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Abstract. We show how to efficiently model binary constraint probleBEP)
as integer programs. After considering tree-structure®8€rst, we show that
a Sherali-Adams-like procedure results in a polynomiaédinear programming
description of the convex hull of all integer feasible smaos when the BCP that
is given has bounded tree-width.
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1 Introduction

When solving combinatorial problems, all competitive etaf-the-art solvers
combine search with inference. Integer programming (IRksse like XpressMP
or Cplex base inference on tight continuous linear progrargniLP) relax-
ations. Satisfiability (SAT) solvers perform unit propagatand no-good learn-
ing. And constraint programming (CP) solvers make exceasde of constraint
filtering techniques. The efficiency, i.e. the effectiveneser CPU-time, is the
decisive performance measure for inference algorithms dha used within
search.

In IP, effectiveness is best characterized by the gap betiteevalue of the
optimal solution and the bound that results from the comtirsurelaxation of
the problem. For certain problems, we find that there is ncagati. This is the
case, for example, when the constraint matrix is totallynodular and the right
hand side vector is integer. In this case, the strength oinfleeence algorithm
alone allows us to solve the corresponding problem in patyabtime.

Interestingly, such islands of tractability are not alwiyend by the analysis
of inference algorithms. For certain problems, we can atsosé ways how to
searchmore efficiently. This is for example the case when we solveoalpm
by means of dynamic programming. Another example are seagdrithms



that exploit problem decomposability, such as polynortirake algorithms for
problems on graphs with bounded tree-width [15]. A recentriséc algorithm
that exploits structure to speed-up search is given in [12].

For practical reasons, a perfect inference algorithm ifepable over a spe-
cialized search routine. Consider for example the caseemverhit an island
of tractability as a subproblem within a general search.#arence algorithm
automatically takes advantage of it, while a specializeatcde routine could
only be invoked when the necessary conditions for its efficaégplication are
detected. Moreover, consider the case where an IP has just additional
constraints that compromise problem decomposabilitys fmeventing a spe-
cialized search algorithm from being applicable. Thenghttidescription of
the polytope that the majority of the constraints definé Isélps to tighten the
LP/IP gap.

Consequently, researchers are interested in describiag) least approxi-
mating the convex hull of tractable problems. A recent edanigr such work
is [3]. Given that Knapsack problems can be approximatediefiily, Vyve
and Wolsey [17] had raised the question whether, foe all 0, the Knapsack
polytope overn items can be approximated by at most a polynomial number
(in n and1/¢) of cuts so that the LP relaxation value does not over-eséima
the optimal IP value by more than a factor ofel#f his could be viewed as
the mathematical programming analogue of a fully polyndragproximation
scheme (FPTAS) for the Knapsack polytope. Bienstock pesvithe analogue
of a polynomial approximation scheme (PTAS) by giving &lifformulation of
the Knapsack polytope wit)(n'+/1/¢1/¢) variables and)(n?*1/¢1 /¢) con-
straints.

In this paper, we study the polytope of tree-structuredryicanstraint net-
works. Itis well known that these problems can be solved Igromial time by
a specialized search based on problem decomposition. Wethis result to the
realm of inference by providing a perfect characterizatibthe corresponding
polytope. Particularly, we show that a certain set of lineamstraints leads to
continuous relaxations with no LP/IP gap. By introducingef@ti-Adams-like
variables, we then generalize the result to problems witmted tree-width.

2 Binary Constraint Satisfaction

We start our study by defining binary constraint satisfacpooblems.



Definition 1 (Binary Constraint Satisfaction Problem).

— Abinary constraint problem (BCH a triplet (V, D, C), whereV = { X7,
..., X, } denotes the finite set of variable®, = {Ds, ..., D,} denotes a
set ofn finite sets of possible values for these variablBs i called the
domainof variablesX;), andC = {C1,...,C,,} is the set ofconstraints
whereC; : D;, x D;, — Bool specifies which simultaneous assignments
of values to the variableX’; and X, are allowed. The sefX;, , X;,} is
called thescopeof constraintC);.

