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Abstract

We studythe sparsity of real polynomialsthat signrepre-
sentparity on variables,ead of which takesvaluesfrom
some nite subset of integers. While the degree of such
polynomialshas beenwell studied[15, 1], relatively little
is knownabouttheir sparsity. We studythis problemusing
DescartesRuleof Signs,a classicalresultin algebra, relat-
ing the sparsity of a polynomialto its numberof real roots.

We showthat signrepresentingparity over

with thedegreein ead variableat most requires
spamsityatleast . We showa boundof for weak
representations\e showthat a tradeof existsbetweerspar
sity and degreg by constructinga sign representationthat
hashigherdegreebut lower spaisity. In somecasesthe dif-
ferencein spassitiesis exponential We showa lower bound
of on the spaisity of polynomialsof any de-
greerepresentingparity over . We prove
exactboundsonthesparsity of suc polynomialsor anytwo
elemensubset .

We showthat for depth-twoAND-OR-NQ circuits with
a ThresholdGate at the top, the minimumcircuit sizefor a
function equalsthe minimumspairsity of a polynomialsign
representing overacertainbasis.We usethisto givea sim-
ple proofthat sud circuitsneedsize to computepar-
ity, which improveson previousboundg8]. We alsoshowa
tight lower boundof  for the inner productfunctionover

The main technical tool usedis Descartesule of signs.
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Our boundsholdfor variousbasesvhere Descartesignrule
is valid.

1. Intr oduction

bevariabledak-
be a 0-1 functionon
is saidto sign

Let beasubsebf andlet
ing valuesin . Let
. A polynomial

represent over  if

Suchpolynomialsarealsoreferredto asPolynomialThresh-
old Functionsor Perceptrons.

Suchrepresentationsave beenwell studiedin computer
scienceThey wereby Minsky andPapert[15] in the context
of computationalearningtheory Many of the bestknown
algorithmsfor learningclassesf functionsare obtainedby
shawing that functionsin that classcan be representedby
polynomialsof low degree[11, 16]. They are extensvely
usedin compleity theoryto shav boundson small depth
circuits. For instance Aspneset al. [1] studyhow well par
ity canbe approximatedy the sign of low degreepolyno-
mials. They usethis to give a new proof that parity is notin

. Beigeletal. [7] usecertainpolynomialconstructions
to prove closurepropertiesof PR Many relatedresultsare
discussedh thesurwey by Beigel[5]. Finally, they areof in-
terestas a restrictedalgebraicmodel of computation.This
givesrise to somenaturalcompleity measuresnamelythe
minimumdegreeandsparsityneededo represené function.
Unlike in exactrepresentationgolynomialsthatsignrepre-
senta given function are not unique,which makesthe task



of proving lower boundsnontrivial. Thesurey by Sakg[19]
discussesnary interestingquestiongelatedto algebra,ge-
ometry and combinatoricghat arisefrom the study of sign
representations.

1.1. DegreeversusSparsity

The degree of suchrepresentationss betterunderstood
thanthe sparsityfor a coupleof reasonsFor mary applica-
tionsmentionedreviously, thedegreeis theparameteof in-
terestDegreeis lessdependenthansparsityonthechoiceof

. It is invariantunderlineartransformation®f . Another
tool which helpsin studyingthe degreeof symmetricfunc-
tionsis symmetrizationjntroducedin [15]. Let beasym-
metricfunctionandlet be a polynomialthatsignrep-
resents . If is symmetric,it is easierto shav bounds
onits degree.Otherwise,

is a symmetricpolynomialof the samedegreethatsignrep-
resents . Henceit sufces to shav lower boundsfor sym-

metric polynomials Finally, suppose .The
polynomial is identically zeroover
for all . Dividing a polynomial by doesnot change

its valueover . Hence,it is sufcient to considempolyno-
mials wherethe degreein eachvariableis at most
However it is easyto seethatall the abose operationscould
changethe sparsitygreatly and hencethey cannotin gen-
eralbeusedto shav boundson sparsity

Why is sparsityinterestingand what can one hope to
sayaboultit? Sparsityof polynomialsplay animportantrole
in real algebraicgeometry Unlike over algebraicallyclosed
elds, the numberof real roots of a univariatereal polyno-
mial canbe boundedn termsof the numberof monomials
appearingn it (independenbf the degree). This is a con-
sequencef a very old andclassicalresultcalled Descartes
Rule of Signs[4, 18]. De ne the sparsityof a polynomial
to bethenumberof monomialghatoccurin it with non-zero
coefcients. We will denoteit by
DescartesRule of Signs: Let be a univari-
ate polynomial. Thenthe numberof positivereal roots of
countedwith multiplicitiesis boundedy the numberof sign
variationsin the sequencef its non-zeo coefcients writ-
tenin order In particular, the numberof positiveroots of
countedwith multiplicity is boundedy .

