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1 Introduction

When solving combinatorial problems, all competitive state-of-the-art solvers
combine search with inference. Integer programming (IP) solvers like XpressMP
or Cplex base inference on tight continuous linear programming (LP) relax-
ations. Satisfiability (SAT) solvers perform unit propagation and no-good learn-
ing. And constraint programming (CP) solvers make excessive use of constraint
filtering techniques. The efficiency, i.e. the effectiveness over CPU-time, is the
decisive performance measure for inference algorithms that are used within
search.

In IP, effectiveness is best characterized by the gap between the value of the
optimal solution and the bound that results from the continuous relaxation of
the problem. For certain problems, we find that there is no gapat all. This is the
case, for example, when the constraint matrix is totally unimodular and the right
hand side vector is integer. In this case, the strength of theinference algorithm
alone allows us to solve the corresponding problem in polynomial time.

Interestingly, such islands of tractability are not alwaysfound by the analysis
of inference algorithms. For certain problems, we can also devise ways how to
searchmore efficiently. This is for example the case when we solve a problem
by means of dynamic programming. Another example are searchalgorithms



that exploit problem decomposability, such as polynomial-time algorithms for
problems on graphs with bounded tree-width [15]. A recent heuristic algorithm
that exploits structure to speed-up search is given in [12].

For practical reasons, a perfect inference algorithm is preferable over a spe-
cialized search routine. Consider for example the case where we hit an island
of tractability as a subproblem within a general search. An inference algorithm
automatically takes advantage of it, while a specialized search routine could
only be invoked when the necessary conditions for its efficient application are
detected. Moreover, consider the case where an IP has just a few additional
constraints that compromise problem decomposability, thus preventing a spe-
cialized search algorithm from being applicable. Then, a tight description of
the polytope that the majority of the constraints define still helps to tighten the
LP/IP gap.

Consequently, researchers are interested in describing orat least approxi-
mating the convex hull of tractable problems. A recent example for such work
is [3]. Given that Knapsack problems can be approximated efficiently, Vyve
and Wolsey [17] had raised the question whether, for allε > 0, the Knapsack
polytope overn items can be approximated by at most a polynomial number
(in n and1/ε) of cuts so that the LP relaxation value does not over-estimate
the optimal IP value by more than a factor of 1+ε. This could be viewed as
the mathematical programming analogue of a fully polynomial approximation
scheme (FPTAS) for the Knapsack polytope. Bienstock provides the analogue
of a polynomial approximation scheme (PTAS) by giving a lifted formulation of
the Knapsack polytope withO(n1+⌈1/ε⌉/ε) variables andO(n2+⌈1/ε⌉/ε) con-
straints.

In this paper, we study the polytope of tree-structured binary constraint net-
works. It is well known that these problems can be solved in polynomial time by
a specialized search based on problem decomposition. We bring this result to the
realm of inference by providing a perfect characterizationof the corresponding
polytope. Particularly, we show that a certain set of linearconstraints leads to
continuous relaxations with no LP/IP gap. By introducing Sherali-Adams-like
variables, we then generalize the result to problems with bounded tree-width.

2 Binary Constraint Satisfaction

We start our study by defining binary constraint satisfaction problems.



Definition 1 (Binary Constraint Satisfaction Problem).

– A binary constraint problem (BCP)is a triplet 〈V,D,C〉, whereV = {X1,
. . . ,Xn} denotes the finite set of variables,D = {D1, . . . ,Dn} denotes a
set ofn finite sets of possible values for these variables (Di is called the
domainof variablesXi), andC = {C1, . . . , Cm} is the set ofconstraints,
whereCj : Dj1 × Dj2 → Bool specifies which simultaneous assignments
of values to the variablesXj1 andXj2 are allowed. The set{Xj1 ,Xj2} is
called thescopeof constraintCj .

– Anassignmentfor a BCPP = 〈V,D,C〉 is a functionσ : V →
⋃

i≤n Di. A
solutionto a BCPP = 〈V,D,C〉 is an assignmentσ such thatσ(Xi) ∈ Di

for all 1 ≤ i ≤ n and such thatCj(σ(Xj1), σ(Xj2)) = true for all 1 ≤
j ≤ m. The set of all solutions to a BCPP is denoted bySol (P).

