
Polynomials that Sign RepresentParity
and

DescartesRule of Signs

SaugataBasu
�

Schoolof Mathematics
Georgia Tech

saugata@math.gatech.edu

NayantaraBhatnagar
Collegeof Computing

Georgia Tech
nand@cc.gatech.edu

ParikshitGopalan
Collegeof Computing

Georgia Tech
parik@cc.gatech.edu

RichardJ.Lipton
�

Collegeof Computing
Georgia Tech

rjl@cc.gatech.edu

Abstract

We studythesparsity of real polynomialsthat signrepre-
sentparity on � variables,each of which takesvaluesfrom
some�nite subset� of integers. While the degree of such
polynomialshas beenwell studied[15, 1], relatively little
is knownabout their sparsity. We studythis problemusing
DescartesRuleof Signs,a classicalresultin algebra, relat-
ing thesparsityof a polynomialto its numberof real roots.

Weshowthatsignrepresentingparity over �����
	��
�
�������

	���� with thedegreein each variableat most����	 requires
sparsityat least �

� . Weshowa boundof ������	��
� for weak

representations.Weshowthata tradeoff existsbetweenspar-
sity and degree, by constructinga sign representationthat
hashigherdegreebut lower sparsity. In somecases,thedif-
ferencein sparsitiesis exponential.We showa lower bound
of ��������� ��!"	 on the sparsity of polynomialsof any de-
greerepresentingparity over ���#�
	 �
�
�
�����$�%	&�'� . We prove
exactboundsonthesparsityof such polynomialsfor anytwo
elementsubset� .

We showthat for depth-twoAND-OR-NOT circuits with
a ThresholdGateat the top, the minimumcircuit sizefor a
function ( equalstheminimumsparsityof a polynomialsign
representing( overa certainbasis.Weusethisto givea sim-
pleproof thatsuch circuitsneedsize �*),+�� �-� to computepar-
ity, which improveson previousbounds[8]. We alsoshowa
tight lower boundof �

� for the inner productfunctionover
���#�
	&���/.0���#�
	&��� .

Themain technical tool usedis Descartesrule of signs.
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Ourboundsholdfor variousbaseswhereDescartessignrule
is valid.

1. Intr oduction

Let � beasubsetof 1 andlet 243��
�
�
��2

�

bevariablestak-
ing valuesin � . Let (657�8��9:���#�
	&� be a 0-1 functionon
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Suchpolynomialsarealsoreferredto asPolynomialThresh-
old Functionsor Perceptrons.

Suchrepresentationshave beenwell studiedin computer
science.They wereby Minsky andPapert[15] in thecontext
of computationallearningtheory. Many of the bestknown
algorithmsfor learningclassesof functionsareobtainedby
showing that functionsin that classcan be representedby
polynomialsof low degree[11, 16]. They are extensively
usedin complexity theory to show boundson small depth
circuits.For instance,Aspneset al. [1] studyhow well par-
ity canbe approximatedby the sign of low degreepolyno-
mials.They usethis to give a new proof thatparity is not in

�?JLK . Beigel et al. [7] usecertainpolynomialconstructions
to prove closurepropertiesof PP. Many relatedresultsare
discussedin thesurvey by Beigel[5]. Finally, they areof in-
terestas a restrictedalgebraicmodel of computation.This
givesrise to somenaturalcomplexity measures,namelythe
minimumdegreeandsparsityneededto representa function.
Unlike in exactrepresentations,polynomialsthatsignrepre-
senta given function arenot unique,which makesthe task



of proving lowerboundsnontrivial. Thesurvey by Saks[19]
discussesmany interestingquestionsrelatedto algebra,ge-
ometryandcombinatoricsthat arisefrom the studyof sign
representations.

1.1. DegreeversusSparsity

The degreeof suchrepresentationsis betterunderstood
thanthesparsityfor a coupleof reasons.For many applica-
tionsmentionedpreviously, thedegreeis theparameterof in-
terest.Degreeis lessdependentthansparsityonthechoiceof

� . It is invariantunderlinear transformationsof � . Another
tool which helpsin studyingthedegreeof symmetricfunc-
tions is symmetrization,introducedin [15]. Let ( bea sym-
metricfunctionandlet <=�>2�� bea polynomialthatsignrep-
resents( . If <=��20� is symmetric,it is easierto show bounds
on its degree.Otherwise,

�

��20��A��

�����	�

<=��2

��


3��

�
�
�
�;��2

��


�

�

�

is a symmetricpolynomialof thesamedegreethatsignrep-
resents( . Henceit suf�ces to show lower boundsfor sym-
metricpolynomials.Finally, suppose��A"��
 3��
�
�
��
�� � . The
polynomial ��� A�������2�� ��


�

� is identically zeroover �

for all � . Dividing a polynomial < by ��� doesnot change
its valueover �?� . Hence,it is suf�cient to considerpolyno-
mials wherethe degreein eachvariableis at most � � 	 .
However it is easyto seethatall theabove operationscould
changethe sparsitygreatly, andhencethey cannotin gen-
eralbeusedto show boundsonsparsity.

Why is sparsity interestingand what can one hope to
sayaboutit? Sparsityof polynomialsplay animportantrole
in realalgebraicgeometry. Unlike over algebraicallyclosed
�elds, the numberof real rootsof a univariatereal polyno-
mial canbe boundedin termsof the numberof monomials
appearingin it (independentof the degree).This is a con-
sequenceof a very old andclassicalresultcalledDescartes
Ruleof Signs[4, 18]. De�ne thesparsityof a polynomial <

to bethenumberof monomialsthatoccurin it with non-zero
coef�cients. We will denoteit by ��� ��< � .
DescartesRule of Signs: Let <=�>2�� �"!$# 2&% bea univari-
atepolynomial.Thenthenumberof positivereal rootsof <

countedwith multiplicitiesis boundedby thenumberof sign
variations in the sequenceof its non-zero coef�cients writ-
ten in order. In particular, thenumberof positiverootsof <

countedwith multiplicity is boundedby ��� ��< � �G	 .
Descartesruleillustratesthatfor realunivariatepolynomi-

als,sparsityisanimportantparametercontrollingthenumber
of realzeros.It formsthebasisof many ef�cient algorithms
for realrootcounting[4]. An importantopenproblemin real
algebraicgeometryis to �nd properanaloguesof Descartes
rule for multivariatepolynomials.Thetopologicalcomplex-
ity (as measuredby the Euler characteristicsor the Betti
numbers)of therealzerosof a multivariaterealpolynomial

canstill be boundedin termsof the sparsityof the polyno-
mial independentof thedegree[10, 3]. However, theknown
boundsareexponentialin thesparsityandarebelievedto be
nowhereneartight.A propergeneralizationof Descartesrule
to multivariatepolynomialsis still elusiveandremainsama-
jor openproblemin real algebraicgeometry(see[20] and
[13] for interestingconjecturesand counter-examplesand
[14] for resultsin specialcases).Oneof our motivationsis
to understandtheimplicationsof Descartesrule for signrep-
resentationsandto seeif somenon-trivial boundson spar-
sity canbe shown for multivariatepolynomialsin this sim-
pler discretesetting.Parity is a naturalcandidateto begin
with, sincesign representingparity over ���#�
	 �
�
�
����� ��	&�

is clearlyrelatedto Descartesrule in onevariable.
Studyingsparsitygivesuseful insightsaboutsign repre-

sentations.Unlike in exact representations,thepolynomials
thatsignrepresenta functionarenotunique.A naturalques-
tion to ask is what are the different kinds of polynomials
thatsignrepresentparity. Boundson sparsityprovideanan-
swerto this questionin somecases.For instancethepolyno-
mial �

�

�('

3

��	B� �'2

�

� signrepresentsparityover � A ���#�
	&� .
We will show thatin any multilinearsignrepresentation,the
sign of every coef�cient must be the sameas above. An-
other interestingquestionregardingsign representationsis
to studytradeoffs betweenparameterssuchasdegree,spar-
sity andcoef�cient sizefor polynomialsrepresentinga func-
tion. Tradeoffs betweencoef�cient sizeanddegreearestud-
ied in [6]. We prove a degreeversussparsitytradeoff (over
somebases)for parity. This is the �rst suchtradeoff to our
knowledge.

