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Abstract

We study the metric properties of �nite subsets of L 1 . The analysis of such metrics is central to
a number of important algorithmic problems involving the cut structure of weighted graphs, including
the Sparsest Cut Problem, one of the most compelling open problems in the �eld of approximation
algorithms. Additionally , many open questions in geometric non-linear functional analysis involve the
properties of �nite subsetsof L 1 .

Wepresent somenew observations concerning the relation of L 1 to dimension, topology, and Euclidean
distortion. We show that every n-point subset of L 1 embeds into L 2 with averagedistortion O(

p
log n),

yielding the �rst evidence that the conjectured worst-casebound of O(
p

log n) is valid. We also address
the issue of dimension reduction in L p for p 2 (1; 2). We resolve a question left open in [4] about the
impossibility of linear dimension reduction in the above cases,and we show that the example of [3, 14]
cannot be used to prove a lower bound for the non-linear case. This is accomplished by exhibiting
constant-distortion embeddings of snow
ak ed planar metrics into Euclidean space.

1 In tro duction

This paper is devoted to the analysisof metric properties of �nite subsetsof L 1. Such metrics occur in many
important algorithmic contexts, and their analysis is key to progresson somefundamental problems. For
instance,an O(log n)-approximate max-
o w/min-cut theorem proved elusive for many yearsuntil, in [16, 2],
it was shown to follow from a theorem of Bourgain stating that every metric on n points embeds into L 1

with distortion O(log n).
The importance of L 1 metrics has given rise to many problems and conjecturesthat have attracted a lot

of attention in recent years. Four basic problems of this type are as follows.

I. Is there an L 1 analog of the Johnson-Lindenstraussdimension reduction lemma [10]?

I I. Are all n-point subsetsof L 1 O
� p

logn
�
-embeddableinto Hilb ert space?

I I I. Are all squared-̀ 2 metrics O(1)-embeddable into L 1?

IV. Are all planar graphs O(1)-embeddable into L 1?

(We recall that a squared-̀ 2 metric is a space(X ; d) for which (X ; d1=2) embeds isometrically in a Hilb ert
space.)

� A preliminary conference version of this paper will appear in LA TIN 2004.
y Work partially supported by NSF grant CCR-0121555 and an NSF Graduate Research Fellowship. Part of this work was

done while the author was an intern at Microsoft Research.
z Work done while the author was a post-doc fellow at The Hebrew Univ ersity, and supported in part by the Landau Center

and by a grant from the Israeli Science Foundation (195/02).
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Each of these questions has been asked many times before; we refer to [19, 20, 15, 9], in particular.
Despite an immenseamount of interest and e�ort, the metric properties of L 1 have proved quite elusive;
hencethe name\The mysterious L 1" appearing in a survey of Linial at the ICM in 2002[15]. In this paper,
we attempt to o�er new insights into the above problems and touch on somerelationships betweenthem.

1.1 Results and techniques

Euclidean distortion. Our �rst result addressesproblem (I I) stated above. We show that the answer to
this question is positive on average,in the following sense.

Theorem 1.1. For every f 1; : : : ; f n 2 L 1 there is a linear operator T : L 1 ! L 2 such that

kT(f i ) � T (f j )k2

kf i � f j k1
�

1
p

8 logn
; 1 � i < j � n; and

1
� n

2

�
X

1� i<j � n

�
kT(f i ) � T (f j )k2

kf i � f j k1

� 1=2

� 10:

In other words, for any n-point subsetin L 1, there existsa map into L 2 such that distancesare contracted
by at most O(

p
logn) and the averageexpansion is O(1). This yields the �rst positive evidencethat the

conjectured worst-casebound of O(
p

logn) holds. We remark that a di�eren t notion of averageembedding
was recently studied by Rabinovich [22]; there, one tries to embed (planar) metrics into the line such that
the averagedistance doesnot changetoo much.

The exponent 1=2 above has no signi�cance, and we can actually obtain the sameresult for any power
1 � " , " > 0 (we refer to Section 2 for details). The proof of Theorem 1.1 follows from the following
probabilistic lemma, which is implicit in [17]. We believe that this result is of independent interest.

Lemma 1.2. There exists a distribution over linear mappingsT : L 1 ! L 2 such that for every x 2 L 1 nf 0g

the random variable kT (x )k2

kx k1
has density e� 1= (4 x 2 )

x 2
p

� .

