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Abstract

We study the metric properties of nite subsetsof Li. The analysis of such metrics is central to
a number of important algorithmic problems involving the cut structure of weighted graphs, including
the Sparsest Cut Problem, one of the most compelling open problems in the eld of approximation
algorithms. Additionally , many open questions in geometric non-linear functional analysis involve the
properties of nite subsetsof L;.

We presert somenew obsenations concerning the relation of L, to dimension, top ology, and EBcIidean
distortion. We show that every n-point subsetof L1 embedsinto L, Wﬁhﬂeragedistortion O( logn),
yielding the rst evidencethat the conjectured worst-case bound of O(" logn) is valid. We also address
the issue of dimension reduction in L, for p 2 (1;2). We resolve a question left open in [4] about the
imp ossibility of linear dimension reduction in the above cases,and we show that the example of [3, 14]
cannot be used to prove a lower bound for the non-linear case. This is accomplished by exhibiting
constant-distortion embeddings of snaw ak ed planar metrics into Euclidean space.

1 Intro duction

This paper is dewvoted to the analysisof metric properties of nite subsetsof L. Such metrics occur in many
important algorithmic contexts, and their analysisis key to progresson somefundamertal problems. For
instance, an O(log n)-approximate max- o w/min-cut theorem proved elusive for many yearsuntil, in [16, 2],
it was shown to follow from a theorem of Bourgain stating that every metric on n points embedsinto L,
with distortion O(log n).

The importance of L1 metrics has givenrise to many problems and conjecturesthat have attracted a lot
of attention in recert years. Four basic problems of this type are as follows.

I. Is there an L; analog of the Johnson-Lindenstraussdimension reduction lemma [10]?
[I. Are all n-point subsetsof L1 O P logn -embeddableinto Hilb ert space?
[11. Are all squared-, metrics O(1)-embeddableinto L;?
IV. Are all planar graphs O(1)-embeddableinto L1?

(We recall that a squared-, metric is a space(X;d) for which (X;d*?) embedsisometrically in a Hilbert
space.)

A preliminary conference version of this paper will appear in LATIN 2004.
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Each of these questions has been asked many times before; we refer to [19, 20, 15, 9], in particular.
Despite an immenseamournt of interest and e ort, the metric properties of L, have proved quite elusive;
hencethe name\The mysteriousL 1" appearingin a survey of Linial at the ICM in 2002[15]. In this paper,
we attempt to o er new insights into the above problems and touch on somerelationships betweenthem.

1.1 Results and techniques

Euclidean distortion. Our rst result addressesproblem (I1) stated above. We show that the answer to
this question is positive on average,in the following sense.

Theorem 1.1. For everyfi;:::;f, 2 L4 thereis a linear operator T : L1 ! L suchthat
KT(fi) T(fj)ke 1 o
n . < .
ki Tk P 8logn’ ‘<] i and
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In other wobds, for any n-point subsetin L1, there existsa map into L, suc that distancesare cortracted
by at most O(" logn) and the aver@g@(pansionis O(1). This yields the rst positive evidencethat the
conjectured worst-casebound of O(" logn) holds. We remark that a di erent notion of averageembedding
was recertly studied by Rabinovich [22]; there, one tries to embed (planar) metrics into the line sud that
the average distance doesnot changetoo much.

The exponert 1=2 above has no signi cance, and we can actually obtain the sameresult for any power
1 ", " > 0 (we refer to Section 2 for details). The proof of Theorem 1.1 follows from the following
probabilistic lemma, which is implicit in [17]. We believe that this result is of independert interest.

Lemma 1.2. There existsa distribution over linear mappingsT : L1 ! L, suchthat for everyx 2 L; nf0Og

KT (x)k2

. . 1=(4x?)
the random variable ok has density 679?

In contrast to Theorem 1.1, we shaw that problem (I1) cannot be resolvedpositively using linear mappings.
Speci cally, we show that there abe arbitrarily large n-point subsetsof L ; suc that any linear embedding of
them into L, incurs distortion ( * n). As a corollary we settle the problem left open by Charikar and Sahai
in [4], whether linear dimension reduction is possiblein Ly, p 2 f1;29. The casep = 1 was proved in [4]
via linear programming techniques, and it seemsimpossibleto generalizetheir lower bound to arbitrary L.
We show that there are arbitrarily large n-point subsetsX L, (namely, the samepoint set usedin [4] to
handle the casep = 1), such that any linear embedding of X into *§ incurs distortion ~ (n=d)!*=" 12 thus
linear dimension reduction is impossiblein any L,, p 6 2. Additionally , we show that there are arbitrarily
large n-point subsetsX  L; such any linear embedding of X into any d-dimensional normed spaceincurs

distortion n=d . This generalizesthe Charikar-Sahairesult to arbitrary low dimensional norms.

