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Abstract. We present a theoretical study on the idea of using matheahatio-
gramming relaxations for filtering binary constraint s@tision problems. We in-
troduce the consistent value polytope and give a linearrproming description
that is provably tighter than a recently studied formulatid/e then provide an
experimental study that shows that, despite the theolgiicgress, in practice
filtering based on mathematical programming relaxationgtiooes to perform
worse than standard arc-consistency algorithms for bioamgtraint satisfaction
problems.
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1 Introduction

As a result of the growing interaction between the mathezagirogramming and con-
straint programming communities, it has now become stahttause mathematical
programming tools to derive information useful both for domfiltering and for guid-
ing the search. On real-world constraint satisfaction [@wmis (CSPs), and especially
optimization problems, hybrid methods have been shown tpesform pure solution
approaches. As a result of a decade long research, a rictbéacdior hybridization
is now available: from the idea of optimization constraiftsl4, 17] and associated
notions of relaxed or approximated consistency [5, 19]uced-cost filtering [16], to
sophisticated problem-dependent techniques based oreBeddcomposition [9], La-
grangian decomposition [6, 18, 20, 21], or column genenddol11]. Also, specialized
hybrid approaches have been developed for special prolilea®mputing orthogonal
Latin squares [2] or to solve the social golfer problem [22].

Despite these successes, in the past hybridization onybisstraint satisfaction
problems (BCSPs) has been nothing less than disappoidiagy approaches that
looked very promising on paper have failed to give real bénafhile this is common
knowledge in the research community and has lead to the contrelief that math-
ematical programming techniques only pay off when a probtemtains constraints
that contain large numbers of variables where constraogmamming (CP) propaga-
tion is weak, we are not aware of any paper that would statk autegative result.



Consequently, we frequently see that, despite prior ezpee that developing hybrid
methods for BCSPs is not a promising research avenue, treubtetly tempting idea
lures researchers into developing new hybrid filtering apphes for BCSPs.

A recent approach regarding hybrid filtering for BCSPs isspraed in [12]. The
authors of that paper suggest to use a relaxation of an dgotiateger programming
(IP) formulation of a given BCSP for domain filtering. Two aewere novel in that
contribution: first, the idea to use a Lagrangian relaxatistead of the commonly
used linear relaxations for filtering. And second, to userefdation that specifically
targets individual assignments.

We were intrigued by those two ideas and decided to investig@em further. We
address two questions: First, can the Lagrangian relaxatiggested in [12] yield to
more effective filtering than standard linear programmiig)(relaxations? And sec-
ond, does it pay off to focus on individual assignments fdeffihg in a tree search
where what matters is the trade-off between filtering eifecess and filtering time?

In order to answer those two questions, we start out in Se@iby discussing
different models for BCSPs and how they can be translatednigger programs. Based
on those models, in Section 3, we develop an LP relaxationishgrovably tighter
than the Lagrangian relaxation developed in [12]. Whilenffg the prospect of more
effective filtering, that LP relaxation can also be computecth faster than Lagrangian
relaxations when using standard LP software like Cplex.

In Section 4, we then present numerical results on variod® && BCSP bench-
mark classes. The experiments show that, once again, maticahprogramming tech-
niques are inferior to standard arc-consistency on fdagiproblems.

2 CSPandIP Modes

2.1 Positive and Negative Representations of BCSPs

A binary constraint satisfaction problem (BCSP) considta @inite set ofvariables
V = {Vi,...,V,}, afinitedomainD; = {v{,v},...,v} } for each variablé/;, and
a finite collection ofconstraintsC = {C4, ..., C,,}. Each constrainf’ is a constraint
over two variabled/ars(C) C V. Every constrainC can be viewed as a subset of the
Cartesian product of the domains of the variable¥dns(C) (i.e. the set of tuples that
satisfythe constraint). Alternatively,’ could also be viewed as tltemplemenof this
product (i.e. the set of tuples thdb not satisfythe constraint, which are commonly
referred to ano-good$. As we will see later, although equivalent, these two viefvs
constraints lead to very different linear models.