Note how, in contrast to the custom in integer programming, in CP the term
“binary” is used to express that allconstraintsaffect just two variables, while
the size of thedomainof each variable is not limited! The fact that the arity of
the constraints is limited to two allows us to state constraints simply as sets of
allowed pairsRj1,j2 = {(k, l) | Xj1 = k, Xj2 = l ok}, or, alternatively, as sets
of forbidden pairsRj1,j2 = {(k, l) | Xj1 = k, Xj2 = l forbidden}.

It is easy to see that the general BCP is NP-hard. One simple way is to
reduce from graph coloring where each node is modeled as a variable that must
be assigned a color such that adjacent nodes are not colored identically (i.e., the
corresponding constraint on each edge{i, j} is a not-equal constraintRi,j =
{(k, k) | ∀ k}). Conversely, every binary constraint problem can be visualized
as aconstraint networkwhere each node corresponds to a variable and an edge
connects two nodes iff there exists a constraint over the corresponding variables.
Of course, the exact semantic of the constraints is lost in that visualization.
However, it is a well-known fact that any BCP whose corresponding constraint
network is a tree can be solved in polynomial time. Even more generally, a BCP
is already tractable when its constraint network has bounded tree-width [6, 7].

In the following, we consider ways to express BCPs by means oflinear
constraints. We will review a recently introduced IP model for BCPs and show
that, for tree-structured BCPs, the model gives a perfect representation of the
convex hull of all integer feasible solutions.

3 The Support Formulation

When designing constraints for a model, humans tend to thinkin terms of “what
is forbidden.” For BCPs, this leads to the common IP formulation in which we
consider each constraint truth table over variablesXi and Xj and add an IP



constraintyik + yjl ≤ 1 for each inconsistent pair(k, l) ∈ Ri,j, whereypq ∈
{0, 1} is one iff Xp = q in the solution to the BCP. Since each variable must
take exactly one value, we also add constraints

∑
k yik = 1 for all 1 ≤ i ≤ n.

When the task is constraint optimization rather than constraint satisfaction as in
CP, we are also given a linear objective function. The complete IP then reads:

Traditional IP model(TIP )

max
X

pikyik

s.t. yj1k + yj2l ≤ 1 ∀ 1 ≤ j ≤ m, (k, l) ∈ Rj1,j2 (1)
X

k∈Di

yik = 1 ∀ i ∈ {1, . . . , n} (2)

yik ∈ {0, 1} ∀ i ∈ {1, . . . , n}, k ∈ Di (3)

In [2], we provided a different way of formulating a BCP as an IP by fo-
cussing on the allowed pairs in each constraint truth table.In essence, we use
the linear constraints to specify that, when a variableXj1 takes valuek, vari-
ableXj2 must take a value that is consistent withXj1 = k. In that way, we
enforce that each variable assignment issupportedby a correct assignment to
adjacent variables (by which we mean variables that share a constraint). The IP
then reads:1

Support IP model(SIP )

max
X

pikyik

s.t. yj1k −
X

l:(k,l)∈Rj1,j2

yj2l ≤ 0 ∀ 1 ≤ j ≤ m, k ∈ Dj1 (4)

X

k∈Di

yik = 1 ∀ i ∈ {1, . . . , n} (5)

yik ∈ {0, 1} ∀ i ∈ {1, . . . , n}, k ∈ Di (6)

The fact that support encodings can lead to strong inferencealgorithms is
not new. In [10, 8], for example, it was shown that formulating a BCP as a SAT
formula in this way has preferable propagation properties.In [2], we showed
that the support IP formulation leads to stronger linear continuous relaxations
than the Lagrangian relaxation proposed in [11]. Specifically, we showed that
the support encoding of the Lagrangian subproblem studied in [2] is totally uni-
modular. Unfortunately, this property does not hold for theentire IP, even when
the corresponding BCP has just two variables (consider for example the case
of a two node/one edge graph coloring problem with three colors.) Despite this
problem, we will now show that the linear continuous relaxation SLP of SIP

1 Whereby, for simplicity in constraints (4), we assume that each constraint over variablesi, j
induces two truth tablesRi,j andRj,i.



(which is given bySIP when replacing integrality constraints (6) with simple
constraints on the bounds of the variables; in our case, the upper bounds are
redundant and are therefore left out) provides a perfect characterization of the
convex hull of all integer feasible solutions.