— Anassignmentor a BCPP = (V, D, C) is afunctiono : V — |,,, Di. A
solutionto a BCPP = (V, D, C) is an assignment such thatr(X;) € D;
forall 1 < i < n and such that;(c(Xj,),0(Xj,)) = trueforall 1 <
j < m. The set of all solutions to a BCP is denoted by5ol(P).

Note how, in contrast to the custom in integer programmin@; P the term
“binary” is used to express that albnstraintsaffect just two variables, while
the size of thedomainof each variable is not limited! The fact that the arity of
the constraints is limited to two allows us to state constsasimply as sets of
allowed pairsk;, ;, = {(k,l) | X;, =k, X, =l ok}, or, alternatively, as sets
of forbidden pairsk;, ;, = {(k,1) | X;, =k, X}, = [ forbidden}.

It is easy to see that the general BCP is NP-hard. One simpyeisven
reduce from graph coloring where each node is modeled asableathat must
be assigned a color such that adjacent nodes are not cotaetically (i.e., the
corresponding constraint on each eddgj} is a not-equal constrair®; ; =
{(k,k) | ¥V k}). Conversely, every binary constraint problem can be lize@
as aconstraint networkvhere each node corresponds to a variable and an edge
connects two nodes iff there exists a constraint over thesponding variables.
Of course, the exact semantic of the constraints is lost &b visualization.
However, it is a well-known fact that any BCP whose corresiimy constraint
network is a tree can be solved in polynomial time. Even meregally, a BCP
is already tractable when its constraint network has bodit@e-width [6, 7].

In the following, we consider ways to express BCPs by meanmeér
constraints. We will review a recently introduced IP modelBCPs and show
that, for tree-structured BCPs, the model gives a perfgumesentation of the
convex hull of all integer feasible solutions.

3 The Support Formulation

When designing constraints for a model, humans tend to thitdems of “what
is forbidden.” For BCPs, this leads to the common IP formaikatn which we
consider each constraint truth table over variabigsand X; and add an IP



constrainty;;, + y; < 1 for each inconsistent pait, ) € R; ;, wherey,, €
{0,1} is one iff X,, = ¢ in the solution to the BCP. Since each variable must
take exactly one value, we also add constranisy;, = 1 forall1 < i < n.
When the task is constraint optimization rather than canstsatisfaction as in
CP, we are also given a linear objective function. The cotegl then reads:

Traditional IP mode(77p)

max Zpikyik

st Ykt Y <1 V1<j<m,(kl)€Rj (1)
Zyikzl Vie{l,...,n} )
keD;
yir € {0,1} vie{l,...,n},k€ D; (3)

In [2], we provided a different way of formulating a BCP as &Hy fo-
cussing on the allowed pairs in each constraint truth tdblessence, we use
the linear constraints to specify that, when a variakile takes valuek, vari-
able X;, must take a value that is consistent with), = k. In that way, we
enforce that each variable assignmensupportedby a correct assignment to
adjacent variables (by which we mean variables that shaoastraint). The IP
then reads:

Support IP mode{S;p)

max Z PikYik

st Ypw — . Y <0 V1I<j<mkeD; (4
L(k,D)ER G jy
> yin=1 Vie{l,...,n} (5)
keD;
vir € {0,1} Vie{l,...,n},ke D; (6)

The fact that support encodings can lead to strong inferatlgmithms is
not new. In [10, 8], for example, it was shown that formulgtanBCP as a SAT
formula in this way has preferable propagation propertieg2], we showed
that the support IP formulation leads to stronger lineartioonus relaxations
than the Lagrangian relaxation proposed in [11]. Specificale showed that
the support encoding of the Lagrangian subproblem studi¢?] is totally uni-
modular. Unfortunately, this property does not hold for ¢iméire 1P, even when
the corresponding BCP has just two variables (consider Xamgle the case
of a two node/one edge graph coloring problem with threersgl®espite this
problem, we will now show that the linear continuous rel&o@tS; p of Sip

1 Whereby, for simplicity in constraints (4), we assume thetheconstraint over variablés;
induces two truth tableR;,; andR; ;.



(which is given byS;p when replacing integrality constraints (6) with simple
constraints on the bounds of the variables; in our case, pperdoounds are
redundant and are therefore left out) provides a perfeatackerization of the
convex hull of all integer feasible solutions.