Lety;, € {true, false} represent the truth value of assignméht= w (i.e.y;, =
true iff V; = u). The two representations 6f;, as described above, become:

1. Positive Representation: Tuples that satSfy.
(Pcsp) Cij = Rij = {(uw) € D; x Dj : (u7v) satisfieSCij}

For any valueu € D;, the set of tupleg(u,v) : (u,v) € R;;} can be seen as the
logical implication:



Yiu — \/ Yjv (1)

v:(u,v)ERy;

This states that once we have assigned valt@variableV;, we must also assign
(at least) one of the valuesto variableV;. For this reason, we will call this repre-
sentation thgositive representation of BCSPs

2. Negative Representation: Tuples that violajg

(DCSP) Cij = Rij = {(u, ’U) € D; x Dj : (uw) ViolatesCij}

In this case, for any value € D;, the set of tuple$(u, v) : (u,v) € R;;} can be
seen as the logical implication:

Yiu — /\ Yjv (2)

v:(u,v)ERy;

This states that once we have assigned valte variableV;, we cannot assign
to variableV; any of the values. We therefore refer to this representation as the
negative representation of BCSPs

Note that, when written as logical implications, there ighirg in the positive rep-
resentation that prevents us from assigning multiple \satoea variable (i.ey;, =
¥iv = true for u # v), just as there is nothing in the negative representatianghys
that we must assign values to variables @.g. = true for someu € D;). However,
once we enforce the implicit constraints that each vari&blmust take one and only
one valueu € D;, itis not hard to see that:

Lemma 1. In a BCSP, positive and negative constraint representatam equivalent.

Proof. Let s(Pcsp) = (yiw | 1 < i < n,u € D;) denote a solution of the positive
BCSP. Ify;, = true in s(Pcsp), then by (1) for anyj there exists a value such that
(u,v) € Ri; andy;, = true. SinceV; can only take one value, it means that for any
other valuey, € D;, yj», = false. In particular, for all, such thatu, vy) ¢ R;;, we
havey;., = false, which means that (2) also holds. If on the other hand= false

in s(Pcsp) then obviously (2) holds as well. Thug,P-sp) is also a solution for the
negative BCSP. Conversely, l1etDcsp) = (v | 1 < @ < n,u € D;) denote a
solution of the negative BCSP. {f,, = true in s(Dcsp), then for anyj, by (2), there
exists no value such that{u,v) € R;; andy;, = true. SinceV; must take at least
one value, it means that there exists a valyes Dj, with (u,v;) ¢ R;; such that
Yjv, = true. In other words, (1) also holds. 4f,, = falsein s(Dcgp), then (1) holds
as well. Thuss(D¢sp) is also a solution for the positive BCSP. O




2.2 Linear Modelsof BCSPs

Our discussion of the two representations for BCSPs in &&2til, and in particular the
formulation of constraints as logical implications proegdthe basis to model BCSPs
as 0-1 integer linear programs: A logical formula writtencomjunctive normal form
(CNF) can be easily modeled as a set of inequalities invgl@ii variables. Using the
factthate — b= —-aVb,andthat VvV (bAc) = (aVb)A(aV c), we can write (1) and
(2) in CNF in the following way:

v =\ v =wa ( V yju) ©)

vi(u,v)ER;; vi(u,v)ER;
and
Yiu — /\ WYiv = Wiu \/ ( /\ _‘yj’u> = /\ (_'yiu Vv _'ij) (4)
vi(u,v)ER;; vi(u,v)ER;; vi(u,v)ER;;

Letz;, € {0,1}, z;, = 1iff y;,, = true. This allows us to rewrite (3) and (4) as
linear inequalities in terms af;

A—z)+ Y, w21 ®)
vi(u,v)ER;;
and
(1 =2i) + (1 —zjo) > 1,Vv: (u,v) € Ryj (6)

Based on these formula, we are now ready to give the two IPdtations resulting
from the positive and negative representations of a BCSP.