4 Tree-Structured Binary Constraint Programs

We state our result as follows:

Theorem 1. If the BCP that is given has a tree-structured constraint network,
then the programsSIP andSLP have the same value.

Proof. Assume we are given a (potentially fractional) solution toSLP (if there
is no solution then the corresponding BCP is obviously infeasible, too). Denote
this solution byy0

ik with 1 ≤ i ≤ n andk ∈ Di. Now consider the following
sets:D0

i := {k | y0
ik > 0} ⊆ Di. We make two important observations:

(a) First, none of the setsD0
i is empty.

(b) And second, for each1 ≤ j ≤ m and each valuek ∈ D0
j1

, there exists a
value l ∈ D0

j2
such that settingXj1 = k andXj2 = l is allowed. Analo-

gously, for each1 ≤ j ≤ m and each valuel ∈ D0
j2

, there exists a value
k ∈ D0

j1
such that settingXj1 = k andXj2 = l is allowed.

The first is a simple consequence of constraints (5), the latter follows from con-
straints (4) which enforce that at least one non-conflictingvalue must still be
present in the adjacent variable’s domain:

0 < yj1k ≤
∑

l:(k,l)∈Rj1,j2

yj2l.

The second property is known in CP asarc-consistency. Basically, arc-consistency
just states that each value in a variable’s domain has supporting values in each of
the domains of adjacent variables. It is a well-known fact that a tree-structured
BCP has a solution if properties (a) and (b) hold for the domains of the variables.
This is easy to verify: Assume that the BCP that is given is arc-consistent. Take
any variable and assign to it any value in its domain. Shrink the domains in the
remaining BCP by removing all values without support until it is arc-consistent
again. Since, for each value in each domain, there exists at least one supporting
value in the domains of adjacent variables, no domain can be empty now. So
we have properties (a) and (b) again, and we repeat. After at mostn such steps
all domains have become singletons and we can read out the integer feasible
solutiony1.



Therefore, when we artificially shrink the domains of the variables in the
given tree-structured BCP by replacingDi with D0

i , then the remaining con-
straint problem is still solvable.

It remains to show that any solution to the reduced BCP where each variable
Xi takes a value inD0

i has the same objective value as our fractional solution.
For this purpose, consider the dual optimal solution with variablesπjk ≥ 0
for constraints (4) (and unsigned variablesµi for constraints (5) that we will not
use). Consider the relaxed problem where we soften constraints (4) and penalize
their violation in the objective with the help of Lagrange multipliers π:

max
X

pikyik −
X

j,k∈Dj

πjkyjk +
X

j1

X

(k,l)∈Rj1,j2

πjkyj2l

s.t.
X

k∈Di

yik = 1 ∀ i ∈ {1, . . . , n}

yik ∈ {0, 1} ∀ i ∈ {1, . . . , n}, k ∈ Di

which can be simplified to

Relaxed IP model(RIP (π))

max
X

s≤n,t∈Ds

pst yst

s.t.
X

k∈Di

yik = 1 ∀ i ∈ {1, . . . , n} (7)

yik ∈ {0, 1} ∀ i ∈ {1, . . . , n}, k ∈ Di (8)

when settingpst := pst −
∑

j1=s πjt +
∑

j2=s,∃ u: (u,t)∈Rj1 ,j2
πjt. From the

theory of Lagrangian relaxation we then know the following facts [1, 14]:

– The Lagrangian subproblem exhibits the integrality property. Therefore, with
optimal dual multipliersπ, the optimal value ofRIP (π), RLP (π), andSLP

are all the same.
– Then, the optimal fractional solutiony0 to SLP is also optimal forRLP (π).

Consequently, because of constraints (7), for all1 ≤ i ≤ n, it holds that
pik = pil for all k, l ∈ {t | y0

it > 0}. That is, all domain values of variablei
that received positive weight have the same reduced costspik.