4 Tree-Structured Binary Constraint Programs

We state our result as follows:

Theorem 1. If the BCP that is given has a tree-structured constrainivoek,
then the programs$;» and S p have the same value.

Proof. Assume we are given a (potentially fractional) solutiorbig- (if there
is no solution then the corresponding BCP is obviously isifdla, too). Denote
this solution byy%, with 1 < i < n andk € D;. Now consider the following
sets:DY := {k | 9, > 0} C D;. We make two important observations:

(@) First, none of the setd! is empty.

(b) And second, for each < 5 < m and each valué < DJO.I, there exists a
valuel € DY, such that setting;, = k and X, = [ is allowed. Analo-
gously, for eachl < j < m and each valué ¢ D%, there exists a value
ke Dg?1 such that settind(;, = k andX;, = [ is allowed.

The first is a simple consequence of constraints (5), therlaitlows from con-
straints (4) which enforce that at least one non-conflictiafye must still be
present in the adjacent variable’s domain:

0< yjlk S Z ngl-
l:(k,l)G'le,j2

The second property is known in CPas-consistencyBasically, arc-consistency
just states that each value in a variable’s domain has stippealues in each of
the domains of adjacent variables. It is a well-known faat #ntree-structured
BCP has a solution if properties (a) and (b) hold for the doimaf the variables.
This is easy to verify: Assume that the BCP that is given iscantsistent. Take
any variable and assign to it any value in its domain. Shitiekdomains in the
remaining BCP by removing all values without support urtti$ iarc-consistent
again. Since, for each value in each domain, there existesast bne supporting
value in the domains of adjacent variables, no domain camimyenow. So
we have properties (a) and (b) again, and we repeat. Afteatimsuch steps
all domains have become singletons and we can read out #geinteasible
solutiony?.



Therefore, when we atrtificially shrink the domains of theiafles in the
given tree-structured BCP by replacidg with DY, then the remaining con-
straint problem is still solvable.

It remains to show that any solution to the reduced BCP wharh eariable
X; takes a value iDY has the same objective value as our fractional solution.
For this purpose, consider the dual optimal solution withaldes;, > 0
for constraints (4) (and unsigned variabledor constraints (5) that we will not
use). Consider the relaxed problem where we soften contstr@) and penalize
their violation in the objective with the help of Lagrange ltipliers =:

max > puyie— Y WYkt Y D Tkl

j.k€D; 1 (KDER, 4y

s.t. Zyikzl Vie{l,...,n}

keD;

yir € {0,1} vVie{l,...,n}h ke D

which can be simplified to
Relaxed IP mode|R;p (7))

max Z Pst Yst

s<n,tEDg

s.t. > ya=1 Vie{l,...,n} 7
keD;
yir € {0,1} vVie{l,...,n}hkeD; (8)

when settingps; == pst — 32— Tjt + D jo—s 3u: (up)er,, 4, Tit- From the
theory of Lagrangian relaxation we then know the followiagté [1, 14]:

— The Lagrangian subproblem exhibits the integrality propdiherefore, with
optimal dual multipliersr, the optimal value oR;p(r), Ryp(r), andSyp
are all the same.

— Then, the optimal fractional solutiay? to Sy p is also optimal forRzp(r).
Consequently, because of constraints (7), forlalt ¢ < n, it holds that
P = pu forall k,1 € {t | 9, > 0}. That s, all domain values of variable
that received positive weight have the same reduced pgsts

Thus, our integer solutiop® to S;p for which vy}, = 1 impliesk € D) is
feasible and optimal foRR;p (7). And so,y' has the same objective value as
yY. Thus, for each fractional optimal solution there existsirgeger optimal
solution with the same objective value. O



Since Theorem 1 applies regardless of the objective fumctithat we have
really shown is that the polytope describeddyyp is exactly the convex hull of
the feasible solutions t§7p. Note that there are certainly other ways to prove
this result. However, this is the only proof we know whicheals a connec-
tion between the CP variable domains and the support (eeséhof those LP
variables variables that have positive weight) of the LBxation.