Positive IP mode(P;p)

max 0
s.t. Tin < Z Tjv Vi, Vg, Yu : (u,v) € Rij 7)
v:(u,v)ER;
Z%uzl vie{l,...,n} (8)
ueD;
Ziu € {0,1} vie{l,...,n},Yu € D; 9)

Negative IP mode{N;p)

max 0
s.t. Tiu + Tju <1 Vi, ¥j, Y(u,v) € Rij (10)
> =1 Vie{l,...,n} (11)
ueD;

zi € {0, 1} Vie{l,...,n},Yu € D; 12)



The first set of constraints, (7) and (10) encode the comsé¢raif the positive and
negative BCSP and are equivalent to the inequalities (5)(&hdespectively. Con-
straints (8) and (11) state that each varidijlenust take one and only one value from
its corresponding domaif,;. They are the same as the implicit constraints we dis-
cussed in Section 2.1 and recall that they are the ones teatethe equivalence of
the two models. The last set of constraints (9) and (12) ébsbiutions in whichz;,,
take fractional values. These are of course the constthiatsnake solving both these
IPs difficult and are commonly the ones that are relaxed firstolve such problems
in operations research. The purpose of the following stgdyp ishow that the linear
relaxation derived from the positive formulation is stgycitronger than the weakened
Lagrangian relaxation of the negative formulation whichsed in [12].

3 Integer Programming Relaxationsand Filtering

Based on the positive and negative IP models developed ipréagous section, we
now investigate how they could be used for filtering. In [12 tesearch is based on
the (N;p) model. Two relaxation steps are taken: First, constrailt0} #re aggregated
and thereby weakened since new fractional solutions aredated. This was done
because the authors felt that the number of constraintOnwére too many. Then, for
a given potential assignmei}, = ¢, a Lagrangian relaxation is considered where all
constraints in (10) that do not affee}, are softened by penalizing a violation rather
than enforcing the constraints.

Without the first aggregation step, let us study the polytopfeasible solutions
to the Lagrangian subproblem that evolves when we relaxaasizaints in (10) that
do not affectz,,. We call the LP relaxation of the following IP trednsistent value
polytope Since it can be viewed as derived from the negative forraratve denote it
with (CV — N):

(CV=N):(1) > pen, Tik =1 Vi<i<n
(2) Tpg + 1 < 1 V1<j<n,leDj(ql)€Ry
(3) z € {0,1}"

In [12], a large number of aggregated versions of these Ifs efianging objectives
need to be solved in order to compute the Lagrangian retaxatilue. In (CV-N) we
did not aggregate any constraints, therefore we achievghteti relaxation. What is
even more important, there exists a reformulation of (C\iN is totally unimodular
which allows us to solve these IPs by means of linear progriagu@onsider

(CV=P): (1) Xopep, Tik =1 V1<i<n
(2) Zl:(q,l)eRm- Tji = Tpg Vi<js<n, Ry eC
(3)z € {0,1}"

Of course, the reformulation of (CV-N) above was motivatgdwhat we called the
positive formulation of BCSPs earlier. Formally, we canwsho



Lemma 2. The integer programs (CV-N) and (CV-P) are equivalent.

Proof. When removing all constraints in the corresponding BCSPdbanot involve
Vp, then (CV-N) and (CV-P) are exactly the IPs that evolve frbmhegative and pos-
itive formulations of the resulting BCSP. Therefore, thegirof Lemma 1 shows that
both IPs are indeed equivalent.

Even though the reformulation from a negative representatf constraints to their
positive formulation appears academic at first, it has a wayortant consequence
when the IP model is considered:

Theorem 1. The integer program (CV-P) is totally unimodular.