Thus, our integer solutiony1 to SIP for which y1
ik = 1 implies k ∈ D0

i is
feasible and optimal forRIP (π). And so,y1 has the same objective value as
y0. Thus, for each fractional optimal solution there exists aninteger optimal
solution with the same objective value. ⊓⊔



Since Theorem 1 applies regardless of the objective function, what we have
really shown is that the polytope described bySLP is exactly the convex hull of
the feasible solutions toSIP . Note that there are certainly other ways to prove
this result. However, this is the only proof we know which reveals a connec-
tion between the CP variable domains and the support (i.e. the set of those LP
variables variables that have positive weight) of the LP relaxation.

So we can efficiently describe the convex hull of IPs modelingtree-structured
BCPs. Since tree-structured problems are known to be polynomial-time solv-
able, this is not really surprising. However, the characterization of the convex
hull has several advantages over specialized search procedures:

– In many cases, binary constraints constitute only a part of the constraint
structure. Specialized search procedures that work for theBCP part do not
generalize to the problem at hand. However, the tight description of the poly-
tope of feasible solutions can still be exploited in a branch-and-bound pro-
cedure.

– Assume that the overall problem is not tree-structured, butbecomes tree-
structured after a couple of branching decisions. In practice, we do not want
to put large overhead into the recognition of special cases that can be solved
by a specialized search routine. When using the support formulation, special
recognition is not necessary - the relaxation will automatically come out
integer when using the simplex algorithm to solve the linearrelaxation.

5 Exploiting Bounded Tree-Width

Obviously, we would like to generalize our results to BCPs with bounded tree-
width which are also known to be polynomial-time tractable.We do this in two
steps: First, we propose a set of constraints that define the convex hull of a BCP
with bounded tree-widthk when a tree-decomposition is known. In the second
step, we then show how to achieve a perfect bound when the decomposition is
not known.

Definition 2. An undirected graphG = (N,A) hastree-widthk, iff there is a
pair (S, T ), whereS = {S1, . . . , Sp} is a family of subsets ofN , andT is a tree
whose nodes are the subsetsSi, such that:

–
⋃

i Si = N ,
– for every edge{v,w} ∈ A, there is a nodeSi that contains bothv andw,
– if Si and Sj both contain a vertexv, then all nodesSz of the tree in the

(unique) path betweenSi andSj containv, and
– the size of all setsSi is limited byk + 1, i.e., |Si| ≤ k + 1 for all i.

A BCP hasbounded tree-widthk when its constraint network has tree-widthk.



It is known that a BCP with bounded tree-widthk can be transformed into
a tree-structured BCP that contains the original variablesas well as some addi-
tional auxiliary variables such that the size of the new BCP is polynomial in the
original size (and exponential in the constantk). We can compute this new BCP
by exploiting the tree-decomposition of the given problem.Note that, while
computing the minimal tree-width of a graph is NP-hard, for fixedk we can ef-
ficiently check whether a graph has tree-widthk and compute a corresponding
tree-decomposition in linear time [5].

The construction of the new BCP is simple: the variables are the old vari-
ablesX1, . . . ,Xn plus new variablesY1, . . . , Yp, one for each setSi = {Xi1 ,
. . . ,Xiq(i)} in the tree-decomposition (whereby1 ≤ q(i) ≤ k +1). The domain
of variableYi are all tuples(t1, . . . , tq(i)) ∈ Di1 ×· · ·×Diq(i) that areconsistent
with all binary constraintsover any two variables inSi. The domains of the old
variables are the same as before. Now, we add two sets of binary constraints to
the problem:

– For each variableXj there exists a setSi such thatXj ∈ Si. For one such set
(ties can be broken arbitrarily), we add a constraint overXj andYi that en-
forces that the value ofXj and the corresponding entry in the tuple assigned
to Yi are the same.

– For each pair of variablesYh, Yi such thatSh ∩ Si 6= ∅, we add a constraint
that enforces that entries in the corresponding tuples thatare associated with
the same variable(s)Xj are identical.

Note how the restrictions that apply to a valid tree-decomposition ensure that
the new BCP is connected, cycle-free, and polynomial in the size of the orig-
inal problem whenk is viewed as a constant. Most importantly, a valid tree-
decomposition ensures that a solution to the original problem has a correspond-
ing solution in the new BCP and vice versa: Given a solutionσ to the original
problem, we achieve a solution to the new one simply by assigning the same
values to the old variables as before and by assigning the corresponding consis-
tent tuples to the variablesYi. Sinceσ obeys all original constraints, each such
tuple is a member in the domain ofYi. Conversely, assume we are given a solu-
tion τ to the new problem. Note that, for allXj , the variablesYi with Xj ∈ Si

andXj are all connected. Consequently, all tuples assigned to variablesYi and
the assignment toXj agree on the value ofXj . Also, for each original con-
straintCj on variablesXj1 ,Xj2 there is at least oneYi such thatXj1,Xj2 ∈ Si.
Therefore,τ assigns a consistent pair of values toXj1 andXj2 . Consequently,
when projectingτ on variablesXj , we achieve a feasible solution to the original
problem.