So we can efficiently describe the convex hull of IPs moddiiag-structured
BCPs. Since tree-structured problems are known to be poliaidime solv-
able, this is not really surprising. However, the charaz#gion of the convex
hull has several advantages over specialized search presed

— In many cases, binary constraints constitute only a parhefconstraint
structure. Specialized search procedures that work foB@ie part do not
generalize to the problem at hand. However, the tight detsoni of the poly-
tope of feasible solutions can still be exploited in a braaod-bound pro-
cedure.

— Assume that the overall problem is not tree-structured,begbmes tree-
structured after a couple of branching decisions. In pragctive do not want
to put large overhead into the recognition of special cdsascan be solved
by a specialized search routine. When using the supportilation, special
recognition is not necessary - the relaxation will autooadly come out
integer when using the simplex algorithm to solve the limetaxation.

5 Exploiting Bounded Tree-Width

Obviously, we would like to generalize our results to BCP#waounded tree-
width which are also known to be polynomial-time tractabMe do this in two
steps: First, we propose a set of constraints that defineotineex hull of a BCP
with bounded tree-widtlt when a tree-decomposition is known. In the second
step, we then show how to achieve a perfect bound when thergesition is
not known.

Definition 2. An undirected graplt = (N, A) hastree-widthk, iff there is a
pair (S,T), whereS = {51, ...,S,} is afamily of subsets df, andT is a tree
whose nodes are the subséts such that:

- U;iSi=N,

— for every edgdv, w} € A, there is a nodeS; that contains both andw,

— if S; and S; both contain a vertex, then all nodesS. of the tree in the
(unique) path betweefi; and S; containv, and

— the size of all set$; is limited byk + 1, i.e.,|S;| < k + 1 for all .

A BCP hadounded tree-widttk when its constraint network has tree-widih



It is known that a BCP with bounded tree-widthcan be transformed into
a tree-structured BCP that contains the original variabtewell as some addi-
tional auxiliary variables such that the size of the new BEpalynomial in the
original size (and exponential in the constahtWe can compute this new BCP
by exploiting the tree-decomposition of the given problévote that, while
computing the minimal tree-width of a graph is NP-hard, feefit we can ef-
ficiently check whether a graph has tree-widthnd compute a corresponding
tree-decomposition in linear time [5].

The construction of the new BCP is simple: the variables lageotd vari-
ablesXy,..., X, plus new variabled,...,Y), one for each sef; = {X;,,

-+, Xi,, } in the tree-decomposition (whereby< ¢(i) < &+ 1). The domain
of variableY; are all tuplegt1, . .., t4¢;)) € Dy, x--- D;, ., that areconsistent
with all binary constraintver any two variables if;. The domains of the old
variables are the same as before. Now, we add two sets ofylinastraints to
the problem:

— For each variableX; there exists a sef; such thatX; < .5;. For one such set
(ties can be broken arbitrarily), we add a constraint ovelandY; that en-
forces that the value of; and the corresponding entry in the tuple assigned
to Y; are the same.

— For each pair of variableg,, Y; such thatS;, N'.S; # (), we add a constraint
that enforces that entries in the corresponding tuplesatiesissociated with
the same variable(sy; are identical.

Note how the restrictions that apply to a valid tree-decaositipm ensure that
the new BCP is connected, cycle-free, and polynomial in ibe af the orig-
inal problem wherk is viewed as a constant. Most importantly, a valid tree-
decomposition ensures that a solution to the original mlthas a correspond-
ing solution in the new BCP and vice versa: Given a solutidio the original
problem, we achieve a solution to the new one simply by asgigthe same
values to the old variables as before and by assigning tliespnding consis-
tent tuples to the variables. Sinceos obeys all original constraints, each such
tuple is a member in the domain Bf. Conversely, assume we are given a solu-
tion 7 to the new problem. Note that, for all;, the variables’; with X; € 5;
and X; are all connected. Consequently, all tuples assigned tablasY; and
the assignment t&(; agree on the value ok;. Also, for each original con-
straintC}; on variablesX;, , X;, there is at least ong; such thatX; , X;, € S;.
Therefore,r assigns a consistent pair of valuesXe and.X;,. Consequently,
when projectingr on variablesX;, we achieve a feasible solution to the original
problem.



