n d  will 
focus  on  initi alizing  t h e  d e si r e d  
s u p e r position  fro m  t his  s t a t e .  

 3 .  Th e  D e s ir e d  Q u a n t u m  
S u p e r p o s i t i o n

Th e  d e si r e d  q u a n t u m  s u p e r p osi tion  m u s t  

b e  of  t h e  for m ∣ 〉=∑
i=0

2n
−1 t i

m
∣i 〉 (1)  w h e r e  

t i∈{−1,0,1} a n d  m  is  t h e  n u m b e r  of  



t e r m s  wi th  no nze r o  a m plitu d es  in  t h e  
d e si r e d  q u a n t u m  s u p e r posi tion.

 3 . 1 .  Th e  P h a s e  M a p

The  algori t h m  u s e s  a  s p eci al  Kar n a u g h  
M a p  w hich  w e  p r o pos e  to  c all a  p h a s e  m a p  
to  r e p r e s e n t  a  d e si r e d  q u a n t u m  
s u p e r po si tion  of  t h e  for m  s ho w n  in  (1).  
The  ind exes  on  t h e  sid e  of t h e  m a p  indica t e  
t h e  s t a t e  in  t h e  d e si r e d  s u p e r po si tion  t h a t  
t h e  c ell  co r r e s po n d s  to.   E ac h  cell  on  t h e  
p h as e  m a p  co n t ains  t h e  p h a s e  for  its  
co r r e s po n din g  t e r m  so  t h e  n u m b e r  in  a  c ell  
is t i∈{−1,0,1} .   Fo r  exa m ple,  t h e  s t a t e

1
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∣10 〉 (2)  c a n  b e  r e p r e s e n t e d  

u sin g  a  p h a s e  m a p  a s  s ho w n  in Fig u r e  1:
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Figure 1: The phase map for (2)

The  p h as e  m a p  al so  u s e s  a  n e w  typ e  of  
p ro d u c t  g r o u p  w hich  w e  p ro pos e  to  c all  a  
p h as e  g ro u p  to  r e p r e s e n t  s e t s  of  min t e r m s  
t h a t  will  b e  initi alized  tog e t h e r  in  t h e  
algo ri th m.   So m e  r e s t ric tions  a p ply  to  t h e  
min t e r m s  t h a t  c a n  for m  a  p h a s e  g r o u p.   It  
m u s t  b e  pos sible  to  w ri t e  t h e  p h a s e  g ro u p  
a s  a  s t ri n g  s  w hich  con t ains  t h e  sy m bols  0  
a n d  1  for  t h e  q u bi t s  t h a t  do  no t  va ry  wit hin  
t h e  g r o u p  a n d  t h e  sy m bol  * for  t h e  q u bi t s  
t h a t  do  vary  wi thin  t h e  g ro u p.   N o t e  t h a t  
t hi s  s t r in g  do e s  no t  co n t ain  a ny  
infor m a tion  a bo u t  t h e  p h a s e s  of  t h e  
min t e r m s  so  i t  do e s  no t  co m ple t ely  
d e sc rib e  t h e  g ro u p;  ho w ev e r  it is  u s e d  la t e r  
for  d efining  t h e  algo ri t h m.   Thes e  p h a s e  
g ro u p s  m u s t  b e  disjoin t  w hich  m e a n s  t h a t  
diffe r e n t  p h a s e  g ro u p s  m ay  no t  ove rl a p.  
Also,  it  m u s t  b e  pos sible  to  w ri t e  t h e  
s u p e r po si tion  co r r e s po n din g  to  a  p h a s e  

g ro u p  a s ∣s 〉=±∏
j=1

n

∣r j 〉 (3)  w h e r e ∣r j 〉=∣s j 〉

if s j≠∗ a n d ∣r j 〉=
1

2
∣0 〉±∣1 〉  (4)  if

s j=∗ .   The  sig n  in ∣r j 〉 d e p e n d s  on  t h e  

d e si r e d  p h a s e s  for  t e r m s  in  t h e  d e si r e d  
q u a n t u m  s u p e r position.   This  implies  t h a t  
e a c h  p h a s e  g r o u p  h a s  a n  e q u al  n u m b e r  of  
t h e  valu e s  -1  a n d  1  in  its  c ells.   Thus,  p h a s e  
g ro u p s  h ave  t h e  s a m e  s h a p es  a s  g ro u p s  in  
a  s t a n d a r d  Kar n a u g h  M a p.   Also,  min t e r m s  
wi th  a m pli tu d e s  of  0  m ay  no t  b e  p r e s e n t  in  
a ny  p h a s e  g ro u p  since  p h a s e  g ro u p s  m u s t  
b e  di sjoin t .