Descartesuleillustratesthatfor realunivariatepolynomi-
als,sparsityis animportantparametecontrollingthenumber
of realzeros.It formsthe basisof mary ef cient algorithms
for realrootcounting[4]. An importantopenproblemin real
algebraicgeometryis to nd properanalogue®f Descartes
rule for multivariatepolynomials. Thetopologicalcomple-
ity (as measuredby the Euler characteristicor the Betti
numbers)f thereal zerosof a multivariatereal polynomial

canstill be boundedin termsof the sparsityof the polyno-
mial independenof the degree[10, 3]. However, theknown
boundsareexponentialin the sparsityandarebelievedto be
nowhereneartight. A propergeneralizatioof Descartesule
to multivariatepolynomialsis still elusive andremainsama-
jor openproblemin real algebraicgeometry(see[20] and
[13] for interestingconjecturesand counterexamplesand
[14] for resultsin specialcases)One of our motivationsis
to understandheimplicationsof Descartesule for signrep-
resentationandto seeif somenon-trivial boundson spar
sity canbe showvn for multivariatepolynomialsin this sim-
pler discretesetting. Parity is a naturalcandidateto begin
with, sincesign representingarity over

is clearlyrelatedto Descartesule in onevariable.

Studyingsparsitygives usefulinsightsaboutsign repre-
sentationsUnlike in exactrepresentationghe polynomials
thatsignrepresena functionarenotunique.A naturalques-
tion to askis what are the different kinds of polynomials
thatsignrepresenparity. Boundson sparsityprovide anan-
swerto this questionin somecasesFor instancethe polyno-
mial signrepresentgparity over .
We will shav thatin any multilinearsignrepresentatiorthe
sign of every coefcient must be the sameas above. An-
other interestingquestionregarding sign representationss
to studytradeofs betweenparametersuchasdegree,spar
sity andcoefcient sizefor polynomialsrepresenting func-
tion. Tradeofs betweercoefcient sizeanddegreearestud-
ied in [6]. We prove a degreeversussparsitytradeof (over
somebasesYor parity. This is the rst suchtradeof to our
knowledge.

Lower boundson the sparsityof signrepresentationsan
beusedto prove circuit lower boundsWe shaw thatfor cer
tain small depthcircuits, circuit sizeis equalto the sparsity
of signrepresentationsf afunction overanappropriately
chosenbasis.This differs from mostprevious resultsrelat-
ing sign representationto small depthcircuits, in that the
importantparametehasbeenthe degree[5].

1.2. Our Results

We studythefollowing problem:Let be
asetofintegersof cardinality . Let for . De-
ne theparity function tobe if thesumof
the isevenand otherwiseWhatisthesparsity of poly-
nomialsthat signrepresentparity over  ?

We startby considering . We reprove the re-
sult of Minsky andPapert[15] thatarny polynomialthatsign
representparity hasdegree andsparsity .Wegeneralize
thisto show thatrepresentingarity over
with thedegreein eachvariableat most requiresspar
sity . Moreover, we show thatthe signof eachcoefcient
is x ed.

Weak representationan have exponentially smaller
sparsitythan strongrepresentationd-or instancethe poly-



nomial weakly representgarity over . We
shav a bound of on the sparsityof weak rep-
resentationsover , with the degree in

each variable at most
we shav a lower bound of
tions.

Theseresultsshav thatlow degreerepresentationmust
have high sparsity We show thata tradeof existsby a sim-
ple constructionof small sparsity but higher degree. For

this gives sparsity with degree . For
, our constructiorgivesa weakrepre-

sentatiorof sparsity . We shaw thatfor certainsets
of size , thesparsitycanbeaslow as .

We thenshow alower boundof onthespar

sity for polynomialsof ary degreerepresentingparity over

. This allows usto prove tight upperandlower
bounddorary elemenset .Forlargevaluesof thereis
alarge gapbetweerthis lower boundandour upperbounds.
We areunableto closethis gap.

We study depth-two AND-OR-NOT circuits with a
thresholdgate at the top. We shaw that the minimum cir-
cuit sizefor afunction in this modelequalsthe minimum
sparsity of a polynomial sign representing over a cer
tain generatingsetof polynomials.Usingthis we give a sim-
ple proof that any suchcircuit for parity hassize at least

. In fact for ,
even for weak representa

- . Thebestboundknown previouslywas - —. We also
shav a lower bound of for computingthe inner prod-
uctfunctionover whichis tight.

We usethe self-reducibility of parity to prove that poly-
nomials representingparity over must have a certain
structure:they mustbe built from polynomialswhich rep-
resentparity in fewer variablesover . For instance,if

signrepresentparity over

, andif thedegreein is boundedby , thenwe
show that
where representgarity on variables.We

male extensve useof Descartesule of signswhich relates
the roots of a univariate polynomialto its sparsityandthe
signsof its coefcients. In generalizingesultsfor to

, we usepropertieof thegeneralized/an-
dermondamatricesandtheir inverseswhich arein factcon-
sequencesf Descartesule. One of the main dif culties in
studying sparsityis that a changeof basiscan affect spar
sity greatly Our techniquesvercomethis obstacleandhold
for mary differentbasesvhereDescartesule is valid.