Now, all that we need to do is formulate the new, tree-stnecttBCP by
exploiting the support formulation as outlined in SectionT8en, all extreme
points of the new polytope give integer feasible solutidrag &re consistent with
the original problem. It follows:

Theorem 2. Given a constank, any BCP with bounded tree-widihcan be
expressed as an integer program that exhibits the integrptoperty and which
size is polynomial in the size of the given problem.

Note that our formulation still contains all original vasias which makes it
easy to add the objective to the problem and which also allsis augment the
problem by adding additional constraints on those origiaaiables. Obviously,
any additional constraints will, in general, compromise ititegrality property
of the feasible polytope. However, with the tight charaetgron of the convex
hull of all solutions feasible for the BCP we can hope for alsix/IP gap.

Now, in some cases we would prefer if we did not need to knoweiteet
tree-decomposition of our problem. For example, it wouldlbsirable if, dur-
ing a branch-and-bound search, inference on a sub-probileoustered during
search would simply turn out perfect whenever the sub-prabhas bounded
tree-width k£, without the need of applying a special recognition aldponitfor
all sub-problems. That is, rather than analyzing a problgtermining its tree-
width, and then choosing the formulation, it would be nidewe could simply
fix the parametek (as an algorithm design choice) and then be sure that all
subproblems of width lower thakh that we may ever encounter will be solved
perfectly by our inference algorithm. Fortunately, thig ¢ee achieved!

First, the following simple claim allows us to restrict outestion to a cer-
tain class of tree decompositions, that we saliurated

Lemmal. LetG = (N, A) be an undirected graph of tree-width less than or
equal tok, with [N| > k. There exists a tree decompositiofi, 7') of G' such
that|s| =k + 1forall s € S.

Proof. First, we may assume there is no eddg&, S;} € T such thatS; C S;
since we can get a new tree decompositish 7”) by contracting this edge and
keeping onlyS;. Now, if |S| = 1, then the tree consists in one node containing
all £ + 1 elements ofN. So assuméS| > 1, and there isS; € S such that
|S;| < k. LetS; be adjacent t&;. Since there exisis € S;\ S;, we can augment
the cardinality ofS; by addingp which gives a new valid tree-decomposition. By
repetition, we achieve a decomposition where all nodes bardginality & + 1.

0



Now, we formulate a new BCP whose solutions closely cornedgo so-
lutions in the original problem. The construction is verggaNe add all orig-
inal variablesX; to our problem, keeping their domains as before. Addition-
ally, for each subset of exactly +- 1 variables{X,,,..., X;, , }, we intro-
duce a variablgry, . s, .,. The domains of these variables are limited to tu-
ples(ti,...,tkr1) € Dy, x --- x Dy, ., Which areconsistent with all binary
constraintsover variablesX;, , X, with ji,j2 € {s1,...,s,41}. We add the
same binary constraints on the auxiliary variables as wewdidn the tree-
decomposition was known. The original variabl€s are tied to our problem
by adding a constraint betweedy and each variabl&, ., , with j = s, for
somel < r < k + 1, enforcing that the value assignedXg is the same as the
entry with indexs, of the tuple assigned t;, . s, .-

Let us denote the BCP that emerges in this way from a Ba® 7. (P).
Clearly, 7 1(P) is not tree structured at all. However, it holds:

Theorem 3. Given a constank and a BCPP with tree-width lower or equal
k, the support encoding &f ;(P) as an integer program is polynomial in the
size ofPand it has the same value as its linear continuous relaxation

Proof. We consider the following integer programs and their lineartinuous
relaxations:IP7, the integer programming formulation based on the satdirate
tree-decomposition from Theorem 2P, the linear continuous relaxation of
IP7; IPp, the support encoding df (P) as an integer program; afddP r,
the linear continuous relaxation of the latter. By abuseanfliage, we identify
the optimal value of the objective with the name of a problé&wcording to
Theorem 1, it holds thdf?s = LP,. Furthermore, we observe thaP g is, in
some sense, a lifted version bPr: LPr operates on a super-set of variables
of LPr, but extra variables present InPr yield no additional profit in the
objective function, and all original constraints are gtitesent. Consequently,
LPr just contains some extra constraints, and it hdlets: > LP . The same
relation also holds fofP » andIP. However, since all extra constraints present
in IP are redundant for any integer solutionliy, we even have thdPr =
IP. But then:LPT > LPp > 1Pp = 1P = LP7. And thUS,LPF =IPp.