Lower boundson thesparsityof signrepresentationscan
beusedto provecircuit lowerbounds.We show thatfor cer-
tain small depthcircuits,circuit sizeis equalto thesparsity
of signrepresentationsof a function ( overanappropriately
chosenbasis.This differs from mostprevious resultsrelat-
ing sign representationsto small depthcircuits, in that the
importantparameterhasbeenthedegree[5].

1.2. Our Results

Westudythefollowingproblem:Let ��A"��

3

�
�
�
��

�

� be
a setof integersof cardinality � . Let 2

�

� � for )*��# �+% . De-
�ne theparity function < 
�, ��243��
�
�
�-2

�

� to be � if thesumof
the 2

� is evenand 	 otherwise. Whatis thesparsity of poly-
nomialsthat signrepresentparity over �

� ?
We startby considering� A �����
	�� . We reprove the re-

sult of Minsky andPapert[15] thatany polynomialthatsign
representsparityhasdegree� andsparsity�,� . Wegeneralize
thisto show thatrepresentingparityover ���#�
	 �
�
�
����� � 	��'�

with thedegreein eachvariableatmost � � 	 requiresspar-
sity � � . Moreover, weshow thatthesignof eachcoef�cient
is �x ed.

Weak representationscan have exponentially smaller
sparsitythanstrongrepresentations.For instance,the poly-



nomial � �&2

� weakly representsparity over ���#�
	��'� . We
show a bound of ��� � 	��-� on the sparsityof weak rep-
resentationsover �����
	 �
�
�
� � ��	���� , with the degree in
each variable at most � � 	 . In fact for �,	&�
�
�
���-� �'� ,
we show a lower boundof � � even for weak representa-
tions.

Theseresultsshow that low degreerepresentationsmust
have high sparsity. We show thata tradeoff existsby a sim-
ple constructionof small sparsity but higher degree. For

� A � 	 � � � this givessparsity � !�	 with degree ��� . For
�"A����#�
	&�
�
�
� � �6	�� , our constructiongivesa weakrepre-
sentationof sparsity� �>� �#� . We show thatfor certainsets�

of size � , thesparsitycanbeaslow as �������G	��7!%	 .
Wethenshow alowerboundof ���>� � 	��,!�	 onthespar-

sity for polynomialsof any degreerepresentingparity over
� 	 �
�
�
�����0��� . This allows usto prove tight upperandlower
boundsfor any � elementset � . For largevaluesof � thereis
a largegapbetweenthis lower boundandour upperbounds.
We areunableto closethis gap.

We study depth-two AND-OR-NOT circuits with a
thresholdgateat the top. We show that the minimum cir-
cuit sizefor a function ( in this modelequalstheminimum
sparsity of a polynomial sign representing( over a cer-
taingeneratingsetof polynomials.Usingthiswegiveasim-
ple proof that any suchcircuit for parity hassize at least

�

�

�

�

� . Thebestboundknown previously was �

�

�

�

� �

. We also
show a lower boundof �&� for computingthe inner prod-
uct functionover �����
	&���/.0���#�
	&��� which is tight.

We usethe self-reducibilityof parity to prove that poly-
nomials representingparity over �8� must have a certain
structure:they must be built from polynomialswhich rep-
resentparity in fewer variablesover � . For instance,if

<=�>2
3

�
�
�
�7��2

�

� sign representsparity over �����
	 �
�
�
����� �

	��

� , andif thedegreein 2

�

is boundedby � �%	 , thenwe
show that

<=�>2 3��
�
�
�;��2

�

��A

���73

�

�('

K

2

�

�

�

�

�>2 3��
�
�
� ��2

�

�;3 �

where ��� 	��

�

�

� representsparity on �%� 	 variables.We
make extensive useof Descartesrule of signswhich relates
the rootsof a univariatepolynomial to its sparsityand the
signsof its coef�cients. In generalizingresultsfor �����
	���� to

���#�
	 �
�
�
������� 	���� , weusepropertiesof thegeneralizedVan-
dermondematricesandtheir inverses,whicharein factcon-
sequencesof Descartesrule. Oneof themain dif�culties in
studyingsparsityis that a changeof basiscan affect spar-
sity greatly. Our techniquesovercomethis obstacleandhold
for many differentbaseswhereDescartesrule is valid.

1.3. RelatedWork

Minsky and Papert prove that representingparity over
���#�
	&� inputs needsdegree � and sparsity � � [15]. Krause

and Pudlak [12] show that there is a Booleanfunction (

that hasexponentialsparsityin the �,� 	&�
	&� basisbut poly-
nomialsparsityin the ���#�
	&� basis.O'Donnell andServedio
[17] study variousextremal propertiesof suchrepresenta-
tions.They show thatover the � � 	 �
	&� basis,everyBoolean
functionhassparsityat most � 	8�

3

�




�

�

�-��� . Many otherre-
sultsregardingsparsityof randomBooleanfunctionsin the

� � 	 � ! 	�� basiscanbefoundin [17, 19].
ConstantdepthAND-OR-NOT circuits with a threshold

gateat the top have beenstudiedpreviously (see[8] and
the referencestherein).Goldmannshows that any suchcir-
cuit with constantdepthfor computingparity needsexpo-
nentialsize.Thereit is shown usingrandomrestrictionsthat
a depth-two circuit computingparity needssize 3

�

�

�

�

�

� �

, this
is attributedto Hofmeister, KrauseandPudlak.

2. Preliminaries

We usethe vector notation 2
	

�

� to denote 2 3'�
�
�
�;��2

�

and 
�	

�

� to denote 
�3��
�
�
�;� 


�

. If <=�>2
	

�

�

� is a polynomial
in 2 3��
�
�
� ��2

�

, we use <=�>2
	

�

�;3

�

���
� to denotethe poly-
nomial in 243��
�
�
�7�-2

�

�;3 obtainedby substituting2

�

A��

in <=�>2
	

�

�

� . For ��� ! , the sign of � denoted��� �����
� is is
! 	&�
� 	 or � dependingon whether� is positive,negative or

� .
For a subset � of the integers, we de�ne the Parity

function < 
�, �>2
	

�

�

� on �
� as follows: for 
�	

�

�

� �
� ,

< 
�, � 
�	

�

�

� A � if � �	


� is evenand < 
�, � 
�	

�

�

�FA�	 if � � 


�

is odd.
The degree of a polynomial <=�>2
	

�

�

� is denoted by
���

���*< � . It is the maximum of ���

� over all monomi-
als �

��2����

� that occur in <=��2
	

�

�

� with non-zerosupport.
We will also use the degree in each variable. In addi-
tion to theoverallsparsity��� �*< � , wealsode�ne thesparsity
in a particularvariable 2

� to bethenumberof distinctpow-
ersof 2

� that occur in <=�>2
	

�

�

� . Note that this is different
from the numberof monomialsof <=�>20� in which 2

� ap-
pears.Clearly if <=��2
	

�

�

� sign represents( , then � <=�>2
	

�

�

�

signrepresents( .

De�nition 2.1 [1] A polynomial<=�>2
	

�

�

� weaklysignrepre-
sents( over �

� if oneverypoint 
�	

�

�

� �

�

(@� 
�	

�

�

�BAC� D <=� 
�	

�

�

�����

(@� 
�	

�

�

�BA"	HD <=� 
�	

�

�

�� ��

andfurther ( is not zero at everypoint in �8� .

If apolynomialdoesnotoutput � anywherein �8� , wecall
it a strongrepresentation.A sign representationby default
will meanastrongrepresentation.Thenext lemmastatesthat
thesetof polynomialsthat sign represent( is closedunder
positive linearcombinationsandwill beusedrepeatedly.

Lemma 2.2 For ) � # !�% , let <

�

�>2
	

�

�

� be polynomialsin
!$# 2
	

�

�

% that weaklysign represent( and let �

� be positive



reals.Let

�

��2 	

�

�

��A �

� �

	

�

�

�

�

<

�

�>2
	

�

�

�

Then
�

��2
	

�

�

� weaklysignrepresents( .

Proof: Let 
�	

�

�

� � � . Suppose(@� 
�	

�

�

�BA%� . Then

�

) � <

�

� 
�	

�

�

� �G� D

�

� 
�	

�

�

��A

�

�

�('

3

�

�

<

�

� 
�	

�

�

���6�

Similarly if (@� 
�	

�

�

��A 	&�

�

� 
�	

�

�

�� 6� . Furtherif for somein-
dex ) , <

�

� 
�	

�

�

��� A � then
�

�

� 
 	

�

�

��� A"� . Sincethepolynomi-
als <

�

�>2
	

�

�

� arenot identicallyzeroover �8� ,
�

��2
	

�

�

� is also
not identicallyzeroover �8� . Henceit is a weaksign repre-
sentationof ( .