In contrast to Theorem1.1,weshow that problem (I I) cannot beresolvedpositively using linear mappings.
Speci�cally , we show that there are arbitrarily large n-point subsetsof L 1 such that any linear embedding of
them into L 2 incurs distortion 
(

p
n). As a corollary we settle the problem left open by Charikar and Sahai

in [4], whether linear dimension reduction is possible in L p, p =2 f 1; 2g. The casep = 1 was proved in [4]
via linear programming techniques,and it seemsimpossibleto generalizetheir lower bound to arbitrary L p.
We show that there are arbitrarily large n-point subsetsX � L p (namely, the samepoint set used in [4] to
handle the casep = 1), such that any linear embedding of X into `d

p incurs distortion 

�
(n=d) j 1=p� 1=2j

�
, thus

linear dimension reduction is impossiblein any L p, p 6= 2. Additionally , we show that there are arbitrarily
large n-point subsetsX � L 1 such any linear embedding of X into any d-dimensional normed spaceincurs

distortion 

� p

n=d
�

. This generalizesthe Charikar-Sahai result to arbitrary low dimensional norms.

Dimension reduction. In [3], and soon after in [14], it wasshown that if the Newman-Rabinovich diamond
graph on n vertices � -embeds into `d

1 then d � n
(1 =� 2 ) . The proof in [3] is basedon a linear programming
argument, while the proof in [14] usesa geometric argument which reducesthe problem to bounding from
below the distortion required to embed the diamond graph in `p, 1 < p < 2. These results settle the long
standing open problem of whether there is an L 1 analog of the Johnson-Lindenstraussdimension reduction
lemma [10]. (In other words, they show that the answer to problem (I) above is No.). In Section 4, we
show that the method of proof in [14] can be usedto provide an even more striking counter example to this
problem.

A metric spaceX is called doubling with constant C if every ball in X can be covered by C balls of half
the radius. Doubling metrics with bounded doubling constants are widely viewed as low dimensional (see
[7, 11] for somepractical and theoretical applications of this viewpoint). On the other hand, the doubling
constant of the diamond graphs is 
(

p
n) (where n is the number of points). Basedon a fractal construction

due to Laakso [12] and the method developed in [14], we prove the following theorem, which shows a strong
lower bound on the dimension required to represent uniformly doubling subsetsof L 1.
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Theorem 1.3. There are arbitrarily large n-point subsetsX � L 1 which are doubling with constant 6 but
such that every � -embedding of X into `d

1 requires d � n
(1 =� 2 ) .

In [13, 7] it was asked whether any subsetof `2 which is doubling well-embeds into `d
2 (with bounds on

the distortion and the dimension that depend only on the doubling constant). In [7], it was shown that a
similar property cannot hold for `1. Our lower bound exponentially strengthensthat result.

Planar metrics. Our �nal result addressesproblems (I I I) and (IV). Our motivation was an attempt to
generalizethe argument in [14] to prove that dimension reduction is impossiblein L p for any 1 < p < 2. A
natural approach to this problem is to consider the point set used in [3, 14] (namely, a natural realization
of the diamond graph, G, in L 1) with the metric induced by the L p norm instead of the L 1 norm. This
is easily seento amount to proving lower bounds on the distortion required to embed the metric space
(G; d1=p

G ) in `h
p . Unfortunately , this approach cannot work sincewe show that, for any planar metric (X ; d)

and any 0 < " < 1, the metric space(X ; d1� " ) embeds in Hilb ert spacewith distortion O (1=
p

"), and then
using results of Johnsonand Lindenstrauss[10], and Figiel, Lindenstraussand Milman [5], we concludethat
this metric can be O(1=

p
") embedded in `h

p , where h = O(log n). The proof of this interesting fact is a
straightforward application of Assouad'sclassicalembedding theorem [1] and Rao's embedding method [23].
The O (1=

p
") upper bound is shown to be tight for every value 0 < " < 1. We note that the case" = 1=2

has beenpreviously observed by A. Gupta in his (unpublished) thesis.

2 Av erage distortion Euclidean embedding of subsets of L 1

The heart of our argument is the following lemma which is implicit in [17], and which seemsto be of
independent interest.