Proof. After eliminating all duplicate and all unit-vector colusifrom the constraint
matrix, neither of which affect total unimodularity, we dgkée following structure:

10...... 0
O |
0... ... 01
11 0...0
@ | |
10...01

We note that part (1) is now an identity matrix, so it does rifetca total unimodularity
and can also be eliminated. Then, in part (2), we can eliraiatunit vectors again and
we are left with just one column where all entries are -1, @eery square submatrix of
this column matrix is - 1. O

As a consequence of Lemma 2 and Theorem 1, the linear redaxaitiCV-P) de-
scribes exactly the convex hull of feasible solutions to (¥ Consequently, the La-
grangian subproblem can be solved in polynomial time. Tisairdly surprising from
a CP perspective: the Lagrangian relaxation rids ourselval constraints that do not
incorporate variablé/,. Consequently, polynomial arc-consistency methods perfo
perfectly in terms of filtering effectiveness on the relaBiSP.

From an IP perspective, the fact that we found a totally uiiohar description
of the polytope of the Lagrangian subproblems enables usto@slve a tighter La-
grangian relaxation than the one proposed in [12] simply leans of linear program-
ming: It is a well-known fact that if the Lagrangian subprernl is totally unimodular
(it is then sometimes also referred to as exhibiting thegiratity property), then the
Lagrangian relaxation and the linear continuous relardti@ve the same value [1]. To
make this point very clear: Theorem 1 states that #igrangian subproblers TU. We
can therefore solve the Lagrangian relaxation by meansieétiprogramming. Then,
the overall linear relaxation is of course not TU (which wbindeed come as a big
surprise as then the NP-hard BCSP was solvable in P).

In summary, we have shown that the linear relaxatioi@s ), while much easier
to solve, is equivalent to the Lagrangian relaxatiof¥f » ). Consequently, it istrictly
betterthan a Lagrangian relaxation on an aggregated versioiVps). Therefore, the

1 We owe the idea to this simplified proof to an anonymous refere



filtering algorithms that we derive from the relaxation lthea the positive model are
more effective and faster than the one that is considereiPih Note that this improve-
ment does not restrict the choice of objective function. \&B, @s it was suggested
in [12], investigate specific assignments by maximizingedént specific variables,,

in turn, or we could choose a more global objective functind perform reduced cost
filtering.

What we view as even more important here is that in the pesitiodel we have
found a way to formulatdinary constraints as collection of integer constraintghwi
tighter linear programming relaxation€onsequently, we have found an improved for-
mulation that we can use when binary constraints constaypart of the constraint
structure of an optimization problem, where it is well-krrothat it is essential to ex-
ploit tight global bounds on the objective.

4 Experimental Evaluation

In our experimental study, we focus purely on feasibilitplgems and the idea pre-
sented in [12] to base an efficient filtering algorithm for B%&Son mathematical pro-
gramming methods. In order to base a filtering algorithm @nridaxations that we
studied in the previous section, first we follow the seconéhneantribution that was
made in [12]. It consists in the introduction of an objecfivaction that is assignment
specific. In [12], the authors compute upper bound$M¥pr) augmented by an objec-
tive that tries to maximize the value of one single variablg. Clearly, if that upper
bound drops below 1, then this implies thatcannot consistently take valygand the
value is removed fronb,,.

In our first series of experiments, we try to reproduce thelteseported in [12]. We
follow their approach and solve a series of linear relaxetiof (P;p) with changing
objectives to maximize,,, for the different variables. As a result of Section 3, we know
that this filtering technique is at least as effective as themresented in [12].

The following first set of experiments was run on a 2.4 GHzlIhktgperthread-
ing processor with 2 GB RAM. In order to provide a close congmar with [12], we
use randomly generated BCSPs as our benchmark set. Them®blere generated
using the random uniform BCSP generator available at [3].6a@h experiment, we
generated 200 random instances. The test programs werenmapted using ILOG
Concert 2.0 to interface with Solver 6.0 and CPLEX 9.0 [10¢ ¥énerated problems
of comparable size and structure: 16 variables, 8 valuesiperain, and 32 allowed
pairs per constraint. We varied the number of constraiot®ft0 to 120 in increments
of 10. In order to verify the validity of the observed trendg, also used a second class
of problems, smaller in size, with the following characdéds: 10 variables, 10 values
per domain, 32 allowed pairs. For these problems, we vahnedtmber of constraints
from 5 to 50 in increments of 5.