1.3. RelatedWork

Minsky and Papert prove that representingparity over
inputs needsdegree andsparsity  [15]. Krause

and Pudlak [12] shav that thereis a Booleanfunction
that hasexponentialsparsityin the basisbut poly-
nomial sparsityin the basis.O'Donnell and Senedio
[17] study variousextremal propertiesof suchrepresenta-
tions. They show thatoverthe basis,every Boolean
function hassparsityat most . Many otherre-
sultsregardingsparsityof randomBooleanfunctionsin the
basiscanbefoundin [17, 19].

ConstantdepthAND-OR-NQOT circuits with a threshold
gate at the top have beenstudiedpreviously (see[8] and
the referencegherein).Goldmannshaws that ary suchcir-
cuit with constantdepthfor computingparity needsexpo-
nentialsize. Thereit is shavn usingrandomrestrictionsthat
a depth-two circuit computingparity needssize - - —, this
is attributedto Hofmeister KrauseandPudlak.

2. Preliminaries

We usethe vector notation to denote
and to denote f is a polynomial
in , We use to denotethe poly-
nomialin obtainedby substituting

in . For , the signof denoted is is
or dependingonwhether is positive, negative or

For a subset of the integers, we de ne the Parity
function on as follows: for ,
if is evenand if
is odd.
The degree of a polynomial
. It is the maximum of over all monomi-
als that occur in with non-zerosupport.
We will also use the degree in each variable. In addi-
tion to the overall sparsity , we alsode ne the sparsity
in aparticularvariable  to bethe numberof distinctpow-
ersof that occurin . Note that this is different
from the numberof monomialsof in which ap-
pearsClearlyif signrepresents , then

signrepresents .

is denoted by

De nition 2.1 [1] A polynomial
sents over if oneverypoint

weaklysignrepre-

andfurther isnotzewo ateverypointin

If apolynomialdoesnotoutput arnywherein , wecall
it a strongrepresentationA sign representatiomy default
will meana strongrepresentationrhenext lemmastateghat
the setof polynomialsthatsignrepresent is closedunder
positive linearcombinationandwill beusedrepeatedly

Lemma 2.2 For , let be polynomialsin
that weaklysignrepresent andlet be positive



reals.Let

Then weaklysignrepresents .

Proof: Let . Suppose . Then

Similarly if . Furtherif for somein-
dex , then . Sincethe polynomi-
als arenotidenticallyzeroover isalso
notidentically zeroover . Henceit is aweaksignrepre-
sentatiomof . |

It follows from the proof thatif ary of the polynomials
stronglyrepresent , thensodoes

2.1. DescartesRule of Signs

Theorem2.3 [18, 4] Descartes Rule of Signs: Let

be a real univariate polyno-

mial. Let denotethe numberof sign changesin the se-

guence . The number of positive roots of
countedwith multiplicity is boundedyy .

In fact, Descartegule holds for the Newton basis, the
Bernsteirbasisandmary otherbase®f polynomials We re-
ferthereadetto either[18, 4] for details.The next two state-
mentsaresimplecorollariesof Descartesule.

be a real univari-

denotethe numberof sign changesin

. Thenumberof nega-

countedwith multiplicity is boundedby

Corollary 2.4 Let
atepolynomial.Let
thesequence

tive roots of

Corollary 2.5 Let be a uni-
variate polynomialwritten in the monomialbasisshiftedby
. Let denotethe numberof sign changesin the sequence
. Thenumberof rootsof in
countedwith multiplicity is boundedyy .

Lemma 2.6 [18] Let
. Let
sud that . Let

be integers sud that
be positivereal numbes

Then

We referto this matrix asthe generalized/andermondena-
trix. Notethatthestandard/andermondenatrixcorresponds
to setting .

Proof: We will insteadwork with thedeterminant

Thisdeterminants obtainedrom theoriginaloneby aneven
numberof row and columninterchangesenceit hasthe
samesign. Theproofis by inductionon . Thecase is
trivial. Assumehatthestatemenholdsupto . Now con-
siderthepolynomial

The sparsityof is boundedby , henceby Descartes
rule, it hasat most positive roots. But

arerootsof . Hencethereareno otherroots.Hencethe
signat  (oratary pointto theright of ) isthesameas
thesignat . Thisin turnis thesingof theleadingcoef-
cient of . But this coefcient is precisely

whichis positive by theinductionhypothesis. |}

be the inverse of the Genenlized Van-
. Then whee

Lemma2.7 Let
dermondeMatrix

Proof: Fromtheformulafor theinverseof a matrix,

where is the minor of the entry is alsoa gen-

eralized Vandermondematrix. Hence by Lemma 2.6,

both and are strictly positive. Hence
i

We will alsoneedthe casewhen f , then
clearlythe rst row is all s andthe determinantvanishes.
Ontheotherhand,if we getthe matrix