Now, all that we need to do is formulate the new, tree-structured BCP by
exploiting the support formulation as outlined in Section 3. Then, all extreme
points of the new polytope give integer feasible solutions that are consistent with
the original problem. It follows:

Theorem 2. Given a constantk, any BCP with bounded tree-widthk can be
expressed as an integer program that exhibits the integrality property and which
size is polynomial in the size of the given problem.

Note that our formulation still contains all original variables which makes it
easy to add the objective to the problem and which also allowsus to augment the
problem by adding additional constraints on those originalvariables. Obviously,
any additional constraints will, in general, compromise the integrality property
of the feasible polytope. However, with the tight characterization of the convex
hull of all solutions feasible for the BCP we can hope for a small LP/IP gap.

Now, in some cases we would prefer if we did not need to know theexact
tree-decomposition of our problem. For example, it would bedesirable if, dur-
ing a branch-and-bound search, inference on a sub-problem encountered during
search would simply turn out perfect whenever the sub-problem has bounded
tree-widthk, without the need of applying a special recognition algorithm for
all sub-problems. That is, rather than analyzing a problem,determining its tree-
width, and then choosing the formulation, it would be nicer if we could simply
fix the parameterk (as an algorithm design choice) and then be sure that all
subproblems of width lower thank that we may ever encounter will be solved
perfectly by our inference algorithm. Fortunately, this can be achieved!

First, the following simple claim allows us to restrict our attention to a cer-
tain class of tree decompositions, that we callsaturated.

Lemma 1. Let G = (N,A) be an undirected graph of tree-width less than or
equal tok, with |N | > k. There exists a tree decomposition(S, T ) of G such
that |s| = k + 1 for all s ∈ S.

Proof. First, we may assume there is no edge{Si, Sj} ∈ T such thatSi ⊆ Sj

since we can get a new tree decomposition(S′, T ′) by contracting this edge and
keeping onlySj. Now, if |S| = 1, then the tree consists in one node containing
all k + 1 elements ofN . So assume|S| > 1, and there isSi ∈ S such that
|Si| ≤ k. LetSj be adjacent toSi. Since there existsp ∈ Sj\Si, we can augment
the cardinality ofSi by addingp which gives a new valid tree-decomposition. By
repetition, we achieve a decomposition where all nodes havecardinalityk + 1.

⊓⊔



Now, we formulate a new BCP whose solutions closely correspond to so-
lutions in the original problem. The construction is very easy: We add all orig-
inal variablesXj to our problem, keeping their domains as before. Addition-
ally, for each subset of exactlyk + 1 variables{Xs1 , . . . ,Xsk+1

}, we intro-
duce a variableYs1,...,sk+1

. The domains of these variables are limited to tu-
ples(t1, . . . , tk+1) ∈ Ds1 × · · · × Dsk+1

which areconsistent with all binary
constraintsover variablesXj1,Xj2 with j1, j2 ∈ {s1, . . . , sk+1}. We add the
same binary constraints on the auxiliary variables as we didwhen the tree-
decomposition was known. The original variablesXj are tied to our problem
by adding a constraint betweenXj and each variableYs1,...,sk+1

with j = sr for
some1 ≤ r ≤ k + 1, enforcing that the value assigned toXj is the same as the
entry with indexsr of the tuple assigned toYs1,...,sk+1

.
Let us denote the BCP that emerges in this way from a BCPP by T k(P).

Clearly,T k(P) is not tree structured at all. However, it holds:

Theorem 3. Given a constantk and a BCPP with tree-width lower or equal
k, the support encoding ofT k(P) as an integer program is polynomial in the
size ofPand it has the same value as its linear continuous relaxation.