It follows from the proof that if any of the polynomials
<

�

��2 	

�

�

� stronglyrepresent( , thensodoes
�

��2
	

�

�

� .

2.1. DescartesRule of Signs

Theorem2.3 [18, 4] Descartes Rule of Signs: Let
<=�>2 3
� A �

�

� '

K

�

�

2

�

3

be a real univariate polyno-
mial. Let � denotethe numberof sign changes in the se-
quence � �

K
���
3'�
�
�
�;���

�

� . The numberof positive roots of
<=�>2

3
� countedwith multiplicity is boundedby � .

In fact, Descartesrule holds for the Newton basis,the
Bernsteinbasisandmany otherbasesof polynomials.Were-
fer thereaderto either[18, 4] for details.Thenext two state-
mentsaresimplecorollariesof Descartesrule.

Corollary 2.4 Let <=��2
3

� A �

�

�('

K

�

�

2

�

3

be a real univari-
atepolynomial.Let ��� denotethenumberof signchangesin
thesequence� � K&�
� �

3
�
�
�
�;�
� � 	��

�

�

�

� . Thenumberof nega-
tive rootsof <=�>243 � countedwith multiplicity is boundedby

��� .

Corollary 2.5 Let <=�>2
3

� A �

�

�('

K

�

�

�>2
3

�	� �

�

be a uni-
variatepolynomialwritten in themonomialbasisshiftedby

� . Let � denotethe numberof sign changesin thesequence
� � K&���

3
�
�
�
�;� �

�

� . Thenumberof rootsof <=�>2
3

� in �
��� !��G�

countedwith multiplicity is boundedby � .

Lemma 2.6 [18] Let �
3

�
�
�
� ���

� be integers such that �  

�
3

I �

�

�
�
� I �

� . Let 

3

�
�
�
�7� 


� be positivereal numbers
such that 


3
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�

�
�
�#I 


� . Let




A
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�
�
� 

���
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 �

�

�

�
�
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 ���
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�
�
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�
� �
�
� �
�
�



���
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�

�

�

�
�
� 

���

�

���

�

�

Then
�����

�




� E6� .

We referto this matrix asthegeneralizedVandermondema-
trix. NotethatthestandardVandermondematrixcorresponds
to setting� 3 A%�#���

�

A"	 �
�
�
� �

�

A ! ��	 .
Proof: We will insteadwork with thedeterminant
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�
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�
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�73
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�;3
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 ���
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�����
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�
�
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 � �

3

�

�

�

�

�

�

�

�

�

Thisdeterminantis obtainedfrom theoriginaloneby aneven
numberof row and column interchangeshenceit has the
samesign.Theproof is by inductionon ! . Thecase! A 	 is
trivial. Assumethatthestatementholdsupto ! � 	 . Now con-
siderthepolynomial

J �>2���A

�

�

�

�

�

�

�

�

2

���

2

�����

�

�
�
� 2
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�;3




�����
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�;3

�
�
� 
 ���
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�;3

�
�
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�
� �
�
� �
�
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 ���
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�����

�
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�
�
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 ���

3

�

�

�

�

�

�

�

�

A �

�

2

���

! �

�

�;3 2

�����

�

�
�
� � 3 2

� �

Thesparsityof J �>20� is boundedby ! , henceby Descartes
rule, it hasat most ! � 	 positive roots.But 


3
�
�
�
�;��


�

�;3

arerootsof J �>2�� . Hencetherearenootherroots.Hencethe
signat 


� (or atany point to theright of 


�

�;3 ) is thesameas
thesignat !�� . This in turn is thesingof theleadingcoef�-
cient �

� of J ��20� . But thiscoef�cient is precisely

�

�
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�
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�;3
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�73
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�
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3
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�

�

�

�

which is positiveby theinductionhypothesis.

Lemma 2.7 Let � be the inverse of the Generalized Van-
dermondeMatrix




. Then ���,�����

�

�
� A � � 	��

�! 

� where �  

) � � I ! .

Proof: Fromtheformulafor theinverseof a matrix,

�

�

�?A ��� 	��

�! 

�

� �"�

�




�

�

�

� �"�

�




�

where



�

� is the minor of the entry #
�

� .



�

� is also a gen-
eralized Vandermondematrix. Hence by Lemma 2.6,
both

�����

�




�

�

� and
�����

�




� are strictly positive. Hence
���,�����

�

�
�BA"��� 	��

�$ 

� .

We will alsoneedthecasewhen 
#3 A � . If � 3 E � , then
clearly the �rst row is all � s and the determinantvanishes.
On theotherhand,if � 3 A�� we getthematrix




K A

�
�

�

�

	 � � �

	 
 �

�

�

�
�
� 

���

�

	 �
�
� �
�
� �
�
�

	 

�

�

�

�
�
� 

�

�

�

�
�

�

�



Lemma 2.8 Let � be the inverse of the matrix



K . Then
���,�����

�

� ��A�� if )@AC�#� � � 	 and ��� 	��

�! 

� otherwise.

3. Lower Bounds

3.1. Strong Representations

We �rst considerthecasewhen � A �����
	&� . Assumethat
<=�>2
	

�

�

� signrepresentsparityover �����
	��'� . Over0-1 inputs,
for ! � 	&�-2

�

�

A 2

� . We canusethis to reduce<=�>2
	

�

�

� to
a multilinear polynomial.This substitutioncanonly reduce
the degreeand the sparsityof < . So we may assumethat

<=�>2
	

�

�

� is multilinear.

Lemma 3.1 If <=��2
	

�

�

� signrepresentsparity over ���#�
	&��� ,

<=�>2
	

�

�

�BA%2

�

�

3'��2 	

�

�73

�

� !

�

K ��2
	

�

�;3

�

� (1)

where
�

K �>2
	

�

�;3

�

� signrepresentsparity on � �G	 variables
and

�

3��>2
	

�

�;3

�

� signrepresentsthecomplementof parity.

Proof: Since<=��2
	

�

�

� is multilinear,

<=�>2
	

�

�

� A 2

�

�

3
�>2
	

�

�;3

�

� !

�

K,�>2
	

�

�;3

�

�

<=��2
	

�

�;3

�

�-�,� A

�

K
�>2
	

�

�73

�

�

<=��2
	

�

�;3

�

�
	�� A

�

3'�>2
	

�

�73

�

� !

�

K
�>2
	

�

�73

�

�

D

�

3'�>2
	

�

�73

�

� A <=��2
	

�

�;3

�

�
	��@� <=�>2
	

�

�;3

�

� � �

Thepolynomial <=�>2
	

�

�;3

�

�-�,� representsparityon � �=	 vari-
ables.The polynomial <=��2
	

�

�;3

�

�
	�� representsits comple-
ment.Hence

�

3'�>2
	

�

�73

�

� A <=�>2
	

�

�;3

�

�
	�� �6<=��2
	

�

�;3

�

� � �

is the sumof two polynomialsthat sign representthe com-
plementof parity. Hence

�

K and
�

3 areasclaimed.

The polynomial �

�

�('

3

��	=� �'2

�

� sign representsparity
over ���#�
	���� . We will show that onecannotdo betterwith
regardto degreeor sparsity.

Theorem3.2 [15] If <=�>2
	

�

�

� sign representsparity over
���#�
	&��� , thenit musthavedegree � andsparsity � � .

Proof: Observethatthesparsityboundof �,� impliesthatev-
erymonomialincluding �

�

� '

3

2

� hasanon-zerocoef�cient,
hencethe degreeis � . So it is suf�cient to prove the spar-
sity bound.Theproof is by inductionon � .

When � A 	 , we want <=�>2
3

�"A 
,2
3

! � so that
<=���,�?A � E � and <=��	��8A 
 ! � I � . This implies � E �

and 
6I � � I$� . Hencethe claim is true. Assumeinduc-
tively thattheclaimholdsfor � � 	 variables.Write <=�>2 	

�

�

�

asin Lemma3.1.Observe that ��� �*< � A ��� �

�

K
� !���� �

�

3
� ,
since there cannotbe cancelationsbetweenthe monomi-
alsin 2

�

�

3'�>2
	

�

�73

�

� and
�

K
�>2
	

�

�73

�

� . By theinductionhy-
pothesis��� �

�

K
��A ��� �

�

3
��A��&�

�;3 , hence��� �*< ��AC�&� .