 4 .  Th e  S Q UI D  Al g ori t h m

Th e  q u a n t u m  a r r ay  g e n e r a t e d  by  t h e  
SQUID  algo ri th m  u s e s  two  g ro u p s  of  
q u bi t s .   The  firs t  g ro u p  q u bi t s  a r e  d e no t e d  
by x i , i=1n a n d  a r e  t h e  q u bi t s  ove r  
w hich  t h e  d e si r ed  s u p e r p osi tion  is  
initi alized.   The  s eco n d  g r o u p  of  q u bi t s  a r e  
a n cilla  bi t s  u s e d  for  s to rin g  co d e s  a n d  a r e  
d e n o t e d  by c1 a n d c2 .

 4 . 1 .  Co d e s  i n  t h e  An c i l l a  B i t s

Th e  q u bi t s c1 a n d c2 (also  c alled  t h e  
co d e  q u bi t s) a r e  u s e d  for  ke e pin g  t r a ck  of

● w hich  t e r m s  in  t h e  s u p e r p osi tion  
h ave  b e e n  initi alized,

● w hich  a r e  cu r r e n tly b ein g  initi alized  
a n d

● w hich  t e r m s  will  b e  u s e d  la t e r  to  
c r e a t e  m o r e  t e r m s  in  t h e  
s u p e r position  (this  is  c alled  t h e  
g e n e r a to r  s t a t e  [3]).  
Th e  following  cod es  a r e  u s e d:

● ∣00 〉 on  t h e c1 a n d c2 q u bi t s  is  
no t  u s e d.

● ∣01 〉 on  t h e c1 a n d c2 q u bi t s  is  
u s e d  to  indica t e  t h a t  t h e  
co r r e s po n din g  t e r m s  in  t h e  
q u a n t u m  s u p e r po si tion  h av e  b e e n  
initi alized  to  t h e  p r o p e r  valu e s  a n d  
s ho uld  no t  b e  m o dified  a g ain  by  t h e  
algo ri t h m.

● ∣10 〉 indica t e s  t h a t  t h e  
co r r e s po n din g  t e r m s  in  t h e  
s u p e r position  a r e  p a r t  of  t h e  g r o u p  
t h a t  is  c u r r e n tly b ein g  ini ti alized.

● ∣11 〉 is  u s e d  to  indica t e  t h e  
g e n e r a to r  s t a t e.  N o t e  t h a t  a p plying  
a  s w a p  g a t e  to  t h e  cod e  t h a t  
indica t e s  t h e  c u r r e n t  g ro u p  
t r a n sfo r m s  it  in to  t h e  cod e  for  a n  
initi alized  t e r m  in  t h e  q u a n t u m  



s u p e r po si tion.   Also,  a p plying  a  
sw a p  g a t e  to  t h e  co d e  for  t h e  
g e n e r a to r  s t a t e  will  no t  ch a n g e  it.  
The  g e n e r a t e d  q u a n t u m  a r r ay  will  
t ak e  a dv a n t a g e  of  bo t h  of  t h e s e  
fac t s.

 4 . 2 .  Th e  I ni t i a l iz a t i o n  Op er a t or

The  op e r a to r  u s e d  in  t his  algo ri th m  is  
b a s e d  on  t h e  op e r a to r  fro m  t h e  Vent u r a-
M a r tin ez  algo ri th m  [3].   H o w ever,  it  r elie s  
on  a  diffe r e n t  conc e p t  t h a n  t h e  op e r a to r  
u s e d  in  t h e  Vent u r a-M a r tin ez  algo ri th m  a s  
it  op e r a t e s  on  p h a s e  m a p  g r o u p s  r a t h e r  
t h a n  on  t h e  individu al  min t e r m s  t h a t  t h e  
o rigin al  op e r a to r  in  t h e  Vent u r a-M a r tin ez  
algo ri th m  op e r a t e s  on.   This  allows  m a ny  
min t e r m s  to  b e  ini ti alized  a t  t h e  s a m e  ti m e  
by  c r e a tin g  a  n e w  s t a t e  in  t h e  
s u p e r po si tion  a n d  s pli t tin g  it  u sin g  
con t r olled  H a d a m a r d  g a t e s .   Th e  n e w  
op e r a to r  is d efin e d  by  e q u a tion  (5)