Lemma 2.1. For every 0 < p � 2 there is a probability space (
 ; P) such that for every ! 2 
 there is a
linear operator T! : L p ! L 2 such that for every x 2 L p nf 0g the random variable X = kT ! (x )k2

kx kp
satis�es for

every a 2
�

, � e� aX 2
= e� ap= 2

. In particular, for p = 1 the density of X is e� 1= (4 x 2 )

x 2
p

� .

Proof. Considerthe following three sequencesof random variables, f Yj gj � 1, f � j gj � 1, f gj gj � 1, such that each
variable is independent of the others. For each j � 1, Yj is uniformly distributed on [0; 1], gj is a standard
Gaussianand � j is an exponential random variable, i.e. for � � 0, P(� j > � ) = e� � . Set � j = � 1 + � � � + � j .
By Proposition 1.5. in [17], there is a constant C = C(p) such that if we de�ne for f 2 L p

V (f ) = C
X

j � 1

gj

� 1=p
j

f (Yj );

then � ei V ( f ) = e�k f kp
p .

Assumethat the random variables f Yj gj � 1 and f � j gj � 1 are de�ned on a probabilit y space(
 ; P) and
that f gj gj � 1 arede�ned on a probabilit y space(
 0; P0), in which caseweusethe notation V (f ) = V(f ; ! ; ! 0).
De�ne for ! 2 
 a linear operator T! : L p ! L 2(
 0; P0) by T! (f ) = V (f ; ! ; �). Sincefor every �xed ! 2 
 the
random variable V (f ; ! ; �) is Gaussianwith variancekT! (f )k2

2, for every a 2
�

, � P 0 eiaV (s;! ;� ) = e� a2 kT ! ( f )k2
2 .

Taking expectation with respect to P we �nd that, � P e� a2 kT ! ( f )k2
2 = e� ap kf kp

p . This implies the required
identit y. The explicit distribution in the casep = 1 follows from the fact that the inverseLaplace transform
of x 7! e�

p
x is y 7! e� 1= (4 y )

2
p

� y 3
(seefor example [24]).

Theorem 2.2. For every f 1; : : : ; f n 2 L 1 there is a linear operator T : L 1 ! L 2 such that:

kT(f i ) � T (f j )k2

kf i � f j k1
�

1
p

8 logn
; 1 � i < j � n; and

1
� n

2

�
X

1� i<j � n

�
kT(f i ) � T (f j )k2

kf i � f j k1

� 1=2

� 10:
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Proof. Using the notation of lemma 2.1 (in the casep = 1) we �nd that for every a > 0, � e� aX 2
= e�

p
a .

Hence,for every a; " > 0 and every 1 < i < j � n,

P
�

kT! (f i ) � T! (f j )k2

kf i � f j k1
� "

�
= P

�
e� aX 2

� e� a" 2
�

� ea" 2 �
p

a :

Choosing a = 1
4" 4 the above upper bound becomese� 1=(4" 2 ) . Consider the set

A =
\

1� i<j � n

�
kT! (f i ) � T! (f j )k2

kf i � f j k1
�

1
p

8 logn

�
� 
 :

By the union bound, P(A) > 1
2 , so that

1
P(A)

�

2

4 1
� n

2

�
X

1� i<j � n

�
kT! (f i ) � T! (f j )k2

kf i � f j k1

� 1=2
3

5 � 2� X 1=2 =
2

p
�

Z 1

0
x1=2 �

e� 1=(4x 2 )

x2 dx < 10:

It follows that there exists ! 2 A for which the operator T = T! has the desiredproperties.

Remark 2.3. There is nothing special about the choiceof the the power 1=2 in Corollary 2.2. When p = 1,
� X = 1 but � X 1� " < 1 for every 0 < " < 1, so we may write the above averagewith the power 1 � "
replacing the exponent 1=2. Obvious generalizationsof Corollary 2.2 hold true for every 1 < p < 2, in which
casethe averagedistortion is of order C(p)(log n)1=p� 1=2 (and the power can be taken to be 1).

3 The imp ossibilit y of line ar dimension reduction in L p, p 6= 2

The above method cannot yield a O
� p

logn
�

bound on the Euclidean distortion of n-point subsetsof L 1. In
fact, there are arbitrarily large n-point subsetsof L 1 on which any linear embedding into L 2 incurs distortion

at least
q

n � 1
2 . This follows from the following simple lemma:

Lemma 3.1. For every 1 � p � 1 there are arbitrarily large n-point subsetsof L p on which any linear

embedding into L 2 incurs distortion at least
�

n � 1
2

� j 1=p� 1=2j
.