To assure that our experimentation is correct, first we sbaleproblems in our
test set to completion using ILOG Solver 6.0 and looked atik&ibution of feasible
instances. The results are shown in Figure 1, and it is diesdy &s the number of con-
straints approaches 120 for the larger problems and 50éamrttaller ones, the number
of feasible instances drops sharply. This is a typical plasesition phenomenon, and
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an easy-hard-less hard partition is visible by the time ireguby the solution algo-
rithm on these instances. Figure 2 shows the time needed tayndasd CP solver for
the large benchmark. It is clearly visible that the hardestainces are those around the
phase transition.

The percentage of values filtered using the relaxatiofFpf-) at the root node is
plotted in Figure 3, for both sets of problem instances (karal large). This confirms
the results reported in [12] where it was found that hybrigfihg isfar more effective
than standard arc-consistency algorithahthe root nodeOn our problems, at the root
node arc-consistency is unable to filter any substantialomusraf values, which is why
the corresponding line runs close to the 0% horizontal.

However, what is not made explicit in [12] is that the highqesrtage of filtered
values when the number of constraints gets closer to 12Quslhcdue to the fact that
most problems in that range ardeasibleand that relaxation-based filtering is able to
detect that at the root node! On infeasible problems, therifilg algorithm naturally
reports 100% removal of values. It is solely due to this dffleat the time per filtered
value decreases so massively as it was reported in [12].

Itis also important to mention that this performance is otetd only if we iterate the
filtering process (i.e. solve relaxations(d? p) as long as we have at least one filtered
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value in a round). If we perform a single round of IP filtering (solve the relaxation
of (P;p) once for each variable;, ), the number of filtered values grows only to about
30% as we approach 120 constraints. The large differencbearplained by the fact
that, for most problems, the LP relaxation is unable to deétgeasibility in only one
round. It typically does so after 4-5 rounds, and then theqrgage of filtered values
reported jumps to 100%. Obviously, an iterated applicatibthe filtering algorithm
increases the effectiveness — but of course it comes at tsieofanore cpu time,
which, as we will see shortly, is too much to make this kind béifing worthwhile in
the context of random BCSPs.

We also studied the effect of constraining the problem infieidint way: namely
by varying the number of allowed pairs per constraint indtafavarying the number of
constraints. For this experiment, we generated problertsMi variables, 8 values per
domain, 60 constraints and varied the number of valid pains 5 to 60 in increments
of 5. The results are shown in Figure 4. Again, we observe ttlea phase transition,
which happens at around 30 pairs per constraint, and thapjsosted by the problem
characteristics observed in Figure 5.

So far we have been able to confirm the results reported in N@y, we were of
course curious to see whether the idea of iterated LP-bdsexhfy with assignment
specific objectives actually pays off within a tree searctierfall, while the improve-
ments in filtering effectiveness at the root node are quitglgavhat we are ultimately
interested in is of course the time that it takes to completesearch and actually solve
instances. Therefore, we study how fast the LP filtering mpgared to that of the con-
straint solver. While for virtually every instance that weadied, the first propagation
step of the constraint solver failed to remauey values from the domains of the vari-
ables, the performance of arc-consistency technigibsn a tree searclis far better:
When comparing the time the constraint solver took to sdteehtire problenwith the
time it took the LP approach just to filtat the root nodewe see that the difference is
hugely in favor of the constraint solver, by orders of magghét. While at the phase tran-
sition (where more effective filtering should be of most imtpace) the time to filter
according to(P;p) only at the root-node peaks at around 150 seconds, standard a
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consistency algorithms complete the entire search in tetand on average (compare
Figures 6 and 2). Consequently, despite the far more eftefittering that they offer,
the algorithms published in [12] are just not worthwhile tdve random BCSPs.

To summarize our findings to this point: filtering binary coasts based on mathe-
matical programming relaxations is more effective thandsad arc-consistency meth-
ods, thanks to the global view on the problem that the relemairovides. However,
even despite our strengthening the relaxation and speegiitg computation time by
showing that an alternative LP relaxation dominates therdrgjan relaxation intro-
duced in [12], the idea to use an iterated procedure to filteryedomain value indi-
vidually is just far too costly to pay off within a tree searehno matter whether we
compare at the under-constrained, over-constraineditmatlly constrained region.