St , g, p=[
1 0 0 0
0 1 0 0

0 0  p−g
p

t gp
0 0 −t gp  p−g

p
] (5)

This  op e r a to r  wo r ks  by  s pli t ting  s t a t e  
co r r e s po n din g  to  t h e  g ro u p s  off  fro m  t h e  
g e n e r a to r  s t a t e  d u rin g  t h e  algo ri th m  w h e r e
t is  t h e  p h a s e  t h a t  is  m ul tiplied  by all t h e  

min t e r m s  in  t h e  g ro u p, g is  t h e  n u m b e r  
of  c ells  in  t h e  g ro u p  on  t h e  p h a s e  m a p  a n d
p is  n u m b e r  of  mi n t e r m s  t h a t  s till  n e e d  

to  b e  a d d e d  to  t h e  s u p e r po si tion  inclu din g  
t hos e  in  t h e  c u r r e n t  g r o u p.   No t e  t h a t  sinc e  
t hi s  op e r a to r  is  alw ays  a p plied  to  t h e c1

a n d c2 q u bi t s,  a  s u p e r posi tion  co n t ainin g  
a  n e w  g e n e r a to r  s t a t e  a n d  a  s t a t e  t h a t  c a n  
b e  s pli t  in to  t h e  cu r r e n t  g ro u p  will  b e  
c r e a t e d .   Also,  d u e  to  t h e  n a t u r e  of  t his  
algo ri th m,  t hi s  op e r a to r  will  n ev e r  b e  
a p plied  to  a  s u p e r p osi tion  co n t ainin g  co d e s  
for  t h e  cu r r e n t  g r o u p.   Thus,  only  t h e  
g e n e r a to r  s t a t e  will  b e  m o dified  a n d  t h e  
t e r m s  in  t h e  s u p e r po si tion  t h a t  h av e  
al r e a dy  b e e n  ini tialized  will  no t  b e  
ch a n g e d.

 4 . 3 .  A H i g h-Lev e l  Ov ervi e w  o f  t h e  

Al g ori t h m

Th e  followin g  is  in t e n d e d  only  a s  a  hig h  
level ove rview  of t h e  algo ri t h m  a n d  igno r e s  
s eve r al  impor t a n t  d e t ails.   A co m ple t e  a n d  
d e t ailed  d e sc rip tion  of  t h e  algo ri t h m  is  
given  la t er.

 1  Fin d  a  s m all  s e t  of  g r o u p s  G  u sin g  
logic syn t h e sis  m e t ho d s.

 2  Ini ti alize  all x i a n d c j q u bi t s  to
∣0 〉 .

 3  S e t  t h e c1 a n d c2 q u bi t s  to  t h e  
co d e  for  t h e  g e n e r a to r  s t a t e.

 4  For  e a c h  g ro u p  in G:
 4.1  S pli t  t h e  t e r m  cor r e s po n din g  to  

t h e  g ro u p  fro m  t h e  g e n e r a to r  
s t a t e  u sin g  t h e  initializa tion  
op e r a tor.

 4 .2  S pli t  t h e  g ro u p  in to  its  
co r r e s po n din g  mi n t e r m s.

 4 .3  Ch a n g e  t h e  co d e s  for  t h e  t e r m s  
in  t h e  cu r r e n t  g r o u p  to  t h e  co d e  
for  a n  ini ti alized  t e r m  in  t h e  
s u p e r position.

 4 . 4 .  Ex a m p l e  1

This  ex a m ple  involves  ini ti alizing  t h e  
q u a n t u m  s t a t e  to

∣ 〉=
1
2

∣00 〉−
1
2

∣01 〉
1
2

∣10 〉−
1
2
∣11 〉 (6).   The  

fi rs t  s t e p  is  to  w ri t e  t h e  s u p e r po si tion  a s  a  
p h a s e  m a p  a s  s how n  in  figu r e  2  so  t h a t  t h e  
op ti m al s e t  of g r o u p s  ca n  b e  foun d.