Dimension reduction. In [3], and soon after in [14], it wasshaown that if the Newman-Rabinovich diamond
graph on n vertices -embedsinto "¢ thend n@ = ). The proof in [3] is basedon a linear programming
argumert, while the proof in [14] usesa geometric argumert which reducesthe problem to bounding from
below the distortion required to embed the diamond graph in “, 1 < p < 2. Theseresults settle the long
standing open problem of whether there is an L ; analog of the Johnson-Lindenstraussdimension reduction
lemma [10]. (In other words, they show that the answer to problem (I) above is No.). In Section 4, we
show that the method of proof in [14] can be usedto provide an even more striking counter exampleto this
problem.

A metric spaceX is called doublingwith constart C if every ball in X can be coveredby C balls of half
the radius. Doubling metrics with bounded doubling constarts are widely viewed as low dimensional (see
[7, 11] for somepractical and theoreHcaI applications of this viewpoint). On the other hand, the doubling
constart of the diamond graphsis (' n) (where n is the number of points). Basedon a fractal construction
due to Laakso[12] and the method dewveloped in [14], we prove the following theorem, which shows a strong
lower bound on the dimension required to represer uniformly doubling subsetsof L ;.



Theorem 1.3. There are arbitrarily large n-point subsetsX2 L ; which are doubling with constant 6 but
suchthat every -emkedding of X into "¢ requiresd n@ = 7).

In [13, 7] it was asked whether any subsetof ", which is doubling well-embedsinto 9 (with bounds on
the distortion and the dimension that depend only on the doubling constart). In [7], it was showvn that a
similar property cannot hold for *;. Our lower bound exponertially strengthensthat result.

Planar metrics. Our nal result addressesproblems (I11) and (IV). Our motivation was an attempt to
generalizethe argumert in [14] to prove that dimension reduction is impossiblein L, for any 1< p< 2. A
natural approad to this problem is to considerthe point setusedin [3, 14] (namely, a natural realization
of the diamond graph, G, in L) with the metric induced by the L, norm instead of the L1 norm. This
is easily seento amourt to proving lower bounds on the distortion required to embed the metric space
(G; d(lfp) in 2 Unfortunately, this approad cannot work since we show that, for any planarpmetric (X;d)
and any 0< " < 1, the metric space(X;d! ") embedsin Hilbert spacewith distortion O (1=" "), and then
using results of Johnsonﬁnd Lindenstrauss[10], and Figiel, Lindenstraussand Milman [5], we concludethat
this metric can be O(1=" ") embedded in B where h = O(logn). The proof of this interesting fact is a
straightfor}g/ard application of Assouad'sclassicalembedding theorem [1] and Rao's embedding method [23].
The O(1=" ") upper bound is shavn to be tight for every value 0 < " < 1. We note that the case" = 1=2
has beenpreviously obsened by A. Gupta in his (unpublished) thesis.

2 Average distortion Euclidean embedding of subsets of L1

The heart of our argumert is the following lemma which is implicit in [17], and which seemsto be of
independert interest.

Lemma 2.1. For every0O< p 2 thereis a prokability space ( ;P) suchthat for every! 2 thereis a

linear operator T, :L,! L, suchthat for everyx 2 L, nf0g the random variable X = % satis es for
1=(4x2)

everya2 , e xX* =g a™’® particular, for p= 1 the density of X is 679_—
Proof. Considerthe following three sequence®f random variables,fYjgi 1,f jg 1,fg g 1, suchthat eath
variable is independert of the others. For eadhj 1, Y; is uniformly distributed on [0; 1], g; is a standard

Gaussianand j is an exponertial random variable, i.e. for OP(j> )=e .Set j= 1+ + j.
By Proposition 1.5. in [17], there is a constart C = C(p) sudh that if wedene for f 2 L,

X g
vi=c Lty
i1

then &V () = ek fkp
Assumethat the random variablesfYjg; 1 andf ;g 1 aredened on a probability space( ;P) and

that fgj g 1 arede ned ona probability space( %P9, in which casewe usethe notation V (f) = V(f;! ;! 9.
Dene for! 2 alinearoperator T; :Lp! Lo( %PY by T (f) = V(f;!;). Sinceforevery xed ! 2 the
random variable V (f ;! ; ) is Gaussianwith variancekT, (f )k2, for everya2 , pogd’ (5!:) = g aKTi (1)k3,