Lemma?2.8 Let be the inverse of the matrix . Then
if and otherwise
3. Lower Bounds
3.1. StrongRepresentations
We rst considerthe casewhen . Assumethat

signrepresentparity over . Over0-1inputs,
for . We canusethis to reduce to
a multilinear polynomial. This substitutioncanonly reduce
the degreeand the sparsityof . So we may assumethat
is multilinear

Lemma 3.1 If signrepresentgarity over ,

@
whele signrepresentgarity on variables
and signrepresentshe complemenof parity.
Proof: Since is multilinear,

Thepolynomial representparityon vari-

ables.The polynomial
ment. Hence

is the sumof two polynomialsthat sign representhe com-
plementof parity. Hence and areasclaimed. |}

representsts comple-

The polynomial sign representgarity
over . We will shawv that one cannotdo betterwith
regardto degreeor sparsity

Theorem3.2 [15] If sign representsparity over
, thenit musthavedegree andsparsity

Proof: Obsenethatthesparsitypoundof  impliesthatev-
ery monomialincluding hasanon-zerocoefcient,
hencethe degreeis . Soit is sufcient to prove the spar
sity bound.The proofis by inductionon

When , we want so that
and . Thisimplies
and . Hencethe claim is true. Assumeinduc-

tively thattheclaim holdsfor variablesWrite

asin Lemma3.1. Obsenre that ,
since there cannotbe cancelationsbetweenthe monomi-
alsin and . By theinductionhy-
pothesis ,hence |

We canstrengtherthe claim to shov that not only must
all monomialshave non-zeracoefcients but eventheir signs
mustthe sameasin . For , wedenote

the coefcient correspondingo the monomial by

Theorem 3.3 If
the signof the coefcient
is

sign representgarity on ,
correspondingo the monomial

Proof: We have alreadyveri ed the case in Theo-
rem 3.2. Assumeinductively thatthe claim holdsfor
variables Write asin Lemma3.1. The monomials

involving  comefrom while thosenotin-
volving comefrom . Now consider
suchthat . Thecoefcient in is the same
asthe coefcient in . Since repre-
sentgparity on variableshence by
theinductionhypothesisFor suchthat , the

coefcient  in is equalto the coefcient

in . Since representghe comple-
mentof parity, by induc-
tion |

We will now generalizethe abose theoremto the case
when andthe degreein eachvariable
is at most . To constructa polynomialsignrepresent-
ing parity satisfyingtheseconditions,for ,
pick . Set

It canbeveri ed that

on .For , let
thesepolynomialsare zeroat every point in

indeedsignrepresentparity

. Clearly
. Givenary

polynomial which sign representparity over
we candivide by the polynomials so that
theremaindehasdegreeat most ineach .However

we will shawv thatsuchpolynomialsrequiresparsity

Lemma 3.4 If sign represents parity over
, andif thedegreein is boundedby
, then
@
whee representparity on variables.
Proof: Since , by collectingmonomials
by the power of which occursin them,



By substitutingvalues through for ,weget

where is theinverseof the Vandermondenatrix.
By Lemmaz2.8, if and
otherwise Thisimplies

where .Hence signrepresentparity on vari-
ables.For , where

For each , the polynomial rep-
resents parity on variables. Hence by Lemma
2.2, each also representgarity on vari-
ables. ||

By usinganinductionargumentsimilar to Theorem3.2,
we canprove thefollowing claim.

Theorem 3.5 Let be a polynomialthat signrepre-

sentgarity over , with
forall . Then hassparsity andthe sign of the
coefcient of themonomial is

Proof: The basecase is an applicationof Descartes

rule.Let

Let . Since and have opposite
signs, hasaroot in theinterval . Since
thedegreeof is boundedy ,

To determinghe signof , Substitute
Since representparity, . Sinceall the
arepositive,we musthave . Now ap-

plying Descartesule,since has

mustbe  sign changesn the sequence

Hence, . Thisimpliesthat .
The inductive case proceedsusing Lemma 3.4 ex-

actlyasin Theorem3.3.We skiptheproof. ]

positiveroots,there

Corollary 3.6 If sign represents parity over

, it hasdeggreeat least

Proof: We candivide by the polynomials

so that the degreein each  is boundedby . This
can only reducethe overall degree. By Theorem3.5, the
sparsity is at least . This implies that every mono-
mial occurs with non-zero coef-
cients. This proves that the overall degree is at least

The sameproof extendsto setsof the form
for . This implies the following
corollary, by taking and

Corollary 3.7 If
signrepresentgparity over

is a multilinear polynomialthat
, it hasspairsity

A naturalquestionis whathappensf we allow polynomi-
alsof higherdegree. It mightbethattherearepolynomialsof
high degreeandlow sparsityandapplyingthe degreereduc-
tion causeghe sparsityto blow upto . We will address
this questionin Section .