 

x2

x1

0 1

0 1 -1

1 1 -1
Figure 2: The phase map for (6)

N ot e  t h a t  t hi s  s u p e r po si tion  ca n  al so  b e  
w ri t t e n  in t h e  fac to r e d  for m  s how n  in (3) a s

∣ 〉=
1
2

∣0〉∣1〉  ∣0 〉−∣1 〉  (7)  so  it  s a tisfie s  

t h e  fac to ring  r e q ui r e m e n t s .   Th e  ci rcui t  
g e n e r a t e d  by  t h e  algo ri th m  for  t hi s  
s u p e r position  is s ho w n  in figu r e  3:



Figure 3: The Circuit for (6)

The  ini ti al  s t a t e  is ∣0 〉=∣00,00 〉 .   Two 
inve r t e r s  a r e  a p plied  to  t h e c1 a n d c2
q u bi t s  of  t his  s t a t e  to  s e t  t h e  co d e  to  t h e  
g e n e r a to r  s t a t e.   Conc e p t u ally,  no  t e r m s  
h av e  b e e n  ini tialized  in  t h e  s u p e r posi tion  
so  t his  t e r m  m u s t  b e  t h e  g e n e r a to r  s t a t e .  
This  r e s ul t s  in  a  n e w  s t a t e  of ∣1 〉=∣00,11 〉
.   N o tic e  t h a t  in  t h e  fac to r e d  s u p e r posi tion  
for  t hi s  g ro u p,  t h e  firs t  q u bi t  is

1

2
∣0〉∣1〉  a n d  t h e  s eco n d  q u bi t  is

1

2
∣0〉−∣1〉  .  Obs e rve  t h a t  t h e s e  s t a t e s  

c a n  b e  c r e a t e d  by  a p plying  H a d a m a r d  
g a t e s  to  t h e  s t a t e s ∣0 〉 a n d ∣1 〉
r e s p e c tively.  Ho w ever,  t h e  s eco n d  q u bi t  in  
t h e  g e n e r a to r  s t a t e  is  in  s t a t e ∣0 〉 .   Thus,  
a n  inve r t e r  is  a p plied  in  o r d e r  to  s e t  i t  to

∣1 〉 in  t h e  g e n e r a to r  s t a t e .   The  inve r t e r  
is  con t rolled  by ∣1 〉 on c1 b ec a u s e  a t  
t hi s  s t a g e  of  t h e  algo ri th m  t h e  co d e  q u bi t s  
alw ays  co n t ain  a  s u p e r po si tion  of  ze ro  o r  
m o r e  co d e s  for  initi alized  t e r m s  a n d  
ex ac tly  on e  t e r m  wi th  t h e  co d e  q u bi t s  s e t  
to  t h e  co d e  for  t h e  g e n e r a to r  s t a t e .   Sinc e  
t h e c1 is ∣1 〉 in  t h e  cod e  for  t h e  
g e n e r a to r  s t a t e  b u t  no t  in  t h e  cod e  for  a n  
ini ti alized  t e r m,  co n t rolling  by ∣1 〉 on
c1 affec t s  only  t h e  g e n e r a to r  s t a t e .   This  

r e s ul t s  in  a  n e w  s t a t e  of ∣2 〉=∣01,11 〉 . 
The  initi aliza tion  op e r a to r  is n o w  a p plied  to  
s pli t  t h e  cu r r e n t  g r o u p  fro m  t h e  
s u p e r po si tion.   Fo r  t his  initi aliza tion  
op e r a tor, t=1 b ec a u s e  t h e r e  is  no  min u s  
sig n  ou t sid e  t h e  fac to r e d  s u p e r posi tion  t h a t  
co r r e s po n d s  to  t h e  cu r r e n t  g ro u p.   Also,
g=4 b ec a u s e  t h e  c u r r e n t  g r o u p  co n t ains  

4  min t e r m s  a n d p=4 b ec a u s e  t h e r e  a r e  4  
min t e r m s  lef t  to  a d d  to  t h e  s u p e r p osi tion  
including  t hos e  in t h e  c u r r e n t  g r o u p.   N o w