Taking expectation with respectto P we nd that, pe @kT (ki = g a°kfky  This implies the required
identit y. Tphe explicit distribution in the casep = 1 follows from the fact that the inverseLaplace transform

1=(4y)

ofx7le Xisy7! %pT (seefor example [24]). O
Theorem 2.2. For everyfy;:::;f, 2 L, thereis a linear operator T : L1 ! L, suchthat:
KT(fi) T(fj)ke 1 o
K Tk P 8logn’ ‘<] i and
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Proof. Using the notation of lemma 2.1 (in the casep = 1) we nd that for every a> 0, e 3% ‘ze 3
Hence,for every a;" > Oandevery 1< i<j n,

KTy (fi)  Ti(fj)ke
ki ke

"2

P " = P e aXZ e a ea"

Choosinga = z%; the above upper bound becomese 1=(4"*) | Consider the set

\ KT, (1) T (f))ke 1

A= P
kfi ik " 8logn

15 n
By the union bound, P(A) > 2, sothat
2 3

- z —(ax?2
1 1 X KT, (1) T, (fj)k, 2 . 2 TY L e &
4 _— ! S S 2 X¥2 = p— x¥¥2 I _dx < 10
PA) 5 [ kfi  fika o X2
It follows that there exists! 2 A for which the operator T = T, hasthe desired properties. O

Remark 2.3. There is nothing special about the choice of the the power 1=2 in Corollary 2.2. Whenp = 1,

X =1 but X! " <1 forevery0< " < 1, sowe may write the above averagewith the power 1 "
replacing the exponert 1=2. Obvious generalizationsof Corollary 2.2 hold true for every 1< p< 2, in which
casethe averagedistortion is of order C(p)(log n)= 172 (and the power can be taken to be 1).

3 The imp ossibilit y of linear dimension reduction in L, p6 2

The above method cannot yield a O P logn bound on the Euclidean distortion of n-point subsetsof L. In
fact, thebeﬁarbitrarily large n-point subsetsof L ; on which any linear embeddinginto L, incurs distortion

at least ”2—1 This follows from the following simple lemma:

Lemma 3.1. For everyl p 1 there are arbitrarily large n-point subsetsof L, on which any linear

emtedding into L, incurs distortion at least "t 1= 1=

are the standard unit vectorsin 2°. Considerthe setA = fOg[ fw; gizzkl [ f(—:».gizzkl oo Let T:7p ! Lo
be any linear operator which is non contracting and L-Lipschitz on A. Assume rst of all that 1 p< 2.
Then:

C(1s2 < X X X
K027 = kwikd KTwik3 = wi T(g)
i=1 i=1 i=1 j=1 5
R R X
= hwi;wji HT(e);T(g)i = 28 KkT(g)ks 4% L?;
i=1 j=1 j=1
e K=p 1=2) — jAj 1 P 12 ; ;
which implies that L 2 = 5 . When p > 2 apply the samereasoning, with the
inequalities reversed. O

We remark that the above point set was also used by Charikar and Sahai [4] to give a lower bound on
linear dimensionreduction in L;. Their proof useda linear programming argumert, which doesn't seemto
be generalizableto the the caseof Ly, p> 1. Lemma 3.1 formally implies their result (with a signi cantly
simpler proof), and in fact provesthe impossibility of linear dimensionreduction in any L, p6 2. Indeed, if



there were a linear operator which emrbedsA into "% with distortion D then it would alsobeaD di*= 12
"™ j1=p 1=2]
embedding into 9. It follows that D LoV . Similarly, since by John's theorem (seee.qg. [21])

. . . P . . o
any d-dimensionalnormed spaceis  d equivalent to Hilb ert space,we deducethat there are arbitrarily large
n-point aubsetsof L4, any linear embedding of which into any d-dimensional normed spaceincurs distortion

n 1
at least 5.

4 An inherently high-dimensional doubling metric in L,

This sectionis devoted to the proof of Theorem 1.3.

of Theorem 1.3. Considerthe Laaksographs,fG;gl, , which are de ned asfollows. Gy is the graph on two
vertices with one edge. To construct G;, take six copiesof G; ; and scaletheir metric by a factor of %. We
glue four of them cyclicly by identifying pairs of endpoints, and attach at two opposite gluing points the
remaining two copies. SeeFigure 1 below.