In order to improve the efficiency of LP-based filtering, wed#o make it less ex-
pensive, even at the cost of losing some of its vast effentigs. Therefore, we tried out
two different kinds of weakened approaches: The first corgah initial LP-solution
to the problem, then it chooses those assignméits= ¢ for which the continuous
value ofz,, is lower than some threshold valae> 0, and finally it sets up a new
objective for each of those variable with one filtering itema only. We refer to this ap-
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proach as P-filtering. The second approach sacrifices even more effectivenesirgy u
the LP-relaxation just for pruning purposes. It just solifesinitial LP once and back-
tracks if and only if that LP turns out to be infeasible. We akerthis second approach
with LP-pruning
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Fig. 7. Comparison of pure CP, LP-pruning, and LP-filtering on rand®®CSP instances

We performed a second set of experiments to compare therpenfice of LP-based
BCSP propagation and pure CP. The following test resulte/she averageésover 30
runs per data point on a 2 GHz AMD Athlon processor with 512 MBMR Figure 7
visualizes the results of our experiments on the large beack of random BCSP in-
stances with 16 variables, 8 domain values per variable3aradlowed pairs per binary
constraint. Again, we see a clear easy-hard-less hardrpaftee comparison shows
that a pure CP solver is orders of magnitude faster than kétifig and LP-pruning,
whereby the latter, despite its weaker effectivenessiligbbut twice as fast.

2 Although we can only visualize averages in our plots, we wdike to mention that we also
checked the medians and variances to eliminate the passithibt some extreme outliers
disproportionally bias the comparison.



For our last experiment, we were curious whether the goodiefity of pure arc-
consistency methods was maybe caused by the unstructuassttér of our benchmark
set. Therefore, we repeated the experiment in Figure 7 onehibegark set that contains
13-queens instances with additional random binary coinssran the queens. We use
the standard CP model where we add one queen-variable focehonn and the values
that they take correspond to the row index that the quees t@itklifferent constraints
on rows, columns, and diagonals enforce the 13-queen probifeFigure 8 we plot
the percentage of feasible instances and the solution tymoeibthree solvers over the
number of (additional) binary constraints added to the j@mb
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Fig. 8. Comparison of pure CP, LP-pruning, and LP-filtering on rand®®CSP instances

We see that LP-filtering is able to catch up with LP-pruningt, the comparison
with the pure CP solver is devastating. We conclude thatdke bf basing a BCSP
filtering algorithm on mathematical programming just does pay off within a tree
search.

Of course, it is well-known fact that the use of relaxatiop®ssential for many
optimization problems. For this case, when binary constseare part of the problem,
we have introduced a linear programming formulation thagirapimates the convex
hull of feasible integer solutions better than previouslydged relaxations. However,
for pure feasibility problems, we find that pure CP is the rodtbf choice.

5 Conclusion

We presented a filtering algorithm based on linear progrargr{iiP) models for BC-
SPs. The LP relaxations that we used are provably strongetliose developedin [12].
At the same time, filtering can now be based on standard lipegramming technol-
ogy which reduces the programming effort and speeds up tkeriil) process consid-
erably. Our numerical results show that LP-based filtermgBCSPs leads to more
effective filtering. In so far, we can confirm the findings irR[1However, ultimately
we are interested in solving BCSPs by search methods. Anldeimdalm of search,
what matters is not so much the effectiveness of filteringhmds, but the trade-off be-
tween effectiveness and time, i.e. efficiency. Our expemismien random instances show



clearly that the additional time for filtering based on matlag¢ical programming does
not pay off for BCSPs when compared with standard CP arcistemey techniques.
We therefore reconfirm the common (yet to the best of our kadgé unpublished)
belief that hybrid methods perform very poorly on BCSPs:tfmse problems, leaner
and faster inference continues to be the right way to go.
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