O

It is interesting to observe the analogies of our method éowbrk from
Bienstock and Ozbay in [4]. They show that the polytope okpag problems
whose matrices have a clique-graph with bounded tree-vaaithbe described
perfectly by adding a polynomial number (exponential in tree-width) of
Sherali-Adams variables and cuts [16]. This work does ngiyagdirectly to
the matrices that we encounter (even when we ignore negatigx entries,
note that the size of BCP domains is usually in the same oléneanumber



of variables which causes the clique-graphs to have laegewidth). However,
it is interesting to see that in both their work and in our apgh the introduc-
tion of variables that model subsets of the original vagabéads to the desired
result.

6 Numerical Results for Augmented BCPs with a Linear Objectve

In [2], we showed that LP-inference is not worthwhile for e CPs. Here, we
will experiment with BCPs that are augmented by some lineastaints and
a linear objective function. For this purpose, we consitter following multi-
knapsack problem: Givem knapsacks with capaciti€s,, . . . , C,,, andn items
with knapsack-dependent weights i, ..., w,, > 0, we have to place each
item in exactly one knapsack such that the sum of the weightBeoitems
placed in each knapsack does not exceed its capacity. Itelieva knapsack-
dependent profitg; 1,...,pm,, > 0, and we try to maximize the total profit
D b1 2 placed in & Pk.i- We augment this problem by adding binary constraints
that each forbid some specific simultaneous placements @ftemns. For in-
stance, a constraint over itemsand j could require that and j cannot be
placed in the same bin. Or that they must be placed in the sam®bgen-
erally, that placing item in knapsackk; and placing iteny in knapsackks is
not allowed for a set of tuple§:y, ko). For our experiments, we compare the
following models.

(CP) : max > ;| Da, i

(1) Zign, 2=k wk,i S Ck V 1 S k‘ S m
(2) Fp(@p,, xpy) = true V1<p<gq
(3) z; €4{1,...,m} vi<i<n
whereF1, ..., F, denote the binary constraints and constrdiptimits the si-

multaneous placement of items andp,. The next model is based on the tradi-
tional LP formulation:

(LPr) : D00 D00y Py Yk

(1) 2 icn Whii Yri < Chk V1i<k<m

(2) Ykpy + Yipy < 1 V1<p<gq, Fp(k,l) = false
(3) DYk =1 Vi<i<n

(4) Yk, € {0,1} Vi<k<m,1<i<n

Our last model is based on the support LP formulation:
(LPS) : Z?:l Z?:l pkvi ykvi

(1) D icn Whii Yk < Ch Vi<k<m

(2a) Yepr <25 | Fp(k,l)=true Yl,p2 Vi<p<gqg l1<k<m
(2b) Yips <D | Fp(k,l)=true Jk.p1 Vi<p<g 1<i<m
(3) S yki =1 Vi<i<n

(4) Y. € {0,1} Vi<k<m, 1<i<n
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Fig. 1. Comparison of the average time [sec, log-scale] over 108amninstances to solve 5-
knapsack instances with 12 items and varying number of picanstraints with a pure CP ap-
proach (llog Solver) and our LP-filtering approach with sopormulation.

In combination with the latter two models, we use two différenethods
for exploiting the corresponding LP relaxation. The first@led LP-pruning
which uses it for pruning purposes (i.e. the early termaratf search) only.
The second is inspired by [11] and calleB-filtering: after computing the LP-
solution to the problem, it chooses those assignménts= & for which the
continuous value af; is lower than some threshold valae> 0. Then, for each
of the selected assignments, it sets up a new LP with the tdlgeo maximize
yik. If the relaxation gives a value lower thankl¢an be removed fromb;.

We generate random instances for given parameters, andq by drawing
weightswy, ; uniformly at random between 1 and 100. Knapsack capacites a

then set toCy, := 2 Z% The profitsp;, ; were weakly correlated with the
weights by drawing them uniformly at random in the intervalg ; — 5, wy, ; +
5]. Binary constraints are generated randomly, whereby thebeu of allowed

pairs of each constraint is setite’ /2.