However, we canrelax the requirementin Theorem3.5
thatthe degreein eachvariableis boundedby to the
sparsityin eachvariableis boundecdby  andshow thatthe
overallsparsitystill needd¢obe . Henceif locally in each
variablethe sparsityis small, overall the sparsityneedsto
belarge.We will prove this by shaving thatananalogueof
Lemma3.4holds.

Theorem 3.8 Let
sentsparity over
ead variable

be a polynomialthat signrepre-
, with the sparsity in
hasspaisity

atmost .Then

Proof: Since has at most distinct power
of , by groupingmonomialsby the power

of ,weget

We will
ity on

shav that represents par
variables Substitutingvalues for



givesusasystemof equationsimilarto whatwe hadbe-
fore, exceptthat we have a generalizedvandermondama-
trix . By Lemma2.8,the signof the entryin is
thesameasin . Hencethe sameproof holdsand
representparity on variables The sparsityboundfol-
lows by induction. |

Finally we considersparsityin the shiftedbasis
. For instanceparity over canbe
representedvith sparsity by taking but we have
seenthatit needssparsity  in the usualmonomialbasis.
Howeverfor large , the sparsitydoesnot changeoo much
by shifting.

Corollary 3.9 Let be a polynomialthat sign repre-

sentsparity over . If the sparsity of each

in isboundedby — inthemonomialbasisshiftedby
,then hasspasityatleast —

Thisfollows trivially from the obsenationthatfor ary , the
polynomialsignrepresentparityon — pointseitherto the
left or to theright of . This shows thatthe exponentialde-
creasen the caseproducedy shiftingto was
because was2. For , the sparsityin ary shiftedba-
sisis exponentialin

3.2. Weak Representations

We now study weak representationfor parity with low
degree.Over , thepolynomial gives
aweakrepresentatiowith sparsity , andin factthisis opti-
mal with regardto degreetoo.

Lemma 3.10 [15, 1] Any polynomialthat weaklysignrep-
resentgarity over hasdegree .

We shaw that over , a lower
boundof still appliesfor weakrepresentationshen
thedegreein eachvariableis at most

Lemma3.11 If weaklysignrepresentgarity over
, andif thedegreein is bounded
by , then
®3)
wheie for , weaklyrepresentgpar-
ity on variables.

Proof: Themaindifferencefrom Lemma3.4is thatwe need
to shav that the polynomials are not zero at
somepointin . By substitutingvalues through
for andinvertingthe Vandermondenatrix, we get

For andsuitableconstants , we get

Since weaklyrepresentparityon , eachpoly-
nomial for eitherweakly repre-
sentsparity, or it is identically over . Since

being a weak representations not identically zeroon

at leastone of the polynomials is not identi-
cally zero over . Hence,for the polynomials
weakly sign represenparity on by

Lemma2.2.

Note that could beidenti-
cally zeroon . |

We will usethis to showv a lower boundof on
the sparsityof weakrepresentationsver . Thebasecase

is provedusingLemma3.10.
Lemma 3.12 Anyunivariatepolynomial thatweakly
sign representsparity over has degree at
least
Proof: Assume that . Let
. Set

Clearly weakly sign representsparity on

and hasdegreelessthan , which contra-

dictsLemma3.10. |}

Lemma 3.13 Anyunivariatepolynomial
signrepresentgarity over
rootsin theinterval

thatweakly
musthave

Proof: Considerthe factorizationof over thereals.
It may have irreduciblefactorsof degree . Irreduciblefac-
tors do not have rootsin andhencethey do not
changesign. Sowe will have a signrepresentatiomven af-
ter factoringout suchirreduciblefactors.Similarly, consider
alinearfactorof theform where .
is non-zercover andits signremainghe



samehencet canbefactoredout. Thisleavesuswith aprod-

uctof theform , Where . Fur
therwe mayassumehatthereis arootof multiplicity atmost
at . If not, we canwrite for

Thepolynomial hasthesamesignovereachpoint
in andonly smallerdegree.

We are now left with a polynomial
, which weakly sign repre-
sentsparity on

. By Lemma3.12,this polynomialhasde-
gree at least . Since is a root of multiplicity at
most , at least of the roots  lie in the inter
val . |

Theorem3.14 Let
representsparity over

be a polynomial that weakly
. If the degree of

eadh  is boundedby , then hassparsity at least
Proof: The proofis by induction.When , by Lemma
3.13 has rootsin .Henceby Descartes

rule,it hassparsity
by inductionon

. We now useLemma3.11andgo
. FromEquation3 it followsthat

By 3.11, for , each  weakly representsarity or
its complementhence by induc-
tion. Hence . |

In the casewhen , if we restrictthe de-
greein eachvariableto , we have shavn thata lower
boundof holdsfor strongrepresentationdVe will shav
thatexactly the sameboundholdsevenfor weakrepresenta-

tions.