Proof. We consider the following integer programs and their linearcontinuous
relaxations:IPT , the integer programming formulation based on the saturated
tree-decomposition from Theorem 2;LPT , the linear continuous relaxation of
IPT ; IPF , the support encoding ofT k(P) as an integer program; andLPF ,
the linear continuous relaxation of the latter. By abuse of language, we identify
the optimal value of the objective with the name of a problem.According to
Theorem 1, it holds thatIPT = LPT . Furthermore, we observe thatLPF is, in
some sense, a lifted version ofLPT : LPF operates on a super-set of variables
of LPT , but extra variables present inLPF yield no additional profit in the
objective function, and all original constraints are stillpresent. Consequently,
LPF just contains some extra constraints, and it holdsLPT ≥ LPF . The same
relation also holds forIPF andIPT . However, since all extra constraints present
in IPF are redundant for any integer solution inIPT , we even have thatIPF =
IPT . But then:LPT ≥ LPF ≥ IPF = IPT = LPT . And thus,LPF = IPF .

⊓⊔

It is interesting to observe the analogies of our method to the work from
Bienstock and Ozbay in [4]. They show that the polytope of packing problems
whose matrices have a clique-graph with bounded tree-widthcan be described
perfectly by adding a polynomial number (exponential in thetree-width) of
Sherali-Adams variables and cuts [16]. This work does not apply directly to
the matrices that we encounter (even when we ignore negativematrix entries,
note that the size of BCP domains is usually in the same order as the number



of variables which causes the clique-graphs to have large tree-width). However,
it is interesting to see that in both their work and in our approach the introduc-
tion of variables that model subsets of the original variables leads to the desired
result.

6 Numerical Results for Augmented BCPs with a Linear Objective

In [2], we showed that LP-inference is not worthwhile for pure BCPs. Here, we
will experiment with BCPs that are augmented by some linear constraints and
a linear objective function. For this purpose, we consider the following multi-
knapsack problem: Givenm knapsacks with capacitiesC1, . . . , Cm andn items
with knapsack-dependent weightsw1,1, . . . , wm,n ≥ 0, we have to place each
item in exactly one knapsack such that the sum of the weights of the items
placed in each knapsack does not exceed its capacity. Items achieve knapsack-
dependent profitsp1,1, . . . , pm,n ≥ 0, and we try to maximize the total profit∑m

k=1

∑
i placed in k pk,i. We augment this problem by adding binary constraints

that each forbid some specific simultaneous placements of two items. For in-
stance, a constraint over itemsi and j could require thati and j cannot be
placed in the same bin. Or that they must be placed in the same bin. Or gen-
erally, that placing itemi in knapsackk1 and placing itemj in knapsackk2 is
not allowed for a set of tuples(k1, k2). For our experiments, we compare the
following models.

(CP) : max
Pn

i=1 pxi,i

(1)
P

i≤n, xi=k
wk,i ≤ Ck ∀ 1 ≤ k ≤ m

(2) Fp(xp1
, xp2

) = true ∀ 1 ≤ p ≤ q

(3) xi ∈ {1, . . . , m} ∀ 1 ≤ i ≤ n

whereF1, . . . , Fq denote the binary constraints and constraintFp limits the si-
multaneous placement of itemsp1 andp2. The next model is based on the tradi-
tional LP formulation:

(LPT) :
Pm

k=1

Pn

i=1 pk,i yk,i

(1)
P

i≤n
wk,i yk,i ≤ Ck ∀ 1 ≤ k ≤ m

(2) yk,p1
+ yl,p2

≤ 1 ∀ 1 ≤ p ≤ q, Fp(k, l) = false

(3)
P

k
yk,i = 1 ∀ 1 ≤ i ≤ n

(4) yk,i ∈ {0, 1} ∀ 1 ≤ k ≤ m, 1 ≤ i ≤ n

Our last model is based on the support LP formulation:

(LPS) :
Pm

k=1

Pn

i=1 pk,i yk,i

(1)
P

i≤n
wk,i yk,i ≤ Ck ∀ 1 ≤ k ≤ m

(2a) yk,p1
≤

P

l | Fp(k,l)=true yl,p2
∀ 1 ≤ p ≤ q, 1 ≤ k ≤ m

(2b) yl,p2
≤

P

k | Fp(k,l)=true yk,p1
∀ 1 ≤ p ≤ q, 1 ≤ l ≤ m

(3)
P

k
yk,i = 1 ∀ 1 ≤ i ≤ n

(4) Yk,i ∈ {0, 1} ∀ 1 ≤ k ≤ m, 1 ≤ i ≤ n
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Fig. 1. Comparison of the average time [sec, log-scale] over 100 random instances to solve 5-
knapsack instances with 12 items and varying number of binary constraints with a pure CP ap-
proach (Ilog Solver) and our LP-filtering approach with support formulation.