Proof. Let w1; : : : ; w2k be the rows of the 2k � 2k Walsh matrix. Write wi =
P 2k

j =1 wij ej where e1; : : : ; e2k

are the standard unit vectors in
� 2k

. Consider the set A = f 0g [ f wi g2k

i =1 [ f ei g2k

i =1 � `p. Let T : `p ! L 2

be any linear operator which is non contracting and L-Lipschitz on A. Assume�rst of all that 1 � p < 2.
Then:

2k(1+2 =p) =
2k

X

i =1

kwi k2
p �

2k
X

i =1

kTwi k2
2 =

2k
X

i =1














2k
X

j =1

wij T(ej )














2

2

=
2k

X

i =1

2k
X

j =1

hwi ; wj i hT(ei ); T (ej )i = 2k
2k

X

j =1

kT(ej )k2
2 � 4k � L 2;

which implies that L � 2k(1=p� 1=2) =
�

jA j� 1
2

� 1=p� 1=2
. When p > 2 apply the same reasoning, with the

inequalities reversed.

We remark that the above point set was also used by Charikar and Sahai [4] to give a lower bound on
linear dimension reduction in L 1. Their proof useda linear programming argument, which doesn't seemto
be generalizableto the the caseof L p, p > 1. Lemma 3.1 formally implies their result (with a signi�can tly
simpler proof), and in fact provesthe impossibility of linear dimensionreduction in any L p, p 6= 2. Indeed, if
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there were a linear operator which embedsA into `d
p with distortion D then it would also be a D � dj 1=p� 1=2j

embedding into `d
2. It follows that D �

�
jA j� 1

2d

� j 1=p� 1=2j
. Similarly, since by John's theorem (seee.g. [21])

any d-dimensionalnormed spaceis
p

d equivalent to Hilb ert space,we deducethat there are arbitrarily large
n-point subsetsof L 1, any linear embedding of which into any d-dimensional normed spaceincurs distortion

at least
q

n � 1
2d .

4 An inheren tly high-dimensional doubling metric in L 1

This section is devoted to the proof of Theorem 1.3.

of Theorem 1.3. Consider the Laaksographs, f Gi g1
i =0 , which are de�ned as follows. G0 is the graph on two

vertices with one edge. To construct Gi , take six copiesof Gi � 1 and scaletheir metric by a factor of 1
4 . We

glue four of them cyclicly by identifying pairs of endpoints, and attach at two opposite gluing points the
remaining two copies. SeeFigure 1 below.

G1

G0

G2

G3

Figure 1: The Laakso graphs.

As shown in [12], the graphsf Gi g1
i =0 are uniformly doubling (seealso[13], for a simple argument showing

they are doubling with constant 6). Moreover, sincethe Gi 's are seriesparallel graphs, they embed uniformly
in L 1 (see[6]).

We will show below that any embedding of Gi in L p, 1 < p � 2 incurs distortion at least
q

1 + p� 1
4 i . We

then concludeas in [14] by observing that `d
1 is 3-isomorphic to `d

p when p = 1 + 1
log d , so that if Gi embeds

with distortion � in `d
1 then � �

q
i

40 log d . This implies the required result sincei � log jGi j.

The proof of the lower bound for the distortion required to embed Gi into L p is by induction on i . Weshall
proveby induction that whenever f : Gi ! L p is non-contracting then there exist two adjacent verticesu; v 2

Gi such that kf (u) � f (v)kp � dG i (u; v)
q

1 + p� 1
4 i (observe that for u; v 2 Gi � 1, dG i � 1 (u; v) = dG i (u; v)).