Corollary 3.15 Let be a polynomialthat weakly

representgarity over . If thedeggreeof each
is boundedoy ,then hassparsity at least
Proof: Let be asabove. We claim thatthe polyno-

mial

weakly representgarity over . This is be-
causeif ary of theinputs ,then . Other
wise, since for each , hasthe samesignas
. Thedegreein eachvariablein is at most

. Hence by applyingTheorem3.14,we get
But . Hencewe get a lower boundon the

sparsityof . |

4. Upper Bounds

Doesthelower boundof in Theorem3.5 hold for all
polynomials?r canwe tradeof degreeandsparsityand nd
highdegreepolynomialshatbeatthe = bound?At leastfor
somechoicesof , suchatradeof isindeedpossible.

Theorem4.1 There existsa polynomial that sign
representsparity over with degree  and sparsity
Proof: Set maps to dis-
tinct points in . It mapsall permutation®f a

givenvectorto the samepoint, but if two vectorsarenot per
mutationsof eachother, they aremappedo differentpoints.

Choosepoints for andlet
The polynomial sign repre-
sentsparity. Its sparsityis anditsdegreeis . |

In contrastby Corollary 3.7 we know that for multilin-
earpolynomialsthe overallsparsityshouldbe . A similar
constructions possiblefor ary set |, take and
thenconstructa univariatepolynomialin ~ asabove. This
may not give a strongrepresentatioffor all . For instance
if and , thentaking maps
both and to the samepoint, thoughtheir par
ities are different. However this happensecause
In generalif the above constructiondoesnot work, then
there must be integers not all zero such that

. We canusethis obsenationto getasign
representatioover the monomialbasisshiftedby .

Theorem4.2 For anyset of cardinality sud
that parity can be sign representedover in the mono-
mial basisshiftedby by a polynomial of sparsity
at most anddegree

Proof: Let and be
inputsin  which arenot permutation®f eachother Con-

siderthesetof suchthat

(4)

The polynomialin , hasroots

whereaghe polynomial hasroots

Sincethey don't have the samemulti-setof roots,they must
bedistinctpolynomials.Their differenceis a non-zeropoly-
nomialof degreeatmost in .Hencethereareatmost so-
lutions.Hencethereis only a nite set of valuesfor such
thatequalityholdsin Equation(4)for somepair

Pick an . Set f and

arepermutation®f eachother they aremappedo thesame



pointin . If not,by ourchoiceof ,they aremappedo dis-

tinct points.Hence thepointsof =~ aremappedo

distinctpointsin . We now constructa polynomial

that has the right sign at eachpoint . We get the de-

sired polynomial by setting in
. Its sparsityis boundedby in the mono-

mial basisshiftedby . The degreeis at most

In the standardmonomialbasis,we canstill geta weak
representatiorof parity.

Theorem4.3 For anyset of non-n@ativeintegers of car-
dinality , parity can be weaklysign representecbver
bya polynomial thathasspaisity at most

anddeyree

Proof: Set . This mapspointsin to at most

distinct pointsin . We now constructa poly-

nomial as follows. It may happenthat points in
that differ in parity are mappedto the samepoint.

will output on suchpoints. At the other points,  out-

puts a positive or negative value dependingon the parity

of the point in . We needto show that is not al-
ways . Let be the maximumvaluein . Only the
point ismappedo ,andhere isnon-zero.
Hence isaweakrepresentatiowith the desiredparame-

ters. |}

We have boundedhesparsitieof thepolynomials and
by . We will studytheseconstructionsn more
detail when . In fact,for  x edthe spar
sity of the polynomial is . Thisis a conse-
guenceof Erdos' multiplication table theoremwhich states
thatthe numberof distinctintegerslessthan ~ which can
be expressedisthe productof numberseachlessthan
is [2]. We will shav anearlytight lower bound.
Callapoint in ambiguousf thereexist in
which differ in parity, but however
We rst shav thattherearemary ambiguougoints.

Lemma4.4 For sufciently large, thenumberof ambigu-
ouspointsis atleast ——

Proof: We prove the Lemmafor , the caseof larger
is similar. Considerall pointsof theform where  are
distinctodd primeslessthan —. Suchpointsareindeedam-

biguoussince and areboth mappedto
Further . Since —, thisen-
sures and arein . Eachchoice

of apairof distinctprimesgivesadifferentambiguouspoint.

The numberof suchpairsis —
bertheorem9]. |}

by the prime num-

Corollary 4.5 For and sufciently
large, the spassity of thepolynomial  constructedn The-

orem4.3is —_—

Proof: The polynomial  mustoutput on every ambigu-
ous point . Henceit has ——  positive roots by
Lemmad4.4.Now applyDescartesule. |

Corollary 4.6 For and sufciently
large, for sufciently small , the spaisity of the polyno-

mial  constructedn Theoem4.2is —

Proof: Considerthe sequence consistingof the numbers
for in sortedorder To eachpointin

, We associata signaccordingto . Notethatby
thechoiceof , we canassociatéhesesignsunambiguously
The numberof signchangesn  is alower boundon the
sparsityof by Descartesule.