Gy e o

G,

NN N

Figure 1: The Laakso graphs.

As shown in [12], the graphsf GigL, areuniformly doubling (seealso[13], for a simple argumert showing
they are doubling with constart 6). Moreover, sincethe G;'s are seriesparallel graphs, they embed uniformly
in Ly (see[6]). q

We will shov below that any embedding of G; in Lp, 1< p 2 incurs distortion at least 1+ pTli. We

then concludeasin [14] by obser(\q/ingthat *{ is 3-isomorphicto *§ whenp= 1+ 5, sothat if G; embeds

with distortion in ¢ then mlim- This implies the required result sincei  logjG;j.

The proof of the lower bound for the distortion requiredto embed G; into L is by induction oni. Weshall
prove by induction that whenewerf : G; !q L, is non-cortracting then there exist two adjacert verticesu; v 2
Gi sudh that kf (u) f(v)kp dg (u;v) 1+ pTli (obsene that for u;v 2 G; 1, dg; ,(u;Vv) = dg, (u;V)).
For i = Othereis nothing to prove. Fori 1, sinceG; cortains an isometric copy of G; 1, thereareu;v 2 G;




q__
corresponding to two adjacert verticesin G; i1 sudh that kf (u) f(v)k, dg (u;v) 1+ pTl(i 1). Let

a; b be the two midpoints betweenu and v in Gj. By Lemma 2.1in [14],
kf(u) f(WKZ+ (p 1kf(a) f (DK
kf(u) f(a)k3+kf(a) fWKS+KF(v) f(DKS+kf(b) f(uks:
Hence:
maxtk f (u) T (a)k3;kf (a) f(v)kZKf(v) f (DK Kf(b) f(u)kig
L v f(v)k§+%(p 1k (@) f (D3

4
1 1. 1
a 1+ p4 (i 1) dg (u;v)?+ pTdGi(a;b)2
1 1.
= 7 1+ p4 i dg, (u;v)?
= 1+ p41i maxf dg, (u; a)%; dg, (a;V)?; dg, (v; b)?; dg, (b;u)?g:

O

We end this section by observing that the above approach also gives a lower bound on the dimension
required to embed expandersin "1 .

Prop osition 4.1. Let G be an n-point constant degree exmnder which emkedsin *¢ with distortion at most
. Thend n@ =),

Proof. By Matousek'slower bound for the distortion required to embed expandersin *, [18], any embedding

of G into ", incurs distortion "’% . Since{ is O(1)-equivalent to "{ ;, we deducethat log n

logd -
O

We can alsoobtain a lower bound on the dimensionrequired to embed the Hamming cube f 0; 1g¥ into *; .
Our proof usesa simple concertration argumert. An analogousconceriration argumert yields an alternativ e
proof of Proposition 4.1.

Prop osition 4.2. Assumethat f0; 1g¢ emledsinto “¢ with distortion . Thend 2@ =),

Proof. Let f = (fq;:::;fq) : f0;1g ! "¢ be a corntraction such that for every u;v 2 0;1g9, kf (u)
f (V)ka Ld(u;v) (where d(; ) denotesthe Hamming metric). Denote by P the uniform probability

measureon f0;1g¥. Sincefor every 1 i  k, f; is 1-Lipschitz, the standard isoperimetric inequality on
the hypercube implies that P (jfi(u)  fij k=4 )) e (k=°. On the other hand, if u;v 2 f0;1g
are suc that d(u;v) = k then there exist 1 i d for which jfi(u) fi(V)] k=, implying that

maxfj f;(u)  fij;jfi(v) fijg> k=(4 ). By the union boundit followsthat de (= * 1 asrequired. O

5 Snow ak e versions of planar metrics

The problem of whether there is an analog of the Johnson-Lindenstraussdimension reduction lemmain L,
1< p< 2,is an interesting one which remains open. In view of the above proof and the proof in [14], a
natural point setwhich is a candidate to demonstrate the impossibility of dimension reduction in L, is the
realization of the diamond graph in “; which appearsin [3], equipped with the *, metric. Sincethis point set
consistsof vectors whosecoordinates are either 0 or 1 (i.e. subsetsof the cube), this amourts to considering
the diamond graph with its metric raisedto the power % Unfortunately, this approach cannot work; we shov

below that any planar graph whosemetric is raisedto the power 1 " has Euclidean distortion O (1=" ).