We canstrengthenthe claim to show that not only must
all monomialshavenon-zerocoef�cients but eventheirsigns
mustthesameasin �

�

� '

3

� 	B� ��2

�

� . For
���

# �+% , wedenote

the coef�cient correspondingto the monomial � � ��� 2

� by
�

� .

Theorem3.3 If <=�>2
	

�

�

� sign representsparity on ���#�
	&��� ,
thesignof thecoef�cient �

� correspondingto themonomial
� � ��� 2

� is ��� 	����

�

� .

Proof: We have alreadyveri�ed the case� A 	 in Theo-
rem3.2.Assumeinductively that theclaim holdsfor �0�C	

variables.Write <=�>2
	

�

�

� asin Lemma3.1. The monomials
involving 2

�

comefrom 2

�

�

3 �>2
	

�

�73

�

� while thosenot in-
volving 2

�

comefrom
�

K ��2
	

�

�;3

�

� . Now consider
���

# �+%

suchthat ��+ �

�

. Thecoef�cient �

� in <=��2 	

�

�

� is thesame
as the coef�cient in

�

K ��2 	

�

�73

�

� . Since
�

K ��2 	

�

�73

�

� repre-
sentsparityon � � 	 variables,hence��� �����

�

�BA � � 	����

�

� by
the inductionhypothesis.For

���

# �+% suchthat � �

�

, the
coef�cient �

� in <=�>2
	

�

�

� is equalto the coef�cient �

�	��


�
�

in
�

3 �>2
	

�

�;3

�

� . Since
�

3 �>2
	

�

�73

�

� representsthe comple-
mentof parity, ���,��� �

�

�BA"� � � 	�� �

�

�

�;3

A ��� 	�� �

�

� by induc-
tion

We will now generalizethe above theoremto the case
when � A$�����
�
�
�;��� �%	�� andthedegreein eachvariable
is at most � �%	 . To constructa polynomialsignrepresent-
ing parity satisfyingtheseconditions,for �  �  � �%� ,
pick � � � � � � �?!C	�� . Set

<=��2 	

�

�

� A

�

�

� '

3

� �

�

�

�

'

K

� � 	��

�

��2

�

��� ���

It canbeveri�ed that <=�>2
	

�

�

� indeedsignrepresentsparity
on �?� . For ) � # �+% , let � �>2

�

� A
�

���73

�

'

K

��2

�

���,� . Clearly
thesepolynomialsarezeroat every point in � � . Givenany
polynomial <=�>2
	

�

�

� which sign representsparity over �8� ,
we candivide <=��2
	

�

�

� by the polynomials � ��2

�

� so that
theremainderhasdegreeatmost � � 	 in each2

� . However
wewill show thatsuchpolynomialsrequiresparsity� � .

Lemma 3.4 If <=��2
	

�

�

� sign represents parity over
���#�
	&�
�
�
� �-� �C	��

� , and if thedegreein 2

�

is boundedby
����	 , then

<=�>2
	

�

�

��A

� �73

�

�('

K

2

�

�

�

�

��2
	

�

�;3

�

� (2)

where � � 	��

�

�

�

��2
	

�

�;3

�

� representsparity on � � 	 variables.

Proof: Since �

�

�;�>2

�

�� ����	 , by collectingmonomials
by thepowerof 2

�

whichoccursin them,

<=�>2
	

�

�

��A

� �73

�

�('

K

2

�

�

�

�

��2
	

�

�;3

�

�



By substitutingvalues� through����	 for 2

�

, weget
��

�

�

	 � �
�
� �

	 	 �
�
� 	

���73

	 �
�
� �
�
� �
�
�

	 ����	 �
�
� ���$��	��

� �73

���

�

�

��

�

�

�

K �>2
	

�

�73

�

�

�

3 �>2
	

�

�73

�

�

�
�
�

�

���73 ��2 	

�

�73

�

�

���

�

�

A

��

�

�

<=�>2
	

�

�;3

�

� � �

<=�>2
	

�

�;3

�

�
	��

�
�
�

<=�>2
	

�

�;3

�

�-����	��

���

�

�

D

��

�

�

�

K ��2 	

�

�73

�

�

�

3 ��2 	

�

�73

�

�

�
�
�

�

� �;3'��2
	

�

�;3

�

�

� �

�

�

A �

��

�

�

<=��2
	

�

�;3

�

� � �

<=��2
	

�

�;3

�

�
	��

�
�
�

<=��2
	

�

�;3

�

�-���G	��

� �

�

�

where ��A$� �

�

� � is the inverseof theVandermondematrix.
By Lemma2.8, ���,�����

�

���8A � if ) A �#� � � 	 and � � 	��

�$ 

�

otherwise.This implies

�

K �>2
	

�

�;3

�

� A � <=��2 	

�

�73

�

�-�,�

where�8E6� . Hence
�

K signrepresentsparityon � �G	 vari-
ables.For ) � 	 , �

�

�?A ��� 	��

�$ 

�

�

�

� where �

�

� E6� .

�

�

�>2
	

�

�;3

�

� A

� �;3

�

�

'

K

� � 	��

�$ 

�

�

�

�
<=�>2
	

�

�;3

�

� � �

��� 	��

� �

�

�>2
	

�

�;3

�

� A

� �;3

�

�

'

K

� � 	��

�

�

�

�
<=�>2
	

�

�;3

�

� � �

For each � , the polynomial ��� 	��

�

�

�

�
<=��2
	

�

�;3

�

� � � rep-
resents parity on � � 	 variables. Hence by Lemma
2.2, each � � 	��

�

�

� also representsparity on � �$	 vari-
ables.

By usingan inductionargumentsimilar to Theorem3.2,
we canprovethefollowing claim.

Theorem3.5 Let <=�>2
	

�

�

� bea polynomialthat sign repre-
sentsparity over �����
	&�
�
�
����� � 	��'� , with �

�

����2

�

�� �� � 	

for all ) . Then <=��2
	

�

�

� hassparsity � � and thesignof the

coef�cient of themonomial�

�

2

���

�

is � � 	��

�

�

���

.

Proof: The basecase��A 	 is an applicationof Descartes
rule.Let

<=�>2
3

��A

� �;3

�

� '

K

�

�

2

�

3

Let �  !  �� � � . Since<=� !�� and <=� ! ! 	�� haveopposite
signs, <=�>2

3
� hasa root �

� in the interval � !���! ! 	�� . Since
thedegreeof <=�>2

3
� is boundedby �$�G	 ,

<=��2
3

�:A �
���73

� �

�

�

�

'

K

�>2
3

� �

�

�

To determinethesignof � � �;3 , substitute2 3 A%� .

<=�*� � A � � 	��

� �;3

� ���73

� �

�

�

�

'

K

�

�

Since <=�>2 3 � representsparity, <=�*� � E � . Sinceall the �

�

arepositive,wemusthave ���,��� � � �;3 ��A ��� 	��

���73 . Now ap-
plying Descartesrule,since< has� � 	 positiveroots,there
must be � sign changesin the sequence� �
K��
�
�
�7� � � �;3 � .
Hence,���,��� �

�

�BA"��� 	��

�

. This impliesthat ��� ��< ��AC� .
The inductive case proceedsusing Lemma 3.4 ex-

actlyasin Theorem3.3.We skip theproof.

Corollary 3.6 If <=�>2
	

�

�

� sign represents parity over
���#�
	&�
�
�
� �-����	���� , it hasdegreeat least ���>����	�� .

Proof: We candivide <=�>2
	

�

�

� by the polynomials � �>2

�

�

so that the degreein each 2

� is boundedby � � 	 . This
can only reducethe overall degree.By Theorem3.5, the
sparsity is at least � � . This implies that every mono-
mial �

��2 ���

�

���

�

 � � 	 occurs with non-zerocoef-
�cients. This proves that the overall degree is at least

���>����	�� .

Thesameproof extendsto setsof the form � A ��
 ��
 !

	&�
�
�
�;� 
 ! � � 	�� for 
 E � . This implies the following
corollary, by taking 
 A 	 and � A�� .