In combination with the latter two models, we use two different methods
for exploiting the corresponding LP relaxation. The first iscalledLP-pruning
which uses it for pruning purposes (i.e. the early termination of search) only.
The second is inspired by [11] and calledLP-filtering: after computing the LP-
solution to the problem, it chooses those assignmentsXi = k for which the
continuous value ofyik is lower than some threshold valueε > 0. Then, for each
of the selected assignments, it sets up a new LP with the objective to maximize
yik. If the relaxation gives a value lower than 1,k can be removed fromDi.

We generate random instances for given parametersm, n, andq by drawing
weightswk,i uniformly at random between 1 and 100. Knapsack capacities are

then set toCk := 2
P

i wk,i

m . The profitspk,i were weakly correlated with the
weights by drawing them uniformly at random in the intervals[wk,i − 5, wk,i +
5]. Binary constraints are generated randomly, whereby the number of allowed
pairs of each constraint is set tom2/2.

Figure 1 shows a comparison of a pure CP approach and our LP-filtering
approach for random 5-knapsack instances with 12 items. We can see clearly
how essential the use of a global bound is: even on this toy-example, in the
low-constrained region solver needs, on average, more than35 seconds while
the LP-filtering approach takes less than half a second. We also started runs on
instances with 16 items, but the pure CP-approach took so much time that we
had to cancel the experiment.

Regarding the effect of the support model and the traditional formulation
of the binary constraints, in Figure 2 we compare the number of choice points
visited by LP-pruning and filtering when based on the supportor traditional for-
mulation. We observe what was to be expected: LP filtering visits fewer choice
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Fig. 2. Comparison of the average number of choice points over 100 random instances to solve
5-knapsack instances with 12 and 16 items and varying numberof binary constraints.
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Fig. 3. Comparison of the average time over 100 random instances needed to solve 5-knapsack
instances with 12 and 16 items and varying number of binary constraints.

points than LP-pruning, and for both pruning and filtering, the support formula-
tion is stronger and results in smaller search trees than thetraditional one.

Of course, LP-filtering incurs larger computational costs per choicepoint
than LP-pruning. Whether or not the additional time needed to perform stronger
inference will in general depend on the application. Figure3 shows that LP-
based filtering beats the approach that uses the LP-bound forpruning only. We
observe that, on small multi-knapsack instances, using thesupport formulation
does not pay off. This can be attributed to the fact that the traditional formu-
lation leads to much sparser matrices and can therefore be solved much faster,
which makes up for slightly worse relaxation values. Of course, as problem sizes
and search spaces grow, the use of a stronger bound becomes more and more
attractive as the larger costs per choice point can be paid for by a much larger
reduction in search costs. Consequently, in Figure 4, we seethat already on mod-
erately larger problem instances filtering based on the support LP-formulation
becomes the method of choice.
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7 Summary and Future Work

We have shown how to efficiently transform binary constraintproblems into
linear programs whose extreme points are integer whenever the tree-width of
the initial BCP is bounded by some constantk.

Some questions remain open. When making the step from tree-structured
BCPs to those with tree-width 2, the exponent in the number ofCP variables
jumps from1 to 3. Can the exponents be controlled better than we did it here?
Are there efficient ways to generate constraints in a lazy fashion, adding them
only when the linear relaxation turns out to be fractional? What about linear
programming polytopes of other islands of tractability, such as Horn formulas?