S1,4,4=[
1 0 0 0
0 1 0 0
0 0 0 1
0 0 −1 0

]
so S1, 4,4∣11 〉=∣10 〉 .   Thus  t h e  n e w  s t a t e  is

∣3 〉=∣01,10 〉 .   No t e  t h a t  sinc e  all  of  t h e  
r e m ainin g  a m plitu d e  will  b e  u s e d  to  
initi alize  t h e  min t e r m s  a s socia t e d  with  t h e  
cu r r e n t  g r o u p,  t h e  cod e  h a s  si m ply  b e e n  
ch a n g e d  to  t h e  co d e  for  t h e  cu r r e n t  g r o u p  
by  t h e  initializa tion  op e r a tor.   The  n ex t  t wo  
g a t e s  s pli t  t h e  cu r r e n t  g ro u p  in to  
individu al  mi n t e r m s.   This  r e s ul t s  in

∣4 〉=∣0〉  12∣0 〉−
1

2
∣1 〉∣10 〉 a n d

∣5 〉=∣0〉  12∣0 〉
1

2
∣1 〉 12∣0〉−

1

2
∣1〉 ∣10 〉 . 

Th e  n ex t  s t e p  involves  a p plying  a  s w a p  
g a t e  to  u p d a t e  t h e  cod es  for  t h e  cu r r e n t  
g ro u p.   Since  t h e  c u r r e n t  g ro u p  co n t ains  
all  po ssible  t e r m s,  no  con t rols  a r e  u s e d  on  
t h e  s w a p  g a t e .   Th e  s t a t e  b eco m e s

∣6 〉=∣0〉  12∣0 〉
1

2
∣1 〉 12∣0〉−

1

2
∣1〉 ∣01 〉 . 

At  t h e  e n d  of  t h e  algo ri t h m  a n  inve r t e r  is  
a p plied  to c2 to  r e s to r e  t h e  s t a t e  of  t h e
c2 q u bi t  to ∣0 〉 .   The  final  s t a t e  is

∣7 〉=∣0〉  12∣0〉
1

2
∣1 〉 12∣0〉−

1

2
∣1〉 ∣00 〉

=12∣00 〉−
1
2
∣01 〉

1
2
∣10 〉−

1
2
∣11 〉∣00 〉

w hich  is  t h e  d e si r e d  s u p e r po si tion  wi th  
t h e  a d di tion  of  t wo  a n cilla  bi t s  t h a t  c a n  
b e  r e u s e d  la t er.   N o t e  t h a t  in  t his  c a s e  
w h e r e  all  possible  min t e r m s  c a n  b e  p u t  
in on e  g r o u p,  t h e  SQ UID algori th m  u s e s
O n con t r olled  sin gle-q u bi t  g a t e s ,  

w hich  is  a n  expon e n tial  imp rove m e n t  
ove r  t h e  Ventu r a-M a r tin ez  a n d  Lon g-
S u n  algo ri th m s.

 4 . 5 .  P s e u d o  Co d e  f or  Th e  
Al g ori t h m

Th e  algori t h m  will  no w  b e  d e sc rib e d  u sin g  
d e t ailed  p s e u do  co d e.   In  t hi s  algo ri t h m,

∣ j 〉=∣x ,c1c2 〉 r e p r e s e n t s  t h e  s t a t e  of  t h e  
ci rcui t  a t  t h e  jt h it e r a tion  a n d ∣x 〉
r e p r e s e n t s  t h e  s t a t e  of  t h e  n  q u bi t s  t h a t  
will  b e  ini ti alized  to  t h e  d e si r e d  q u a n t u m  



s u p e r po si tion  a n d c1 a n d c2 a r e  a n cilla  

bi t s . ∣ 0〉 r e p r e s e n t s  t h e  ini tial  s t a t e  
b efo r e  t h e  1 s t  it e r a tion.   Althou g h  a  
co r r ec t n e ss  p r oof  exis t s  for  t his  algo ri th m,  
it  is too  long  to  s ho w  in t hi s  p a p er.

 1  Fin d  a  s m all  s e t  of  g ro u p s  G  w h e r e  
e a c h s=s1s2sn∈G is  t h e  bin a ry  
s t r in g  d e s c rib e d  in  s ec tion  3.1  t h a t  
r e p r e s e n t s  e a c h  g ro u p.

 2  Ini ti alize  t h e  s t a t e  to

∣ 0〉=∣x ,c1c2 〉=∣0n ,00 〉
 3  Apply  inve r t e r s  to c1 a n d c2 .   The  

s t a t e  is no w ∣ 0〉=∣x ,c1c2 〉=∣0n ,11 〉 .