Corollary 3.7 If <=�>2
	

�

�

� is a multilinear polynomial that
signrepresentsparity over � 	&� � �'� , it hassparsity �&� .

A naturalquestionis whathappensif weallow polynomi-
alsof higherdegree.It mightbethattherearepolynomialsof
high degreeandlow sparsityandapplyingthedegreereduc-
tion causesthe sparsityto blow up to � � . We will address
thisquestionin Section� .

However, we can relax the requirementin Theorem3.5
that thedegreein eachvariableis boundedby � �C	 to the
sparsityin eachvariableis boundedby � andshow that the
overallsparsitystill needsto be � � . Henceif locally in each
variablethe sparsityis small, overall the sparsityneedsto
be large.We will prove this by showing thatananalogueof
Lemma3.4holds.

Theorem3.8 Let <=��2
	

�

�

� bea polynomialthat sign repre-
sentsparity over �����
	&�
�
�
����� ��	���� , with the sparsity in
each variable 2

� at most� . Then<=�>2
	

�

�

� hassparsity � � .

Proof: Since <=�>2
	

�

�

� has at most � distinct power
�&K �
�
�
�7� �

� �;3 of 2

�

, by groupingmonomialsby thepower
of 2

�

, we get

<=��2
	

�

�

�BA

���73

�

�('

K

2

���

�

�

�

�>2
	

�

�73

�

�

We will show that � � 	��

�

�

�

�>2
	

�

�;3

�

� represents par-
ity on � �%	 variables.Substitutingvalues���
�
�
�;���$�6	 for



2

�

givesusasystemof equationssimilar to whatwehadbe-
fore, except that we have a generalizedVandermondema-
trix


��

. By Lemma2.8, thesignof the ) �

���

entry in



�73

�

is
thesameasin � . Hencethesameproof holdsand � � 	��

�

�

�

representsparity on � �G	 variables.Thesparsityboundfol-
lowsby induction.

Finally we considersparsityin theshiftedbasis� 	 �
��2 �

� � �
�>2 � � �

�

�
�
�
�7�
� . For instanceparity over �����
	�� canbe
representedwith sparsity 	 by taking �4A ���

�

but we have
seenthat it needssparsity �&� in the usualmonomialbasis.
However for large � , thesparsitydoesnot changetoomuch
by shifting.

Corollary 3.9 Let <=�>20� be a polynomial that sign repre-
sentsparity over �����
	&�
�
�
���-�$�6	���� . If thesparsity of each

2

� in < is boundedby �

�

�

	

in themonomialbasisshiftedby
� , then < hassparsityat least �

�

�

	

� .

This follows trivially from theobservationthatfor any � , the
polynomialsignrepresentsparityon �

�

�

	

pointseitherto the
left or to the right of � . This shows that theexponentialde-
creasein the ���#�
	�� caseproducedby shifting to � A%���

�

was
because� was2. For � E�� , thesparsityin any shiftedba-
sisis exponentialin � .

3.2. WeakRepresentations

We now studyweak representationsfor parity with low
degree.Over ��A"���#�
	&� , thepolynomial � � 	��-�

�
�'2

� gives
aweakrepresentationwith sparsity	 , andin factthis is opti-
malwith regardto degreetoo.

Lemma 3.10 [15, 1] Any polynomialthat weaklysign rep-
resentsparity over ���#�
	��

� hasdegree � .

We show that over � A �����
	&�
�
�
����� ��	&��� , a lower
boundof �>��� 	��

� still appliesfor weakrepresentationswhen
thedegreein eachvariableis at most �$��	 .

Lemma 3.11 If <=��2
	

�

�

� weaklysignrepresentsparity over
��A"�����
	&�
�
�
���-�"� 	���� , andif thedegreein 2

�

is bounded
by ���G	 , then

<=��2 	

�

�

��A

���73

�

�('

K

2

�

�

�

�

�>2
	

�

�;3

�

� (3)

where for ) � 	 , � � 	��

�

�73

�

�

�>2
	

�

�;3

�

� weaklyrepresentspar-
ity on � ��	 variables.

Proof: Themaindifferencefrom Lemma3.4is thatweneed
to show that the polynomials

�

�

�>2
	

�

�;3

�

� are not zero at
somepoint in �?�

�;3 . By substitutingvalues� through��� 	

for 2

�

andinvertingtheVandermondematrix,we get

��

�

�

�

K ��2 	

�

�73

�

�

�

3'��2 	

�

�73

�

�

�
�
�

�

� �;3���2 	

�

�73

�

�

���

�

�

A �

��

�

�

<=��2 	

�

�73

�

�-�,�

<=��2 	

�

�73

�

�
	��

�
�
�

<=��2 	

�

�73

�

���$�G	��

���

�

�

For ) � 	 andsuitableconstants�

�

� E�� , we get

�

�

��2
	

�

�;3

�

� A

���73

�

�

'

K

��� 	��

�! 

�

�

�

� <=��2
	

�

�;3

�

� � �

� � 	��

� �

�

��2
	

�

�;3

�

� A

���73

�

�

'

K

��� 	��

�

�

�

� <=��2
	

�

�;3

�

� �,�

Since<=�>2
	

�

�

� weaklyrepresentsparityon �8� , eachpoly-
nomial � � 	��

�

<=�>2
	

�

�;3

�

��) � for )&� � either weakly repre-
sentsparity, or it is identically � over �

�

�;3 . Since <=��2
	

�

�

�

being a weak representationis not identically zeroon � � ,
at leastone of the polynomials <=�>2
	

�

�73

�

��) � is not identi-
cally zero over �?�

�;3 . Hence,for ) � 	 the polynomials
� � 	��

�

�

�

�>2
	

�

�73

�

� weaklysign representparity on �8�

�73 by
Lemma2.2.

Note that
�

K �>2
	

�

�;3

�

� A � <=�>2
	

�

�;3

�

�-� � couldbe identi-
cally zeroon �?�

�73 .

We will usethis to show a lower boundof �>� � 	��-� on
thesparsityof weakrepresentationsover �8� . Thebasecase

� A"	 is provedusingLemma3.10.

Lemma 3.12 Anyunivariatepolynomial<=�>2
3

� thatweakly
sign representsparity over ���#�
�
�
����� ��	�� has degree at
least �$��	 .

Proof: Assume that �

�

���*<=�>2
3

�-� I � �:	 . Let



3'�
�
�
�7�




� �;3 �0���#�
	&� . Set

�

�




	

� �;3

�

��A�<=�

� �73

�

�('

3




�

�

Clearly
�

�




	

� �;3

�

� weakly sign represents parity on
���#�
	��

� �;3 andhasdegreelessthan � � 	 , which contra-
dictsLemma3.10.

Lemma 3.13 Anyunivariatepolynomial<=�>2
3

� thatweakly
signrepresentsparity over �����
�
�
�;�-� ��	�� musthave� � �

rootsin theinterval ���#������	 % .

Proof: Considerthe factorizationof <=�>2 3 � over the reals.
It may have irreduciblefactorsof degree � . Irreduciblefac-
torsdo not have rootsin ��� �%� !�� � andhencethey do not
changesign.Sowe will have a sign representationevenaf-
ter factoringout suchirreduciblefactors.Similarly, consider
a linear factorof theform ��2

3
� �@� where ��+ ��# ���-� ��	 % .

�>2
3

� �@� is non-zeroover # �#���"� 	 % andits signremainsthe



samehenceit canbefactoredout.Thisleavesuswith aprod-
uctof theform �

�>2 3 � �

�

� , where�

�

� # ���-� �G	 %

�

) . Fur-
therwemayassumethatthereis arootof multiplicity atmost

	 at � . If not, we canwrite <=�>243
�?A 2

�

3

�

��2/3 � for ! � � .
Thepolynomial 243

�

��2 3 � hasthesamesignovereachpoint
in # �����$�G	 % andonly smallerdegree.

We are now left with a polynomial <=�>2 3 � A

� �-��2/3 ���

�

� , �

�

� # ���-� � 	 % which weakly sign repre-
sentsparity on � . By Lemma3.12,this polynomialhasde-
gree at least � ��	 . Since � is a root of multiplicity at
most 	 , at least � � � of the roots �

� lie in the inter-
val ���#������	 % .

Theorem3.14 Let <=�>2
	

�

�

� be a polynomial that weakly
representsparity over �����
	 �
�
�
������� 	��'� . If the degreeof
each 2

� is boundedby � � 	 , then < hassparsity at least
�>� �G	�� � .