Considerthe sequence consistingof theintegers
in sortedorder We will shav thatthe numberof ambiguous

pointsin isalowerboundonthenumberof signchangesn
. Correspondingo eachambiguougoint in , wehave
points and in  such

that , and .

For eachambiguouspoint , by alternatelypicking or
from , we cangeta subsequencwherethe sign al-

ternatesWe have to show that this is an increasingsubse-

guenceof . We will show thatthis is true for sufciently
small .Consider and  suchthat
Hencefor sufciently small, for every suchpair and

By Lemma4.4,thisimpliesthat  has
changes. ||

—— sign

Ontheotherhand for somesets , thesparsitycanbesig-
ni cantly smaller Forinstancdet . Set-
ting maps totheset ,
which containsonly distinctpoints.Soin this
casethesparsityof the polynomial  is upperboundedby



5. Lower Boundswithout DegreeRestrictions

Wewill now shav alowerboundwhich holdsfor all poly-
nomialsstrongly representingparity on with-
out ary restrictionson the degreeor sparsityof eachvari-
able.Theproofis ageneralizatiorof the proofideaof Theo-
rem3.5.

Theoremb5.1 Let
resentsparity over
least

be a polynomialwhich signrep-
. Then has spasity at

Proof: The proof is by inductionon . When

claimfollows by Descartesule. Assumeit is truefor
Let the sparsityin be . If we setall the othervariables
to , theresultingunivariatepolynomialsignrepresentpar

, the

ity on , henceit musthave sparsity . Hence
f , thereis nothingto prove.Hence

we mayassume .
Let beapolynomialin variableshatsignrep-

resentgarity. Groupingmonomialdby thepowerof  they
contain,

By substitutingvalues through for ,weget

We denotethe matrix by . We have an underde-
terminedsystemof equationsHencewe will not be ableto
shav thateach representparity or its comple-
ment. However we will shav that appropriatelinear com-
binationsof the  signrepresenparity. To begin with we
pre-multiplyby  whichis theinverseof the gener
alizedVandermondenatrix consistingof the rst  columns
of

Usingthe signalternationsof the entriesof , we conclude
thatfor the polynomials
sign represenparity or its complemenbn variables.

Henceby applyingtheinductionhypothesis,
. Clearly the sparsityof ~ is no morethan
. Hencewe get

By choosinghematrix to betheinverseof anappropriate
sub-matrix,we canobtaina similar equationfor any subset

of the s of cardinality . Thereare such
subsetsEach  occursin exactly of them.Hencewe
get
Thequantity monotonicallydecreaseas increases.
In the range , it is always greater
than which is the value it takes for

. Hence
But , hencetheclaimis proved. |}

Corollary 5.2 Any polynomial that sign representsparity
over musthavesparsity at least

This follows by substituting in Theorem5.1. This
tellsusthattheconstructiorof Theoren¥.lis optimal.With
thisin hand,for ary set , We canprove optimal lower
boundson polynomialssignrepresentingarity.

If :
sity 1 thatrepresentgarity.

with spar

If or
ary suchpolynomialhassparsityatleast

, then

Over ary suchpolynomial hassparsityat least

in Theorenb.lis
, thisis farfrom the upperboundof Theorem

sincethisupperboundis atleast ——

While thelower boundof
tight for

4.1for large



Corollary 5.3 Let bea polynomialwhich signrep-

resentgarity over . Then hassparsity
atleast

Proof: A strongrepresentationver gives
astrongrepresentationver . HenceTheo-
rem 5.1 implies a lower boundof . Itis also

astrongrepresentatioover , henceTheorem3.2im-

pliesalower boundof

6. Circuit Lower Bounds

We shall use boundson the sparsityof parity to derive
lower boundson the size of certainrestrictedcircuits. The
circuits we considerare ratherweak, however the proof of
the lower boundis simpleandyields betterparametershan
were previously known. From now onwards,we will only
consideBooleaninputscomingfrom

De nition 6.1 A thresholdgate with inputs computes
a function for somereal values
andoutputs if ispositiveand otherwise

We shall study depthtwo circuits which compriseof the
inputsandtheir complementsfollowed by a singlelevel of
AND andOR gatesfollowedby a Thresholdgateat thetop.
It is easyto seethatwithout lossof generality onemay as-
sumethatthe circuit hasonly AND gatesandno OR gates.
We will referto suchcircuits as a thresholdof ANDs fol-
lowing [8]. We will show that circuit sizein this modelex-
actly correspondso sparsityover a certainbasis Thusprov-
ing circuit lower boundsis equivalentto proving boundson
the sparsityof signrepresentations.