 4  For s=s1s2sn∈G
 4 .1  Le t g d e no t e  t h e  n u m b e r  of  

min t e r m s  in t h e  g ro u p s .
 4 .2  Le t p b e  t h e  n u m b e r  of  t e r m s  

in  t h e  s u p e r position  t h a t  h ave  
no t  b e e n  ini tialized  ye t  including  
t h e  t e r m s  a b o u t  to  b e  initi alized  
in t h e  cu r r e n t  g r o u p.

 4 .3  Fin d  t h e  s u p e r position  t h a t  
co r r e s po n d s  to s a s  d e sc rib e d  
in s t e p  1.   This  r e s ul t s  in  (3).

 4 .4  If  t h e  sig n  ou t sid e  t h e  p r o d u c t  
in  (3)  is  + ,  le t t=1 . 
Oth e r wis e,  if  t h e  sig n  is  -,  le t
t=−1 .

 4 .5  For j=1n
 4 .5.1  If s j=∗

 4 .5.1.1  If t h e  sig n  in  (4) is +
 4.5.1.1.1  If t h e  jt h  q u bi t  is  

s e t  to ∣1 〉 in  t h e  
g e n e r a to r  s t a t e,  a p ply 
a n  inve r t e r  to  t h e  j t h  

q u bi t  co n t r olling  by
∣1 〉 on c1 .

 4 .5.1.2  If t h e  sig n  in  (4) is -
 4 .5.1.2.1  If t h e  jt h  q u bi t  is  

s e t  to ∣0 〉 in  t h e  
g e n e r a to r  s t a t e,  a p ply 
a n  inve r t e r  to  t h e  j t h  

q u bi t  co n t r olling  by
∣1 〉 on c1 .

 4 .5.2  Oth e r wis e,  if s j≠∗ a p ply 
a n  inve r t e r  if t h e  s t a t e  of  t h e  
jt h  q u bi t  in  t h e  g e n e r a to r  
s t a t e  is  no t  e q u al  to s j  
con t r olling  by ∣1 〉 on c1 .

 4 .6  Apply St , g, p to  t h e c1 a n d
c2 q u bi t s.   This  s pli t s  a  n e w  

s t a t e  off t h e  g e n e r a to r  s t a t e  t h a t  
c a n  b e  u s e d  to  c r e a t e  t h e  t e r m s  
in t h e  cu r r e n t  g ro u p.

 4 .7  For j=1n
 4 .7.1  If s j=∗ a p ply  a  

H a d a m a r d  g a t e  to  t h e  jt h  

q u bi t  co n t r olling  by ∣10 〉 on

∣c1c2 〉 .
 4 .8  Apply  a  sw a p  g a t e  to  t h e c1

a n d c2 q u bi t s  co n t rolling  by
s j on  e a c h x j w h e r e s j≠∗ . 

This  ch a n g e s  t h e  co d es  of  t h e  
t e r m s  fro m  t h e  cu r r e n t  g r o u p  to  
t h e  cod e  for  ini tialized  t e r m s .  
This  fr e eze s  t h e s e  t e r m s  so  t h ey  
will  no t  b e  m o dified  by  t h e  r e s t  
of t h e  algo ri th m.

 5  Apply a n  inve r t e r  to c2 .

 5 .  Co m p ari s o n  w i t h  Ot h er  
Al g ori t h m s

Th e  SQUID algo ri th m  is co m p a r e d  with  t h e  
Ventu r a-M a r tin ez  a n d  Lon g-S u n  algo ri th m s  
in Table  1  w h e r e m is  t h e  n u m b e r  of 
t e r m s  wit h  no nze ro  a m plitu d e s  in  t h e  
d e si r e d  q u a n t u m  s u p e r p osi tion, n is t h e  
n u m b e r  of q u bi t s  in  t h e  s u p e r po si tion  a n d
p is  t h e  n u m b e r  of p h a s e  g r o u p s  in t h e  

s u p e r position .  The  co m plexi ty is  m e a s u r e d  
in  t e r m s  of t wo q u bi t  g a t e s.