For i = 0 there is nothing to prove. For i � 1, sinceGi contains an isometric copy of Gi � 1, there are u; v 2 Gi
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corresponding to two adjacent vertices in Gi � 1 such that kf (u) � f (v)kp � dG i (u; v)
q

1 + p� 1
4 (i � 1). Let

a; b be the two midpoints betweenu and v in Gi . By Lemma 2.1 in [14],

kf (u) � f (v)k2
p + (p � 1)kf (a) � f (b)k2

p

� kf (u) � f (a)k2
p + kf (a) � f (v)k2

p + kf (v) � f (b)k2
p + kf (b) � f (u)k2

p:

Hence:

maxfk f (u) � f (a)k2
p; kf (a) � f (v)k2

p; kf (v) � f (b)k2
p; kf (b) � f (u)k2

pg

�
1
4

kf (u) � f (v)k2
p +

1
4

(p � 1)kf (a) � f (b)k2
p

�
1
4

�
1 +

p � 1
4

(i � 1)
�

dG i (u; v)2 +
p � 1

4
dG i (a; b)2

=
1
4

�
1 +

p � 1
4

i
�

dG i (u; v)2

=
�

1 +
p � 1

4
i
�

maxf dG i (u; a)2; dG i (a; v)2; dG i (v; b)2; dG i (b;u)2g:

We end this section by observing that the above approach also gives a lower bound on the dimension
required to embed expandersin `1 .

Prop osition 4.1. Let G be an n-point constant degree expander which embeds in ` d
1 with distortion at most

� . Then d � n
(1 =� ) .

Proof. By Matou�sek'slower bound for the distortion required to embed expandersin ` p [18], any embedding

of G into `p incurs distortion 

�

log n
p

�
. Since`d

1 is O(1)-equivalent to `d
log d, we deducethat � � 


�
log n
log d

�
.

We can alsoobtain a lower bound on the dimensionrequired to embed the Hamming cube f 0; 1gk into `1 .
Our proof usesa simple concentration argument. An analogousconcentration argument yields an alternativ e
proof of Proposition 4.1.

Prop osition 4.2. Assumethat f 0; 1gk embeds into `d
1 with distortion � . Then d � 2k 
(1 =� 2 ) .

Proof. Let f = (f 1; : : : ; f d) : f 0; 1gk ! `d
1 be a contraction such that for every u; v 2 f 0; 1gd, kf (u) �

f (v)k1 � 1
� d(u; v) (where d(�; �) denotes the Hamming metric). Denote by P the uniform probabilit y

measureon f 0; 1gk . Since for every 1 � i � k, f i is 1-Lipschitz, the standard isoperimetric inequality on
the hypercube implies that P (jf i (u) � � f i j � k=(4� )) � e� 
( k=� 2 ) . On the other hand, if u; v 2 f 0; 1gk

are such that d(u; v) = k then there exist 1 � i � d for which jf i (u) � f i (v)j � k=� , implying that
maxfj f i (u)� � f i j; jf i (v)� � f i jg > k=(4� ). By the union bound it follows that de� 
( k=� 2 ) � 1, asrequired.

5 Snow
ak e versions of planar metrics

The problem of whether there is an analog of the Johnson-Lindenstraussdimension reduction lemma in L p,
1 < p < 2, is an interesting one which remains open. In view of the above proof and the proof in [14], a
natural point set which is a candidate to demonstrate the impossibility of dimension reduction in L p is the
realization of the diamond graph in `1 which appearsin [3], equipped with the `p metric. Sincethis point set
consistsof vectors whosecoordinates are either 0 or 1 (i.e. subsetsof the cube), this amounts to considering
the diamond graph with its metric raisedto the power 1

p . Unfortunately , this approach cannot work; we show
below that any planar graph whosemetric is raised to the power 1 � " has Euclidean distortion O (1=

p
").
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Given a metric space(X ; d) and " > 0, the metric space(X ; d1� " ) is known in geometric analysis (see
e.g. [8]) as the 1 � " snow
ak e version of (X ; d). Assouad'sclassical theorem [1] states that any snow
ak e
versionof a doubling metric spaceis bi-Lipschitz equivalent to a subsetof some�nite dimensionalEuclidean
space.A quantitativ e version of this result (with bounds on the distortion and the dimension) wasobtained
in [7]. The following theorem is proved by combining embedding techniquesof Rao [23] and Assouad[1]. A
similar analysisis alsousedin [7]. In what follows we call a metric K r -excludedif it is the metric on a subset
of a weighted graph which doesnot admit a K r minor. In particular, planar metrics are all K 5-excluded.

Theorem 5.1. For any r 2 � there exists a constant C(r ) such that for every 0 < � < 1, a 1 � " snow
ake
version of a K r -excluded metric embeds into `2 with distortion at most C(r )=

p
".

Our argument is basedon the following lemma, the proof of which is contained in [23].