Moreover, our approach motivates a procedure for lifting arbitrary binary
integer programs{x ∈ {0, 1}n | Ax ≤ b} that would be interesting to compare
with the Sherali-Adams procedure.2 To simplify the notation, all sets considered
in the following are subsets of{1, . . . , n}, and we writeX + Y for the union
of setsX,Y that are disjoint. At levelk ≥ 1, to the original problem we add
variablesw(Y,N) ≥ 0 for all |Y + N | = k (with the idea thatxj = 1 for all
j ∈ Y andxh = 0 for all h ∈ N ). Moreover, we add the following sets of
constraints:

–
∑

Y +N=S w(Y,N) = 1 for all |S| = k.
– w(Y,N) ≤ xj andw(Y,N) ≤ xh for all |Y + N | = k, j ∈ Y , h ∈ N .
– xj ≤

∑
Y +N=S, j∈Y w(Y,N) and1−xj ≤

∑
Y +N=S, j∈N w(Y,N) for all

|S| = k, j ∈ S.

2 Whereby it is important to state explicitly that the liftingprocedure that we sketch here, due to
potentially large CP variable domains, would not have giventhe desired results when applied
to SIP . We really needed to exploit the original structure of the given BCP with bounded
tree-width to achieve a good IP model.



– w(X+Y,M+N) ≤
∑

Z+O=S w(X+Z,M+O) for all 1 ≤ |X+M | < k,
|S| = |Y + N |, S ∩ (Y + N) = ∅, and|X + Y + M + N | = k.

– (
∑

j∈Y aij +
∑

j /∈Y +N, aij<0 aij − bi)w(Y,N) ≤ 0 for all |Y + N | = k.

Note that the variables that we add are semantically the sameas the ones that are
added by Sherali and Adams. However, the way we post the constraints is quite
different so that it suffices to add variables for subsets of size equal tok only. As
the results in this paper show, at leveln, this lifting method gives a formulation
that has integer extreme points only.

References

1. R.K. Ahuja, T.L. Magnati, J.B. Orlin.Network Flows.Prentice Hall, 1993.
2. I.D. Aron, D.H. Leventhal, M. Sellmann. A Totally Unimodular Description of the Con-

sistent Value Polytope for Binary Constraint Programming.CPAIOR, LNCS 3990:16–28,
2006.

3. D. Bienstock. Approximate formulations for 0-1 knapsacksets.CORC Report TR-2006-03,
Columbia University, 2006.

4. D. Bienstock and N. Ozbay. Tree-width and the Sherali-Adams operator.
citeseer.ist.psu.edu/bienstock03treewidth.html, 2003.

5. H.L. Bodlaender. A Linear Time Algorithm for Finding Tree-decompositions of Small
Treewidth.SIAM Journal on Computing, 25:1305–1317, 1996.

6. R. Dechter and J. Pearl. Tree clustering for constraint networks. Artificial Intelligence,
38:353–366, 1989.

7. E.C. Freuder. Complexity of k-tree structured constraint satisfaction problems.AAAI, pp. 4–
9, 1990.

8. I.P. Gent. Arc Consistency in SAT.ECAI, pp. 121–125, 2002.
9. J.N. Hooker. A hybrid method for planning and scheduling.CP, LNCS 3258:305–316,

2004.
10. S. Kasif. On the parallel complexity of discrete relaxation in constraint satisfaction networks.

Artificial Intelligence, 45:275–286, 1990.
11. M.O.I. Khemmoudj, H. Bennaceur, A. Nagih. Combining Arc-Consistency and Dual La-

grangean Relaxation for Filtering CSPs.CPAIOR, LNCS 3524:258–272, 2005.
12. R. Marinescu and R. Dechter. AND/OR Branch-and-Bound Search for 0-1 Integer Linear

Programming.CPAIOR, LNCS 3990:152–166, 2006.
13. M. Milano. Integration of Mathematical Programming and Constraint Programming for

Combinatorial Optimization Problems, Tutorial at CP, 2000.
14. G.L. Nemhauser and L.A. Wolsey.Integer and Combinatorial Optimization.Wiley, 1988.
15. N. Robertson and P.D. Seymour. Graph minors - Algorithmic aspects of treewidth.Algo-

rithms, 7:309–322, 1986.
16. H.D. Sherali and W.P. Adams. A hierarchy of relaxations between the continuous and con-

vex hull representations for zero-one programming problems. SIAM Journal on Discrete
Mathematics, 3:411–430, 1990.

17. M. Van Vyve, L.A. Wolsey. Approximate extended formulations. Mathematical Program-
ming, 105(2–3):501–522, 2006.