Given a metric space(X;d) and " > 0, the metric space(X;d! ") is known in geometric analysis (see
e.g.[8]) asthe 1 " snaw ak e version of (X ;d). Assouad'sclassicaltheorem [1] states that any snow ak e
version of a doubling metric spaceis bi-Lipschitz equivalent to a subsetof some nite dimensional Euclidean
space.A quartitativ e version of this result (with boundson the distortion and the dimension) was obtained
in [7]. The following theorem is proved by combining embedding techniques of Rao [23] and Assouad[1]. A
similar analysisis alsousedin [7]. In what follows we call a metric K ; -excludedif it is the metric on a subset
of a weighted graph which doesnot admit a K, minor. In particular, planar metrics are all K 5-excluded.

Theorem 5.1. For anyr 2 there existsa constant C(r) suchthat for ever}¥0< <1, al " snowake
version of a K -excludel metric emleds into ", with distortion at most C(r)="".

Our argumert is basedon the following lemma, the proof of which is corntained in [23].

Lemma 5.2. For everyr 2 thereis aconstant = (r) suchthat for every > 0 and every K, -excludel
metric (X;d) there existsa nitely supported probability distribution  on partitions of X with the following
properties:

1. For every P 2 supp( ), and for every C 2 P, diam(C)
P
2. For everyx 2 X, cop d(X; X nC)
Obsene that the sum under the expectation in (2) above actually consistsof only one summand.

Proof of Theorem 5.1. Let X be a K,-excludedmetric. For eachn 2 ,wedene amap , asfollows. Let

o be the probability distribution on partitions of X from Lemma 5.2 with = 2@ ") Fix a partition
P 2 supp( n). Forany 2 f 1;+1gPl, consider to beindexedby C 2 P sothat ¢ hasthe obvious
meaning. Following Rao [23], de ne

r X

M 1

p(X) = >P7 ¢ d(x;X nC);
2f  1;+1giPi c2P
. L P—— .
and write , = P2supp( n) n(P) p (herethe symbol refersto the concatenation operator).
Now, following Assouad[1], let fe g, be an orthonormal basisof ",, and set
X —q
(x)= 20 ) e
n2

Claim 5.3. For everyn 2, and x;y 2 X, we havejj n(X) n(Viz2 2 min d(x;y);2"¢ " .
Additionally, if d(x;y) > 2@ ) thenjj n(X) n(Vj2 27C .

Proof. For any partition P 2 supp( n), let Cy; Cy bethe clustersof P cortaining x andy, respectively. Note
that sincefor every C 2 P, diam(C) 2™=@ ") whend(x;y) > 2"=¢ "), we have C, 6 Cy. In this case,

ir()  PWIZ = ot 1s1gfi) 6, dX X NCy) ¢, dy; X nCy)j?
d(x; X nCx)?+ d(y; X nCy)?
5 :
It follows that
i) Wiz = i P () e (Y)ii3
LdOG X nCy)2+  d(y; X nCy)? = ") 2:
2

On the other hand, for every x; y 2 X, sinced(x; X nCy);d(y; X nCy) 2"™=@ ") wehavethat jj p(x)
PMiiz 2 min d(xy); 2= ) hencejj n(x)  a(iiz 2 min digy);2=E O



To nish the analysis,let us x x;y 2 X and let m be sud that d(x;y)* "2 2m;2™*1 | In this case,

iCx) (i3 2 2= VK () (YK

n2X X )
4 2"+ 4d(xy)2 2@

n<m n m
- 22m+1 + 4d(X y)2 2= (")
YTz EEa

= 0(1=") dx;y)**
On the other hand,

k(x) (Viz 2™ 9% n(x)  m(y)ks 27 §0I(><:y)1 '

The proof is complete. O
Remark 5.4. The O(l:p ™) upper bound in Theorem 5.1 is tight. In fact, for i 1:",pthe 1 "snowvake
version of the Laakso graph G; (preserted in Section 4) ha"s Euclidean distortion  (1=" 7). To seethis, let
f :Gj! ", beany non-cortracting embedding of (Gi;déi ) into ",. Forj i denoteby K; the Lipschitz

constart of the restriction of f to (Gj;dg, ') (as before, we think of G; asa subsetof G;). Clearly Ko = 1,

2
and the samereasoningasin the proof of Theorem 1.3 shows that forj 1, Kf Kjl—l + 1. This implies

1
that K2 2+ &+ 10+ 4 = (1 ="), asrequired.
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