Lemma 5.2. For every r 2 � there is a constant � = � (r ) such that for every � > 0 and every K r -excluded
metric (X ; d) there exists a �nitely supported probability distribution � on partitions of X with the following
properties:

1. For every P 2 supp(� ), and for every C 2 P, diam(C) � � .

2. For every x 2 X , � �
P

C 2 P d(x; X n C) � � � .

Observe that the sum under the expectation in (2) above actually consistsof only one summand.

Proof of Theorem 5.1. Let X be a K r -excludedmetric. For each n 2 � , we de�ne a map � n as follows. Let
� n be the probabilit y distribution on partitions of X from Lemma 5.2 with � = 2n= (1 � " ) . Fix a partition
P 2 supp(� n ). For any � 2 f� 1; +1 gjP j , consider � to be indexed by C 2 P so that � C has the obvious
meaning. Following Rao [23], de�ne

� P (x) =
M

� 2f� 1;+1 gj P j

r
1

2jP j

X

C 2 P

� C � d(x; X n C);

and write � n =
L

P 2 supp( � n )

p
� n (P) � P (here the symbol � refers to the concatenation operator).

Now, following Assouad[1], let f ei gi 2 �

be an orthonormal basisof `2, and set

�( x) =
X

n 2 �

2� n"= (1 � " ) � n (x) 
 en

Claim 5.3. For every n 2 � , and x; y 2 X , we have jj � n (x) � � n (y)jj2 � 2 � min
�

d(x; y); 2n= (1 � " )
	

.
Additional ly, if d(x; y) > 2n= (1 � " ) , then jj � n (x) � � n (y)jj2 � � 2n= (1 � " ) .

Proof. For any partition P 2 supp(� n ), let Cx ; Cy be the clustersof P containing x and y, respectively. Note
that sincefor every C 2 P, diam(C) � 2n= (1 � " ) , when d(x; y) > 2n= (1 � " ) , we have Cx 6= Cy . In this case,

jj � P (x) � � P (y)jj2
2 = � � 2f� 1;+1 gj P j j� Cx d(x; X n Cx ) � � Cy d(y; X n Cy )j2

�
d(x; X n Cx )2 + d(y; X n Cy )2

2
:

It follows that

jj � n (x) � � n (y)jj2
2 = � � n jj � P (x) � � P (y)jj2

2

�
� � n d(x; X n Cx )2 + � � n d(y; X n Cy )2

2
�

�
� 2n= (1 � " )

� 2
:

On the other hand, for every x; y 2 X , sinced(x; X nCx ); d(y; X nCy ) � 2n= (1 � " ) , we have that jj � P (x) �
� P (y)jj2 � 2 � min

�
d(x; y); 2n= (1 � " )

	
, hencejj � n (x) � � n (y)jj2 � 2 � min

�
d(x; y); 2n= (1 � " )

	
.
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To �nish the analysis, let us �x x; y 2 X and let m be such that d(x; y)1� " 2
�
2m ; 2m +1

�
. In this case,

jj �( x) � �( y)jj2
2 =

X

n 2 �

2� 2n"= (1 � " ) k� n (x) � � n (y)k2
2

� 4
X

n<m

22n + 4d(x; y)2
X

n � m

2� 2n�= (1 � " )

= 22m +1 + 4d(x; y)2 2� 2m"= (1 � " )

1 � 2� 2"= (1 � " )

= O (1=") � d(x; y)2(1 � " )

On the other hand,

k�( x) � �( y)jj2 � 2� m�= (1 � " ) k� m (x) � � m (y)k2 � � 2m �
�
2

d(x; y)1� " :

The proof is complete.

Remark 5.4. The O (1=
p

") upper bound in Theorem 5.1 is tight. In fact, for i � 1=", the 1 � " snow
ak e
version of the Laakso graph Gi (presented in Section 4) has Euclidean distortion 
 (1=

p
"). To seethis, let

f : Gi ! `2 be any non-contracting embedding of (Gi ; d1� "
G i

) into `2. For j � i denote by K j the Lipschitz
constant of the restriction of f to (Gj ; d1� "

G i
) (as before, we think of Gj as a subsetof Gi ). Clearly K 0 = 1,

and the samereasoningas in the proof of Theorem 1.3 shows that for j � 1, K 2
j �

K 2
j � 1

4" + 1
4 . This implies

that K 2
i � 1

4 + 1
4" + : : : + 1

4i" = 
(1 ="), as required.
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