Al g ori t h
m :

Wors t  
Ca s e  

P erf or m
a n c e:

B e s t  
Ca s e  

P erf or m
a n c e:

Tota l  
N u m b e r  

o f  
Q u bi t s

Ventu r a-
M a r tin ez  
Algori th

m

O mn O mn 2n1

Mo dified  
Ventu r a-
M a r tin ez  
Algori th

m

O mn2
 O mn2 n2

Long-S u n  
Algori th

m

O n22n O n22n n

SQUID 
Algori th

O pn O n 2n2



m

Mo dified  
SQUID 

Algori th
m

O pn2
 O n n2

Table 1: Comparison of Quantum Superposition 
Initialization Algorithms

The  m o dified  ve r sions  of t h e  Ventu r a-
M a r tin ez  a n d  SQUID algo ri th m s  r efe r  to  
imple m e n tin g  t h e  co n t rolled  g a t e s  u sin g  a  
q u a d r a tic  blow u p  r a t h e r  t h a n  by  a d din g  
ex t r a  a n cilla  bi t s  [6].  Beca u s e p is  t h e  
n u m b e r  of p h a s e  g ro u p s, p≤m so  t h e  
SQUID algori t h m  will n ev e r  b e  wo r s e  t h a n  
t h e  Ventu r a-M a r tin ez  algo ri th m  a n d  t h e  
m o dified  SQUID algo ri th m  will n ev e r  b e  
wo r s e  t h a n  t h e  m o dified  Ventu r a-M a r tin ez  
algo ri th m.   In  fac t ,  t h e  SQUID algo ri th m  
a n d  m o dified  SQUID algo ri th m  will b e  
fas t e r  t h a n  t h e  Ventu r a-M a r tin ez  a n d  
m o dified  Ventu r a-M a r tin ez  algo ri t h m s  
r e s p e c tively w h e n eve r  a t  le as t  on e  p h a s e  
g ro u p  t h a t  cove r s  m o r e  t h a n  on e  c ell is  
fou n d.   This  is  t r u e  for  m o s t  s u p e r po si tions  
so  t h e  SQUID algo ri th m  will b e  b e t t e r  for  
m o s t  s u p e r po si tions.   The  b e s t  c a s e  
p e rfo r m a n c e s  of t h e  SQUID a n d  m o dified  
SQUID algori t h m s  a r e  m u c h  b e t t e r  t h a n  
t h e  b e s t  c a s e  p e rfo r m a n c e  of t h e  Ventu r a-
M a r tin ez  a n d  m o dified  Ventu r a-M a r tin ez  
algo ri th m s.   Th e  t wo ve r sions  of t h e  SQUID  
algo ri th m  also  only u s e  on e  a d di tion al 
a n cilla  bi t  to  a c hieve  t hi s  r e d u c tion  in  t h e  
n u m b e r  of g a t e s  r e q ui r e d.

 6 .  Co n c l u s i o n

The  SQUID  algori t h m  discu ss e d  in  t hi s  
p a p e r  allows  q u a n t u m  s u p e r posi tions  to  b e  
ini ti alized  m u c h  m o r e  q uickly  t h a n  with  
exis ting  algo ri th m s  for  t h e  vas t  m ajo ri ty  of  

q u a n t u m  s u p e r positions.   In  fac t ,  t h e  
q u a n t u m  a r r ay  g e n e r a t e d  by  SQUID  
algori t h m  will  b e  fas t e r  t h a n  t h e  q u a n t u m  
a r r ay  g e n e r a t e d  by  a ny  exis tin g  algo ri th m  
in  all  c a s e s  w h e r e  a t  le as t  g ro u p  exis t s.  
Th e  q u a n t u m  a r r ay  g e n e r a t e d  by  t h e  
SQUID  algo ri th m  is  al so  n eve r  slow e r  t h a n  
a ny  exis ting  algo ri th m  a n d  is  a n  
expon e n tial  imp rove m e n t  ove r  all  exis tin g  
algo ri t h m s  in  t h e  b e s t  c a s e .   This  p a p e r  
al so  int rod u ce s  s ev e r al  n e w  conc e p t s  s u c h  
a s  t h e  p h a s e  m a p,  t h e  n e w  typ e  of  g ro u p s  
u s e d  in  t h e  p h a s e  m a p,  t h e  u s e  of  a  n e w  
initializa tion  op e r a to r  to  s pli t  g r o u p s  off  
t h e  g e n e r a to r  s t a t e  r a t h e r  t h a n  sin gle  
mi n t e r m s  a s  in  p r evious  p a p e r s  a n d  t h e  u s e  
of  con t rolled  H a d a m a r d  g a t e  for  s pli t ting  
g ro u p s  in to  individu al  mi n t e r m s  in  a  linea r  
a m o u n t  of tim e.
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