To begin with, we take atoy example.Assumetheinputs
areavailableonly in uncomplementetbrm. EachAND gate
computesa functionof theform where istheset
of inputsinto thegate.A thresholdof ANDs circuit for com-
puting parity correspondgo a sign representatiomf parity
in themonomialbasis.The numberof AND gateds exactly
the numberof non-constanmonomialsrequired.By Theo-
rem3.2,thisis

We now allow inputs and their complementsat level
The expressiorcomputedby eachAND gateis of theform

®)

where and aredisjointsubset®f . Thislooks
similar to monomialsin the Bernsteinbasisfor multilinear
polynomialsin  variables[4] wherethe monomialsare of
the form . It is easyto show that
ary polynomialthatsignrepresentparity in the multilinear

Bernsteinbasishassparsity
We de ne asetof polynomials  thatspanthe -vector
spaceof polynomialsof degreeat most . In  variable
. We de ne to be the productof

the basedn eachvariable.Hencethe monomialsin are
all expression®f theform where

. Thereare monomialsin andthey include
the monomialsof the Bernsteinbasis.Sincethereis alinear
dependencamongthe generatorsye call a generating
setfor multilinear polynomials.This linear dependencen-
pliesthattherearemary waysto expressary polynomialasa
combinatiorof thegeneratorsSofor apolynomial
denoteghe minimum sparsityover all differentwaysof ex-
pressing asalinearcombinationof elementsn

Lemma 6.2 The minimumsizeof a thresholdof ANDscir-
cuitfor a Booleanfunction is exactlytheminimumspaisity
of a signrepresentatiorof overthegenerting set

This follows from the obsenation madeearlierthat the ex-
pressiongomputedy the AND gatescorrespondo thegen-
eratorsn

Theorem 6.3 Anycircuit which is a thresholdof AND gates
andcomputegarity on hassizeat least -

Proof: We will shav thatarny polynomialsign representing
parity hassparsitygreaterthan over the generating
set . Theproofis by inductionon . For , since
noneof thegenerators aloneor their multi-
plesgivesasignrepresentatiorary representatiohasspar
sity at least2. Assumethe statementholds for . Let

sign represenparity. Considerthe sparsestepre-
sentatiorof  over

Groupingtogethertmonomialswhere  appearsmonomi-
alswhere appearsandthosewhereneitherappears,
we get

Writing and for short,we have
. Substitutingfor

All the polynomialson the LHS representitherparity or its
complemenbn variables By applyingthe induction
hypothesis,



Proposition6.4 Thee is a thresholdof ANDs circuit com-
puting parity on of size

Proof: Considerthe polynomial

Note that is iff is odd. The polynomial
signrepresentparity on  vari-
ablesandhassparsity . To signrepresenparity on vari-
ables,divide theminto — groupsof 3 variableseach.Apply

to eachgroup and multiply. This constructionhasspar
sity — . |

De ne theinnerproductfunctionon by

Theorem 6.5 Anycircuit which is a thresholdof AND gates
andcomputesheinner producton hassize
at least

The proofis similar to the proof for parity andcanbe found
in the Appendix.In factthis boundis tight.

Proposition6.6 There is a thresholdof ANDs circuit com-
putingtheinner producton of size

Proof: We construcia polynomialof sparsity thatsignrep-
resents on . The generalupperbound
follows by dividing theinputsinto blocksof . Let

Note that exactly computes The polynomial
sign represents  and

hassparsity . ||

7. Conclusions

Ourresultsindicatethatstudyingthe sparsityof signrep-
resentationsaisesmary interestinggquestionsFor largeval-
uesof |, thereis aconsiderablgapbetweenheupperand
lower boundsfor polynomialsrepresentingparity over
with no restrictionson the degree.We would like to be able
to extend our techniquego prove lower boundson the size
of circuits of larger depth.Finally, canonesayarything in-
terestingaboutthe sparsityof polynomialsthatrepresenthe
mod- function,when isnotapowerof ?
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Appendix

Theorem 6.5: Any circuit which is a thresholdof AND
gatesand computeghe inner producton
hassizeatleast

Proof: The proofis by inductionon . Notethat

is a function de ned on variables. When ,
. It is easyto verify that no sin-

gle monomialin sign represents$P. Hencethe sparsity

is at least2. Assumethe statementholds for . Con-
siderthe sparsestvay to express over . Groupingthe
monomialsaccordingo , Wwhereeach isapolyno-
mial in ,
Now substituting for and writing for
andsoon,
(6)
(7)
(8)
Subtractingequation(8) from (6) and(7),
)
(10)

In the above equationghe LHS represents$P or its comple-
menton variablessotheir sparsityis atleast by
theinductionhypothesisApplying this obsenationto equa-
tions(6), (7), (9) and(10)

Adding theseequationsyve get