Proof: Theproof is by induction.When ��A 	 , by Lemma
3.13 <=�>2 3 � has� �8� rootsin ���#��� � 	 % . Henceby Descartes
rule, it hassparsity�$�6	 . We now useLemma3.11andgo
by inductionon � . FromEquation3 it followsthat

��� ��< ���

� �73

�

�('

3

��� �

�

�

�

By 3.11, for ) � 	 , each
�

� weakly representsparity or
its complement,hence ��� �

�

�

� � �>� ��	�� �

�73 by induc-
tion. Hence��� �*< � � ���$��	���� .

In thecasewhen � A$�,	&�
�
�
�;�-� � , if we restrictthede-
greein eachvariableto � �%	 , we have shown thata lower
boundof � � holdsfor strongrepresentations.We will show
thatexactly thesameboundholdsevenfor weakrepresenta-
tions.

Corollary 3.15 Let <=�>2
	

�

�

� be a polynomial that weakly
representsparity over �,	&�
�
�
�����0�

� . If thedegreeof each 2

�

is boundedby ���G	 , then < hassparsityat least � � .

Proof: Let <=�>2
	

�

�

� beasabove.We claim that thepolyno-
mial

�

��2 	

�

�

��AC<=��2
	

�

�

� �

�

�

� '

3

2

�

weakly representsparity over �����
	 �
�
�
�����0�

� . This is be-
cause,if any of theinputs 2

�

A�� , then
�

��2
	

�

�

�BAC� . Other-
wise,since2

�

E%� for each) ,
�

�>2
	

�

�

� hasthesamesignas
<=�>2
	

�

�

� . Thedegreein eachvariablein
�

��2
	

�

�

� is at most
� . Hence,by applyingTheorem3.14,we get ��� �

�

� �%� � .
But ��� ��< � A ��� �

�

� . Hencewe get a lower boundon the
sparsityof <=��2
	

�

�

� .

4. Upper Bounds

Doesthe lower boundof � � in Theorem3.5hold for all
polynomials?Or canwetradeoff degreeandsparsityand�nd
highdegreepolynomialsthatbeatthe � � bound?At leastfor
somechoicesof � , sucha tradeoff is indeedpossible.

Theorem4.1 There exists a polynomial <=��2
	

�

�

� that sign
representsparity over �,	&� � ��� with degree �

�

and sparsity
�=!C	 .

Proof: Set � A �

�

�('

3

2

� . � maps � 	 � � ��� to � !"	 dis-
tinct points �,	&� � �
�
�
��� � � � in ! . It mapsall permutationsof a
givenvectorto thesamepoint,but if two vectorsarenotper-
mutationsof eachother, they aremappedto differentpoints.
Choosepoints �

�

� �*�

�

�;3

� �

�

� for 	  !  �� andlet

�

���"��A

�

�

�

'

3

��� � �

�

�

The polynomial <=�>2
	

�

�

� A

�

� �

�

�('

3

2

�

� sign repre-
sentsparity. Its sparsityis �/!C	 andits degreeis �

�

.

In contrastby Corollary 3.7 we know that for multilin-
earpolynomials,theoverallsparsityshouldbe � � . A similar
constructionis possiblefor any set � , take �:A � ��2

� and
thenconstructa univariatepolynomialin � asabove.This
maynot give a strongrepresentationfor all � . For instance
if � AC� and ��A"� 	 � � � )�� ��� , thentaking � A62

3
2

�

maps
both �*� � �&� and ��	&� � � to the samepoint, thoughtheir par-
ities are different.However this happensbecause�CA �

�
.

In generalif the above constructiondoesnot work, then
there must be integers �

3
�
�
�
�7� �

� not all zero such that
� � �

�������

� 


�

�FA � . We canusethis observationto geta sign
representationover themonomialbasisshiftedby � .

Theorem4.2 For anyset � of cardinality � , 	
� E � such
that parity can be sign representedover �

� in the mono-
mial basisshiftedby � by a polynomial <��&��2
	

�

�

� of sparsity
at most 


�

 

� �73

�

�

anddegree � ��


�

 

� �;3

�

�

.

Proof: Let 
 	

�

�

A � 
�3��
�
�
�7� 


�

� and � 	

�

�

A � �
3��
�
�
�7���

�

� be
inputsin �

� whicharenotpermutationsof eachother. Con-
siderthesetof � suchthat

�

�

� 


�

���&� A

�

�

�
�

�

���&� (4)

The polynomial in � , �

��� 


�

���&� has roots � 

3

�
�
�
� ��


�

�

whereasthepolynomial ���-� �

�

���&� hasroots � �
3'�
�
�
�;� �

�

� .
Sincethey don't have thesamemulti-setof roots,they must
bedistinctpolynomials.Their differenceis a non-zeropoly-
nomialof degreeatmost� in � . Hencethereareatmost � so-
lutions.Hencethereis only a �nite set

�

of valuesfor � such
thatequalityholdsin Equation(4)for somepair 
 ��� .

Pick an � �

�

. Set � A ���-�>2

�

���&� . If 
�	

�

� and � 	

�

�

arepermutationsof eachother, they aremappedto thesame



point in ! . If not,by ourchoiceof � , they aremappedto dis-
tinct points.Hence,thepointsof �8� aremappedto 


�

 

� �;3

�

�

distinctpointsin ! . We now constructapolynomial
�

� � �"�

that has the right sign at eachpoint � . We get the de-
siredpolynomial < � ��2 	

�

�

� by setting � A ��� ��2

�

� �&� in
�

��� �"� . Its sparsityis boundedby 


�

 

� �73

�

�

in the mono-
mial basisshiftedby � . Thedegreeis at most �0� 


�

 

� �;3

�

�

.

In the standardmonomialbasis,we canstill get a weak
representationof parity.

Theorem4.3 For anyset � of non-negativeintegersof car-
dinality � , parity can be weaklysign representedover � �

bya polynomial<

�

��2
	

�

�

� thathassparsityat most 


�

 

� �;3

�

�

anddegree �4� 


�

 

� �;3

�

�

.

Proof: Set � A � ��2

� . This mapspointsin �?� to at most



�

 

� �;3

�

�

distinct points in 1 . We now constructa poly-
nomial <

�

� �"� as follows. It may happenthat points in
� � that differ in parity are mappedto the samepoint. <

�

will output � on suchpoints.At the other points, <

� out-
puts a positive or negative value dependingon the parity
of the point in �?� . We needto show that <

� is not al-
ways � . Let � E�� be the maximumvalue in � . Only the
point �������'�
�
�
� ���
� is mappedto �
� , andhere <

� is non-zero.
Hence<

� is a weakrepresentationwith thedesiredparame-
ters.

Wehaveboundedthesparsitiesof thepolynomials<
� and

<

� by 


�

 

� �;3

�

�

. We will studytheseconstructionsin more
detail when � A � 	 �
�
�
�;���0� . In fact, for � �x ed the spar-
sity of the polynomial <

�

��2 	

�

�

� is � �>� �#� . This is a conse-
quenceof Erdos' multiplication tabletheoremwhich states
that thenumberof distinct integerslessthan � � which can
be expressedastheproductof � numberseachlessthan �

is � ��� �#� [2]. We will show a nearlytight lowerbound.
Call a point � in 1 ambiguousif thereexist 
 	

�

�

� � 	

�

� in
� � which differ in parity, but however �

� 


�

A
�

� �

�

A

� .
We �rst show thattherearemany ambiguouspoints.

Lemma 4.4 For � suf�ciently large, thenumberof ambigu-

ouspointsis at least
���

�

� �	�

��


� .

Proof: We prove theLemmafor ��A � , thecaseof larger �

is similar. Considerall pointsof theform � �
� where� �	� are
distinctoddprimeslessthan �

� . Suchpointsareindeedam-
biguoussince �*� � � ����� and � � � ����� areboth mappedto � �
� .
Further< 
�, � � � � ����� �AC< 
�, � � � �	��� . Since� ���  

�

� , thisen-
sures � � � ����� and � � � � ����� arein � 	 �
�
�
�;���0� � . Eachchoice
of apairof distinctprimesgivesadifferentambiguouspoint.

Thenumberof suchpairsis
�

�

�

� �	�

�




� by theprimenum-

bertheorem[9].