Figure 1 shows a comparison of a pure CP approach and ourteRAg
approach for random 5-knapsack instances with 12 items. aivesee clearly
how essential the use of a global bound is: even on this tayaple, in the
low-constrained region solver needs, on average, more3baeconds while
the LP-filtering approach takes less than half a second. $desdhrted runs on
instances with 16 items, but the pure CP-approach took sdrime that we
had to cancel the experiment.

Regarding the effect of the support model and the traditiémanulation
of the binary constraints, in Figure 2 we compare the numbehoice points
visited by LP-pruning and filtering when based on the suppotitaditional for-
mulation. We observe what was to be expected: LP filterinigsviswer choice
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Fig. 3. Comparison of the average time over 100 random instancetedde solve 5-knapsack
instances with 12 and 16 items and varying number of binangtraints.

points than LP-pruning, and for both pruning and filteririgg support formula-
tion is stronger and results in smaller search trees thatrdt#ional one.

Of course, LP-filtering incurs larger computational costs phoicepoint
than LP-pruning. Whether or not the additional time needgquktform stronger
inference will in general depend on the application. FigBirehows that LP-
based filtering beats the approach that uses the LP-boummtfong only. We
observe that, on small multi-knapsack instances, usingupgort formulation
does not pay off. This can be attributed to the fact that taditional formu-
lation leads to much sparser matrices and can thereforeNmxdsmuch faster,
which makes up for slightly worse relaxation values. Of seyas problem sizes
and search spaces grow, the use of a stronger bound becomesnaomore
attractive as the larger costs per choice point can be paidyf@ much larger
reduction in search costs. Consequently, in Figure 4, wéhsealready on mod-
erately larger problem instances filtering based on the @i -formulation
becomes the method of choice.
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Fig. 4. Comparison of the average time over 100 random instancesu® 5-knapsack instances
with 40 items and varying number of binary constraints.

7 Summary and Future Work

We have shown how to efficiently transform binary constrgirdblems into
linear programs whose extreme points are integer whenbeetrée-width of
the initial BCP is bounded by some constant

Some questions remain open. When making the step from tingettged
BCPs to those with tree-width 2, the exponent in the numbeZ®fvariables
jumps from1 to 3. Can the exponents be controlled better than we did it here?
Are there efficient ways to generate constraints in a lazyidas adding them
only when the linear relaxation turns out to be fractionalfaiVabout linear
programming polytopes of other islands of tractabilityclsas Horn formulas?

Moreover, our approach motivates a procedure for liftingjteary binary
integer programgz € {0,1}" | Az < b} that would be interesting to compare
with the Sherali-Adams procedutdlo simplify the notation, all sets considered
in the following are subsets dfl,...,n}, and we writeX + Y for the union
of setsX, Y that are disjoint. At levek > 1, to the original problem we add
variablesw(Y, N) > 0 for all Y + N| = k (with the idea that:; = 1 for all
j € Yandx, = 0forall h € N). Moreover, we add the following sets of
constraints:

- Yyin=sw(Y,N) = 1forall [S] = k.
—w(Y,N) <zjandw(Y,N) < zpforall|Y + N|=k,jeY,he N.
S| =k, j€S.

2 Whereby it is important to state explicitly that the liftipgocedure that we sketch here, due to
potentially large CP variable domains, would not have givendesired results when applied
to Srp. We really needed to exploit the original structure of theegi BCP with bounded
tree-width to achieve a good IP model.



- wX+Y,M+N) <Y, o_gw(X+Z M+O)foralll < |X+M| <k,
IS|=|Y +N|,SN(Y +N)=0,and|X +Y + M + N| = k.
— (Xjey @ij + 2jev4n, ayy<0 @i — bi)w(Y, N) < Oforall [Y + N| = k.

Note that the variables that we add are semantically the sartie ones that are
added by Sherali and Adams. However, the way we post thereamtstis quite
different so that it suffices to add variables for subset$zefsqual tok only. As
the results in this paper show, at levelthis lifting method gives a formulation
that has integer extreme points only.
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