Corollary 4.5 For � A �����
	 �
�
�
�����0� and � suf�ciently
large, thesparsity of thepolynomial <

� constructedin The-

orem4.3 is
���

�

� �	�

� 


� .

Proof: Thepolynomial <

� mustoutput � on every ambigu-

ous point � . Hence it has
� �

�

� �	�

� 


� positive roots by

Lemma4.4.Now applyDescartesrule.

Corollary 4.6 For � A �����
	 �
�
�
�����0� and � suf�ciently
large, for suf�ciently small � E�� , thesparsityof thepolyno-

mial < � constructedin Theorem4.2 is
� �

�

� �	�

� 


� .

Proof: Considerthesequence
�

� consistingof thenumbers
�

� � 


�

� ��� for 
�	

�

�

��� � in sortedorder. To eachpoint in
�

� , weassociatea signaccordingto < 
�, � 
 	

�

�

� . Notethatby
thechoiceof � , wecanassociatethesesignsunambiguously.
The numberof sign changesin

�

� is a lower boundon the
sparsityof < � by Descartesrule.

Considerthesequence
�

consistingof the integers �
� 


�

in sortedorder. We will show thatthenumberof ambiguous
pointsin

�

is alowerboundonthenumberof signchangesin
�

� . Correspondingto eachambiguouspoint � in
�

, wehave
points 
���A

�
��� 


3
���&� and ����A

�
���
�

3
���&� in

�

� such
that �

� 


�

A
�

� �

�

A

� , and < 
�, � 
�� � A 	 �-< 
�, � ���@� A � .
For eachambiguouspoint � , by alternatelypicking 
�� or

��� from
�

� , we can get a subsequencewherethe sign al-
ternates.We have to show that this is an increasingsubse-
quenceof

�

� . We will show that this is true for suf�ciently
small � E6� . Consider� 	

�

� and � 	

�

� suchthat

�

�

�

�

E

�

�

�

�

D

�

�

�

�

�

�

�

�

�

� 	

D

�����

��� K

�

�

���

�

� �&�@�

�

�

� �

�

���&��� 	

Hencefor � suf�ciently small, for every suchpair � 	

�

� and
� 	

�

� ,

�

�

���

�

� �&� E

�

�

���

�

���&�

By Lemma4.4, this implies that
�

� has
�

�

�

� �	�

�



� sign

changes.

Ontheotherhand,for somesets� , thesparsitycanbesig-
ni�cantly smaller. For instancelet ��A"� 	&� � �
�
�
���

� �;3

� . Set-
ting � A �

�

�('

3

2

� maps� � to theset � 	&� � �
�
�
��� �




���73��

� � ,
whichcontainsonly ���>����	�� !%	 distinctpoints.Soin this
case,thesparsityof thepolynomial <

� is upperboundedby
���>����	��7!�	 .



5. Lower Boundswithout DegreeRestrictions

Wewill now show alowerboundwhichholdsfor all poly-
nomialsstronglyrepresentingparity on �,	&�
�
�
�;�-� ��� with-
out any restrictionson the degreeor sparsityof eachvari-
able.Theproof is ageneralizationof theproof ideaof Theo-
rem3.5.

Theorem5.1 Let <=�>2
	

�

�

� bea polynomialwhich signrep-
resentsparity over � 	&�
�
�
� �-� �'� . Then < has sparsity at
least ��������	��7!C	 .

Proof: The proof is by inductionon � . When � A 	 , the
claim followsby Descartesrule.Assumeit is truefor � ��	 .
Let thesparsityin 2

�

be ! . If we setall theothervariables
to � , theresultingunivariatepolynomialsignrepresentspar-
ity on �,	&�
�
�
�����0� , henceit musthave sparsity � � . Hence

! �G� . If !4EG������� 	���! 	 , thereis nothingto prove.Hence
we mayassume�  !  ����>����	�� .

Let <=��2
	

�

�

� bea polynomialin � variablesthatsignrep-
resentsparity. Groupingmonomialsby thepowerof 2

�

they
contain,

<=�>2
	

�

�

� A

�

�

�('

3

2

�
�

�

�

�

��2
	

�

�;3

�

�

By substitutingvalues	 through� for 2

�

, weget

��

�

�

	 � � 	 	 � � 	

�

���

� � �

���

�

���

�

�

� � �

���

� � � � � � � � � � � �

�

���

� � �

���

�

���

�

�

� � �

���

���

�

�

��

�

�

�

3

�

�

�
�
�

�

�

���

�

�

A

�
�

�

�

<=��2
	

�

�;3

�

�
	��

<=��2
	

�

�;3

�

� �&�

�
�
�

<=��2
	

�

�;3

�

�-� �

�
�

�

�

We denotethe � . ! matrix by � . We have an underde-
terminedsystemof equations.Hencewe will not beableto
show that each

�

�

�>2
	

�

�;3

�

� representsparity or its comple-
ment.However we will show that appropriatelinear com-
binationsof the

�

� sign representparity. To begin with we
pre-multiplyby � which is theinverseof the � . � gener-
alizedVandermondematrixconsistingof the�rst � columns
of � .

��

�

�

	 � � � �
3�� �

 

3 � � �
3��

�

� � � � �

�

� �

 

3 � � �

�

�

�

� � � � � � � � � � � �

� � � 	 �
��� �

 

3
� � �

���

�

���

�

�

��

�

�

�

3

�

�

�
�
�

�

�

���

�

�

A �

��

�

�

<=�>2
	

�

�;3

�

�
	��

<=�>2
	

�

�;3

�

� �&�

�
�
�

<=�>2
	

�

�;3

�

�-� �

���

�

�

Usingthesignalternationsof theentriesof � , we conclude
thatfor 	  )  G� thepolynomials

�

�

A

�

�

!

�

�

�

'

�

 

3

�

�

�

�

�

sign representparity or its complementon � � 	 variables.
Henceby applyingtheinductionhypothesis,��� �

�

�

� � ���/�

	��
�>��� 	���! 	 . Clearly the sparsityof
�

� is no morethan
��� �

�

�

� ! �

�

�

'

�

 

3

��� �

�

� � . Hencewe get

��� �

�

�

� !

�

�

�

'

�

 

3

��� �

�

����� ��� ��	��
�>����	��7!C	

By choosingthematrix � to betheinverseof anappropriate
sub-matrix,we canobtaina similar equationfor any subset
of the

�

� s of cardinality !=� � ! 	 . Thereare 


�

� �;3

�

such

subsets.Each
�

� occursin exactly 


�

�;3

� �;3

�

of them.Hencewe
get

�

! �G	

����		�

�

�

�('

3

��� �

�

�

���

�

!

����		�

�-�>� ��	�� ������	��7!C	��

D

�

�

�('

3

��� �

�

�

���

!

! �0� !C	

�-�>� ��	�� ������	��7!C	��

Thequantity
�

�

� �

 

3

monotonicallydecreasesas ! increases.
In the range �  !  ���>� � 	�� , it is always greater
than �




���73��

 

3




�

�;3��




� �;3��

 

3

which is the value it takes for ! A

���>����	��7!�	 . Hence
�

�

�('

3

��� �

�

�

�������>����	��7!C	

But ��� ��< ��A �

�

� '

3

��� �

�

�

� , hencetheclaim is proved.

Corollary 5.2 Any polynomial that sign representsparity
over � 	 � � ��� musthavesparsityat least �/!%	 .

This follows by substituting�:A � in Theorem5.1. This
tellsusthattheconstructionof Theorem4.1is optimal.With
this in hand,for any set � 
 ����� , we canprove optimal lower
boundsonpolynomialssignrepresentingparity.


 If � ���,��� 
 � � ��� ��� � � � A �,� 	&� ! 	�� , 	 <=��20� with spar-
sity 1 thatrepresentsparity.


 If � ��� ��� 
 � � � � ��� �
� ��A ��! 	&� ! 	&� or � � 	 �
� 	�� , then
any suchpolynomialhassparsityat least�/!C	 .


 Over ���#��
 � any suchpolynomialhassparsityat least
��� .

While thelowerboundof ���>� � 	��,! 	 in Theorem5.1is
tight for � A � , this is far from theupperboundof Theorem

4.1for large � sincethis upperboundis at least
�

�

� ���

�



� .



Corollary 5.3 Let <=��2
	

�

�

� bea polynomialwhich signrep-
resentsparity over �����
	&�
�
�
���-� � 	���� . Then< hassparsity
at least �����

� �����-���>�$� �&�7!C	�� .

Proof: A strongrepresentationover ���#�
	 �
�
�
����� � 	&�'� gives
a strongrepresentationover � 	 �
�
�
����� ��	&�'� . HenceTheo-
rem 5.1 implies a lower boundof ����� �%�&��! 	 . It is also
a strongrepresentationover ���#�
	&��� , henceTheorem3.2im-
pliesa lowerboundof � � .

6. Cir cuit Lower Bounds

We shall useboundson the sparsityof parity to derive
lower boundson the sizeof certainrestrictedcircuits. The
circuits we considerareratherweak,however the proof of
the lower boundis simpleandyieldsbetterparametersthan
were previously known. From now onwards,we will only
considerBooleaninputscomingfrom �����
	&�'� .

De�nition 6.1 A thresholdgatewith inputs 2
	

�

� computes
a function (@�>2
	

�

�

� A � �

�

�

2

�

!

�

K for somereal values
�

K
�
�
�
�;�

�

�

andoutputs	 if ( is positiveand � otherwise.

We shall studydepthtwo circuitswhich compriseof the
inputsandtheir complements,followedby a singlelevel of
AND andORgates,followedby aThresholdgateat thetop.
It is easyto seethatwithout lossof generality, onemayas-
sumethat thecircuit hasonly AND gatesandno OR gates.
We will refer to suchcircuits as a thresholdof ANDs fol-
lowing [8]. We will show that circuit sizein this modelex-
actlycorrespondsto sparsityoveracertainbasis. Thusprov-
ing circuit lower boundsis equivalentto proving boundson
thesparsityof signrepresentations.

To begin with, we take a toy example.Assumetheinputs
areavailableonly in uncomplementedform. EachAND gate
computesa functionof theform �

� ��� 2

� where� is theset
of inputsinto thegate.A thresholdof ANDs circuit for com-
puting parity correspondsto a sign representationof parity
in themonomialbasis.Thenumberof AND gatesis exactly
the numberof non-constantmonomialsrequired.By Theo-
rem3.2,this is �&� ��	 .

We now allow inputsand their complementsat level � .
Theexpressioncomputedby eachAND gateis of theform

�

� ���

2

�

�

�

�

���

��	 �02���� (5)

where
	

and 
 aredisjoint subsetsof �,	&�
�
�
�;�-�@� . This looks
similar to monomialsin the Bernsteinbasisfor multilinear
polynomialsin � variables[4] wherethe monomialsareof
the form � � ��� 2

�

�

�

�����'��	 �62 �
� . It is easyto show that
any polynomialthatsignrepresentsparity in themultilinear
Bernsteinbasishassparsity� � .

We de�ne a setof polynomials
��

�

thatspanthe ! -vector
spaceof polynomialsof degree at most � . In 	 variable


��

3

A �
2
3

�
	8� 2
3

�
	&� . We de�ne 
��

�

to be theproductof

the basesin eachvariable.Hencethe monomialsin 
��

�

are
all expressionsof theform �

� ��� 2

�

�

�

�

���7��	 � 2 � � where
	��


�A�� . Thereare ) � monomialsin 
��

�

andthey include
themonomialsof theBernsteinbasis.Sincethereis a linear
dependenceamongthegenerators,we call 
 �

�

a generating
setfor multilinearpolynomials.This lineardependenceim-
pliesthattherearemany waysto expressany polynomialasa
combinationof thegenerators.Sofor apolynomial < , ��� ��< �

denotestheminimumsparsityover all differentwaysof ex-
pressing< asa linearcombinationof elementsin 
��

�

.

Lemma 6.2 Theminimumsizeof a thresholdof ANDscir-
cuit for a Booleanfunction ( is exactlytheminimumsparsity
of a signrepresentationof ( over thegeneratingset 
��

�

.

This follows from the observationmadeearlier that the ex-
pressionscomputedby theAND gatescorrespondto thegen-
eratorsin 


�

�

.

Theorem6.3 Anycircuit which is a thresholdof AND gates
andcomputesparity on ���#�
	&��� hassizeat least 


�

�

�

� .

Proof: We will show thatany polynomialsign representing
parity hassparsitygreaterthan �*),+&�&�-� over the generating
set 
��

�

. The proof is by inductionon � . For � A 	 , since
noneof thegenerators��243��
	 � 2 3��
	�� aloneor theirmulti-
plesgivesa signrepresentation,any representationhasspar-
sity at least2. Assumethe statementholds for � �"	 . Let

<=�>2
	

�

�

� sign representparity. Considerthe sparsestrepre-
sentationof < over 
��

�

.

<=��# 2

�

%>��A �

����� '��

�

�

�

�

�

� ���

2

�

�

�

���

� 	 ��2
�

�

Groupingtogethermonomialswhere 2

�

appears,monomi-
alswhere ��	 � 2

�

� appears,andthosewhereneitherappears,
weget
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Writing � ��
 and J for short,we have ��� �*< � A ��� ���?�L!

��� ��
 � ! ��� �*J � . Substitutingfor 2

�

,
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�!GJ
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All thepolynomialson theLHS representeitherparity or its
complementon ��� 	 variables.By applyingthe induction
hypothesis,
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Proposition6.4 There is a thresholdof ANDscircuit com-
putingparity on �����
	���� of size � �

�

� �

� .

Proof: Considerthepolynomial
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��AC2 3 2
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� 	 ��2
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� ! 2
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Note that
�

is 	 if f < 
�, ��2
	

�

�

� is odd. The polynomial
<=�>2
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�/A 	 �C�

�

��2
	

�

�

� sign representsparity on ) vari-
ablesandhassparsity

�

. To sign representparity on � vari-
ables,divide theminto �

� groupsof 3 variableseach.Apply
< to eachgroup and multiply. This constructionhasspar-
sity � �

�

� �

� .

De�ne theinnerproductfunctionon �����
	&�'� ./�����
	���� by
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� � ���

�

Theorem6.5 Anycircuit which is a thresholdof AND gates
andcomputestheinnerproducton ���#�
	����L. �����
	���� hassize
at least �&� .

Theproof is similar to theproof for parity andcanbefound
in theAppendix.In factthis boundis tight.

Proposition6.6 There is a thresholdof ANDscircuit com-
putingtheinnerproducton �����
	��

�
.0���#�
	&�

� of size �
� .

Proof: Weconstructapolynomialof sparsity� thatsignrep-
resents

	

< on ���#�
	��

�

.������
	&�

�

. The generalupperbound
followsby dividing theinputsinto blocksof � . Let
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Note that
�

exactly computes
	

< . The polynomial
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�

�

� A 	 � �
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�>2
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�

�

� sign represents
	

< and
hassparsity� .

7. Conclusions

Our resultsindicatethatstudyingthesparsityof signrep-
resentationsraisesmany interestingquestions.For largeval-
uesof � , thereis a considerablegapbetweentheupperand
lower boundsfor polynomialsrepresentingparity over � �

with no restrictionson thedegree.We would like to beable
to extendour techniquesto prove lower boundson the size
of circuitsof largerdepth.Finally, canonesayanything in-
terestingaboutthesparsityof polynomialsthatrepresentthe
mod-! function,when ! is nota powerof � ?
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Appendix

Theorem 6.5: Any circuit which is a thresholdof AND
gatesandcomputesthe innerproducton ���#�
	���� . �����
	����

hassizeat least �&� .

Proof: Theproof is by inductionon � . Note that
	

<=��2 �




�

is a function de�ned on �'� variables. When � A 	 ,
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� A 2 3 �




3 . It is easy to verify that no sin-
gle monomialin 
��

�

sign representsIP. Hencethe sparsity
is at least2. Assumethe statementholds for � � 	 . Con-
sider the sparsestway to express< over 
��

�

. Groupingthe
monomialsaccordingto 2
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, whereeach�

� is apolyno-
mial in 2 3 �
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Now substituting for 2
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and writing <=�����
	�� for
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Subtractingequation(8) from (6) and(7),
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� ���B! ��� (10)

In theabove equationstheLHS representsIP or its comple-
menton �'� � � variables,sotheirsparsityis at least�,�

�;3 by
theinductionhypothesis.Applying this observationto equa-
tions(6), (7), (9) and(10)
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Adding theseequations,weget
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